A QUANTITATIVE SCHUR COMPARISON THEOREM
FOR CURVES IN CAT(k) SPACES

MOHAMMAD GHOMI AND JOHN IOANNIS STAVROULAKIS

ABSTRACT. We obtain a quantitative form of Schur’s comparison theorem for curves
with finite total curvature in CAT(k) spaces. This sharpens and extends the classical
arm and bow lemmas in Euclidean space, as well as their Riemannian analogues. The
proof is based on a comparison formula for curves in model planes, expressed in terms
of curvature measures and a notion of moment arm borrowed from mechanics. Another
ingredient is a refinement of Reshetnyak’s theorem that controls the curvature of the
majorizing curve.

1. INTRODUCTION

Schur’s classical theorem [10,15,34] asserts that decreasing the curvature of a convex
arc moves its endpoints farther apart. Here we establish a sharp quantitative form of
this principle for curves in spaces of curvature bounded above. To state our results
precisely, let X} be a CAT(k) space, and «: [a,b] — X be a continuous map or curve.
The total curvature [22,36] of o on any interval I := [¢,d] C [a, b] is given by

N—-1
Kall) :=sup > (1 — La(ts)),
L

where the supremum ranges over all partitions P = {¢ = tg < --- < tny = d} of I with
a(t;) # ativ1), and 0 < £, (t;) < 7 is the Alexandrov angle [6,7] between the geodesic
segments a(t;)a(t;—1) and a(t;)a(tiv1). If X is a Riemannian manifold and « is C2,
then k, is the integral of the norm of geodesic curvature [9]. We say « is convez if it
is injective on (a,b), and «([a,b]) lies on the boundary of its convex hull, denoted by
conv(ca). For curves o, f: [a,b] — X}, we write kg < ko if Kg(1) < Ko (I) for all intervals
I C [a,b]. Let M3 denote the model plane of constant curvature k.

Theorem 1.1. Let a: [0,4] — M2 and B: [0,¢] — X}, be unit speed curves. Suppose
that o is convez, kg < Ko, and £ < 71/\/% if k> 0. Then

(1) 18(0)B(6)] > [a(0)a(e)|.
Equality holds only if the map a(t) — B(t) extends to an isometry between conv(a) and

conv(f3).
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We will refine this result below (Theorem 6.1) by computing the deficit in (1) through
a virtual work formula when one curve is deformed into another by redistribution of
curvature. This involves the notion of moment arm from classical mechanics, which we
adapt to curves in model planes, by thinking of a convex arc as a generalized hinge
whose endpoints are pulled apart by a force parallel to the endpoint geodesic segment.

Our findings improve several earlier results with regard to regularity, ambient space,
sharpness, or rigidity. The case where « is polygonal, known as the “arm lemma”
[1,2,31,33], goes back to Cauchy and Legendre. For piecewise C? curves in R, Theorem
1.1 originates with Schur [34], and has been called the “bow lemma” [14,27]. For
piecewise C? curves in S?, it was established recently by Ni [25]. For C! curves in
Cartan-Hadamard manifolds M, the endpoint inequality (1) was proved in [12]; in the
case where M has curvature at most k < 0 and « is C2, it was proved in [11]. See
Gromov [14, Sec. 8 & 9] and [16,19,21,26] for other recent variations and applications.

To prove Theorem 1.1, we use a refinement of Reshetnyak’s majorization theorem to
replace 8 by a convex curve g in Mi with the same length, endpoint distance, and with
curvature Ky < kg < Kq. Thus the problem is reduced to the model plane, where our
moment arm identity, applied through a variational argument, yields

a(0)a(6)] < [B0)B(0)] = [B(0)B(L)].

The characterization of the equality case is obtained by tracing the equality conditions
in the moment arm identity and in Reshetnyak’s majorization. The full argument is
presented as follows. Section 2 reviews curvature measures for curves of finite total
curvature in Riemannian surfaces and proves the basic existence and uniqueness results
that we need. Section 3 introduces the moment arm and establishes the key identity
(Theorem 3.1). In Section 4 we apply this identity to prove Theorem 1.1 for model
planes. Section 5 refines Reshetnyak’s theorem by choosing the majorizing curve with
no greater curvature (Theorem 5.1). Finally, Section 6 combines these ingredients to
establish our main result (Theorem 6.1) which encompasses Theorem 1.1. Appendix A
gives a quicker proof of (1) without rigidity.

2. CURVATURE MEASURES

We assume that all curves a: [a,b] — X} have finite total curvature, i.e., kq([a,b]) <
oo. In particular « is rectifiable [5,20] and so admits arclength parametrization, in
which case we say it is unit speed. We will further assume that length(a) < 7/vk when
k > 0, which ensures the uniqueness of geodesic segments connecting points of a.

The study of curves with finite total curvature goes back to Milnor [22]. Their
fundamental properties were established in R™ by Alexandrov-Reshetnyak [5, 29, 36],
and extended to CAT(k) spaces [3,4,17,20] and Riemannian manifolds [9, 23, 24] by
others. We use these results to develop the basic curvature calculus that we need.

Let M? be a complete simply connected Riemannian surface. We assume that M? is
oriented by a consistent choice of (counterclockwise) rotation J: T,M — T,M by m/2
in each tangent space. Let a: [0,¢] — M? be a unit speed curve of finite total curvature.
Then « is one-sidedly smooth in the sense of Alexandrov-Reshetnyak [5,23]. This means
that, in local coordinates, the left and right derivatives o/, exist everywhere and are
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one-sidedly continuous, i.e., o (t) = limg ;- o’ (s) = lim, - ¢/, (s), and o/ (t) =
limg 4+ o/ (s) = limg_,;+ &, (), for every ¢ € (0,¢), with the obvious modifications at
the endpoints. We set T4 (t) := o/, (t), for t € (0,£), and T4 (0) := o/, (0), T_(¢) :=
a’_(¢). Then the angle and exterior angle of « at t € (0,¢) are given, respectively, by

Lo(t) == L(— Ty (1), T-(t)) € [0,7], Lo(t) =7 — Lq(t).
Furthermore we define the unit tangent vector field of a by
T(t):=T_(t) for0<t<Y, T(0) := T(0).

Since « is one-sidedly smooth, T is left-continuous. A point ¢ € (0,¢) is smooth if
£ (t) = m; otherwise it is a corner, and is called a cusp if £,(t) = 0. Choose a smooth
orthonormal frame E), E», with J(E;) = E2, on an open set containing «([0,¢]). Let

w(v) = <VUE1,E2>

be the corresponding connection form. Since « has finite total curvature, 7" has bounded
variation, i.e., (T, E;) are BV functions [36, p. 144] [23, p. 531]. By the left-continuity
of T', the angle which T' makes with F; may be constructed to be left-continuous, with
each jump from T_(t) to T4(t) lying in (—m, 7| (so, by convention, cusps correspond
to rotation by 7). This gives a left-continuous BV function 6: [0,¢] — R, called the
turning angle of «, unique after prescribing 6(0), such that T' = cos 6 E1 + sinf Es. The
(cumulative) curvature function of « is then defined by

t
2) Kalt) := 0(t) — 6(0) + /0 w(T(r)) dr,

for 0 <t < ¢. Thus K, is left-continuous and BV. Consequently, the (signed) curvature
measure of a may be defined as the Lebesgue-Stieltjes measure diC,, given by

Ao ([s,t)) == Ka(t) — Kals).

Since the connection term w is continuous, the atoms of dKq are precisely the jumps of
9 at the corners of a. Hence dKo({t}) € (—m,7], and |dKa({t})| = £a(t). If another
orthonormal frame is obtained by rotation through an angle ¢, then the new turning
angle is 6 — ¢ o o, while the new connection form is w + d¢. These changes cancel in (2).
Thus K, depends only on a. If a is C?, then dK, = kq dt, where k, := <VTT, J(T)> is
the geodesic curvature. For 0 < s <t </,
Falls,1]) = |dKal ((5,1)).

This equation may be taken as the definition of the (unsigned) curvature measure |dKC,|.
For curves a, B: [0,£] — M?, we have kg < £, if and only if |dKs| < |dK,|. Using (2),
we now show the continuous dependence of curves on their curvature functions. We
write |pq| for the distance between points p and gq.

Lemma 2.1. Let o, ay,: [0,4] — M? be unit speed curves of finite total curvature with
am(0) = a(0), T5,,(0) = T'(0). Then there is a constant C, independent of m, such that

(3) [T = Tl 0,0y + sup lam(t)a(t)] < C|[Ka,, = Kallp1(jo,)-
0<t<e

Furthermore, if || Ka,, — Kall£1(j0,q) = 0 and Ka,,(£) = Ka(£), then Tp,(€) — T'(£).
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Proof. We may assume that o, a,, are contained in a coordinate neighborhood which
carries a smooth oriented orthonormal frame FE7, Es. Let 6, 6, be the corresponding
turning angles, chosen so that 6,,(0) = 6(0), and set

V(p,0) := cosOE1(p) + sin O Es(p).

In coordinates,

(4) am(t) — alt) = /0 (V (@t (5), Bn(s)) — V(ax(s), 8(s))) ds.

By (2) we have

(5) Oun(t) — O(1) = K, (1) — Kat) /O (@(Ton(5)) — w(T(s)) ds.

The maps (p,0) — V(p,0) and (p,0) — w(V(p,0)) are Lipschitz. Hence there is a
constant C', independent of m, such that

(6) T = T + |w(Tin) = w(T)| < C(lam — af + [0m — 0]).

Next we define

F(t) = / (\am(s) —a(s)] + |0m(s) — 9(8)\) ds.
0
From (4), (5), and (6), we get, for every ¢,
0 (1) = 0()] < Ko, (8) = Ka(t)| + CER(t),  |am(t) —a(t)] < CFy(t).
Thus, after increasing C,
Frln(t> < “Cam(t) - Ka(t)’ + CFm(t)

for almost every t. By Grénwall’s inequality, Fy,(¢) < €| Ka,, — Kall L1([0,q)- Finally,
by (6), the definition of F),, and the preceding estimate,

|Tm — Tl (j0,) < Cliaw, — KallLi(jo,e)-

Also, by (4), supg<i<g|am(t) — a(t)] < C’f(f(|am — al + |0p, — 6]). Combining the last
two estimates gives (3). The final assertion follows by evaluating (5) at ¢ = ¢. Indeed,
by hypothesis, (6), and (3), 0,,(¢) — 0(¢) — 0. Together with a,,(¢) — a(f), this gives
T (0) — T(L). O

Using Lemma 2.1, we obtain the following existence and uniqueness result which
extends [5, Thm. 5.10.5] for curves in R? to Riemannian surfaces.

Proposition 2.2. Let p be a finite signed Borel measure on [0,¢] with u({0}) = 0 =
w({€}), and —m < u({t}) < m, for all t € [0,£]. Given a point p € M? and unit vector
To € T,M?, there is a unique unit speed curve a: [0, €] — M? with a(0) = p, T(0) = Ty,
and dK,, = p.
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Proof. First suppose that u = f(t) dt, where f is smooth. Then « is obtained uniquely
by solving

(7) o = cosf Ey(a) + sinf Ey(a), 0 = f—w(d),

with the prescribed initial data. For the general case, let F(t) := u([0,t)) be the left-
continuous cumulative function of u. Extend F' to R by setting F(t) = 0 for ¢t < 0 and
F(t) = F({) for t > ¢. Let Gy, := pm * F be the convolution of F' with the standard
mollifier p,,(t) := mp(mt), where p is a nonnegative smooth function supported in
(=1,1) with [ p = 1. Then Gy, is smooth. Put f,, := G;, and

J%uy:Ajﬁ@mszcmw—Gmmy

Then F,, — F in L([0,4]). Let oy, be the solution to (7) with f = f,,, and initial data
am(0) = p, T,,(0) = To. Then K,,, = F,. Since F}, is Cauchy in L([0, £]), Lemma 2.1,
applied to pairs ay,, a,, shows that ay, is Cauchy uniformly on [0, ¢], while T, is Cauchy
in L1([0,4]). Thus o, converges uniformly to a curve «, and T}, converges in L' to a
field T. Then o/ = T almost everywhere.

It remains to identify the curvature measure of o. Since p has no atoms at 0 or ¢, the
extension of F'is continuous at these endpoints. By the standard convergence property
of mollifiers, G,,,(t) — F(t) at every continuity point of F'. Since G,,,(0) — F(0) =0, it
follows that F,,(t) — F(t) at every continuity point of F'. Define

mw:mm+nw—éw@m»@

Then 6 is left-continuous and BV, and 6,,(t) — 6(t) almost everywhere. Since T, = T
in L', after passing to a subsequence we have Ty, (t) — T'(t) for almost every t. Passing
to the limit in the identities

T (t) = cos O, (t) Er (am(t)) + sin 6, (t) B2 (am (t))
shows that T'(t) = cos0(t)Ey(a(t)) + sin0(t) Ex(a(t)) for almost every ¢. In particular
|T'(t)] = 1 for almost every ¢, and hence « is unit speed. Furthermore, K, = F, and
consequently diC, = dF = pu.
Uniqueness follows from Lemma 2.1. Indeed, the measure u determines the curvature

function K, and therefore (3) forces two curves with the same initial conditions and
curvature function to be identical. U

3. THE MOMENT ARM IDENTITY

A model plane Mi is a complete simply connected Riemannian surface with constant
curvature k. Thus, up to a rescaling, Mz is either the Euclidean space R?, the sphere
S2, or the hyperbolic space H2. Here we introduce the notion of moment arm for curves
in Mi, and use it to obtain a comparison formula for their endpoint distance. Let

sin(vVkz) /VE, k>0,
sng(z) :=<x k=0,

sinh(v=Fz)/v=F, k<0
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be the generalized sine function. Let p,q € M3 be distinct points with |pg| < 7/ Vk
when k£ > 0. We denote the complete geodesic or line through them, oriented from p
to ¢, by Lyq. The left side of L, is the side into which J(T') points, where 7" is a unit
tangent vector in the direction of £,,, and the other side is the right side. For any point
o€ M%, let sgndist(o, £,,) be the signed distance from o to L,,, positive when o lies in
the interior of the right side of £,,, negative when o lies in the interior of the left side,
and zero on L,,. Set
m(poq) := sny(sgndist (o0, Lpq)).

We call m(poq) the moment arm of the hinge poq, i.e., the union of the oriented

geodesic segments po and og. Thus m(pogq) > 0 when poq turns left; see Figure 1. More

generally we say that a convex curve a: [0,€] — M3, with «(0) # a(f), turns left if
it lies to the right of L, g)a(y). Equivalently the turning angles of polygonal curves

p q
Lpq

\

m(pog) |
0]
FiGure 1.

inscribed in a are nonnegative, and dK, > 0; these facts are standard in R? [5, Sec.
5.10 & 7.2.1] and extend to Mi by projective transformations. For k = 0, m(poq) is
the signed distance from o to the line £,,, which is the usual notion of moment arm
in mechanics corresponding to a unit force applied to an endpoint of a hinge along the
direction of the endpoint line.

Let p: [0,¢] — R be a left-continuous BV function, with p(0) = 0, and dp be the
Lebesgue-Stieltjes measure associated to p. Suppose also that dp has no atoms at 0 or
¢, ie., dp({0}) = dp({€}) = 0. Then, for any unit speed curve a: [0,] — M3 with
a(0) # a(f), we define the moment arm with respect to p by

4
Mop) = [ m(a0)a(t)a() dpte).

If a(0) = a(f), we set M(a, p) = 0. In particular, note that if « is a convex curve which
turns left and dp > 0, then M(«, p) > 0.

Theorem 3.1. Let o, 3: [0,4] — M2 be unit speed curves of finite total curvature. For
0<r<1,leta:[0,/f— M% be unit speed curves with curvature measure diC,, =
Ao — rd(Ko — Kg). Then

1

(5) BO5E)] = a)a()] = [ M(ar Ko = IC5) dr

The curves «, here are well defined by Proposition 2.2. Indeed, the endpoint atom
condition is inherited from dIC, and dfCg, while for every t € (0, /),

Ao, ({t}) = (1 = r)da({t}) + rdls({t}) € (=7, 7].
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In physical terms, equation (8), which we call the moment arm identity, states that the
gain in endpoint distance is the total virtual work obtained by changing the curvature
by d(Kqo — Kg) under a unit force separating the endpoints. The proof of Theorem 3.1
is based on the following infinitesimal computation. Note that, as shown in Figure 1,
when the hinge turns left, or lies on the right side of £,,, then the rotation of ¢ about
o increases the distance between p and ¢, provided that it is in the clockwise direction,
which is why the angle 6 here appears with a negative sign.

Lemma 3.2. Let poq be a hinge in Mi, and qg be obtained from q by rotation about o
by the angle —0. Then

d

al,_, Ipgo| = m(poq).
Proof. Let csy, := snj, be the generalized cosine function, and let ¢ := £(pog). Suppose
first that o lies to the right of the oriented line £,,. Since gp is obtained by rotating ¢
about o through the angle —0, the angle £(pogyg) is ¢ + 6. Thus, for k # 0, the law of
cosines gives

csk(lpgol) = csi(lpol) cs(logl) + & snp(|pol) sni(Jog|) cos(y + 0).

Differentiating at # = 0, and using csj, = —ksny, yields

sn ol|) sng(|og|) sin .
|pgs| = k([pol) snx(Jog]) sin v :snk(sgndlst(o,ﬁpq)).

sn(|pq|)

If o lies to the left of £,q, then £(pogy) = 1 — 6, and the same computation gives the
negative of the preceding quantity. The case k = 0 follows similarly, using the Euclidean
law of cosines. 0

@ 0=0

Now we establish the main result of this section:

Proof of Theorem 3.1. We may assume that o, have the same initial conditions as a.
Set L(r) := |a,(0)a-(£)], p := Ko — K, and K, := Ky — rp. By (3),

|L(r) = L(s)| < |ar(O)as(€)] < CIK: = Ksll L1 (jo,9) = Clr = slllpll L1 (jo,)-

Thus L(r) is Lipschitz. It suffices now to show that L'(r) = M(a,, Ky —Kp) for almost
every r € [0,1]. First suppose that o, (0) = a,(¢). Since L > 0 and L(r) = 0, the point
7 is a minimum point of L. Hence L'(r) = 0. By definition, M(a,, p) = 0 as well. So it
remains to consider the case where a,.(0) # ., (¢).

First assume that dp is a finite sum of atoms, dp = ), ¢;d¢,, where J;, is the unit point
mass at t;. Changing r to r+h replaces K, by K, —hp. Thus the atom dC,.({t;}) changes
by —c;h. Keeping the other atoms fixed, this means that the tail a; ||, ¢ rotates about
ay-(t;) by the angle —c;h, which is the same as the rotation in the hinge o, (0)a,. (¢;) - (£).
Hence, by Lemma 3.2, the contribution to L'(r) is ¢; m(c..(0) v, (t;) - (€)). Summing over
the atoms gives

L'(r) = Zcim(ar(O)ar(ti)ar(f)) = M(ayr, p).

i
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For the general case, let P; = {0 = té < < tgvj = (} be a sequence of partitions
with mesh |Pj| := maxz(tj —t]_,) — 0. Let dp; be the signed atomic measure which
T 1,751]) to a point in (tf 1t

be the corresponding cumulative function. Then |p;(t) — p(t)| < |dp|((t]_;, z]) Hence

o = Pllio.) < Z — 1) ldp|((#]_1,]]) < |P;]|dpl([0.€]) = 0.

assigns the mass dp(( ) which is not an atom of dIC,.. Let pj

Furthermore, dp; — dp weakly. Indeed, if f is continuous, then ‘foefdpj - f(ffdp‘ is
bounded above by ¢;|dp|([0, £]), where ¢; := sup{]f( )= f(s)|| |t —s| <|Pj|} = 0.

For fixed j and |h| sufficiently small, let o’ »n, e the unit speed curve with the same
initial conditions as «a,, whose curvature functlon is K — hp;. Since the atoms of dp;
were chosen away from the atoms of diC,, and since |h| is small, the jumps of IC, — hp;

lie in (—m, 7]. Thus O‘Zh exists by Proposition 2.2. By (3),

o, (O yn(0)] < Clky = KarnllLrqo = Clhlllog = pllio.0)-
Set p = a,(0) = aih(O) = oy44(0), and let L;(h) = |paih(€)|. Then, by the reverse
triangle inequality,
|Lj(h) = L(r + h)| = |lpad ,(6)] = parn(£)]] < lo ,(O)cvr i (0)].
Also L;(0) = L(r). Hence, for h # 0,

Lj(h) = L;j(0)  L(r+h)— L(r)
h B h

< Cllpj = pllLr(0,0)-

L5(0) = L'()| < Clip; = pllnio)- Sinee
pj — pin L([0,4]), it follows that L%(0) — L'(r). For each j, the atomic case gives

At every differentiable point r, we obtain

14
L(0) = /0 m(ar (0)ar (o (0)) dpj (t).

Since a,(0) # ay(£), the function t — m(a,(0)ay (t)y(£)) is continuous. Since dp; — dp
weakly, it follows that

l l
/0 m (o (0)ar (t)ar (£)) dpj(t) —>/0 m(ay (0)ar (t)ar (£)) dp(2).
Combining this with L(0) — L'(r) gives

4
L) = /0 m(ar (0)ar () (£)) dp(t) = M(ay, p).

By Proposition 2.2, ag = «, while a7 is congruent to 5. Since L is Lipschitz, it is
absolutely continuous. Hence

1 1
1B0)B(0)] — |a(0)a(6)] = L(1) — L(0) = /0 (r) dr = /0 M(ar, Ko — Kg) dr:
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4. COMPARISON IN MODEL PLANES

Here we apply the moment arm identity (8) and the other observations thus far to
establish Theorem 1.1 for model planes:

Proposition 4.1. Let o, (: [0,¢] — Mi be unit speed convex curves. Suppose that
kg < Ko. Then the endpoint inequality (1) holds. Furthermore, equality holds in (1)
only if the map a(t) — B(t) extends to an isometry between conv(a) and conv(f3).

One might expect that when o and 8 in Theorem 3.1 are convex, then the interpo-
lating curves «,. are convex as well. This would quickly yield the endpoint inequality,
by ensuring that the moment arm integral is nonnegative. However, assuming that
are convex would be an error analogous to the one in Cauchy’s incorrect proof of the
arm lemma [31,33]. Figure 2 shows a counterexample. In general «, are not convex

ap =p3

ap =« oL

FIiGURE 2.

when the angles which a makes with its endpoint geodesic segment are obtuse. Conse-
quently, the proof of Proposition 4.1 becomes considerably more involved and subtle in
the general case. To establish this result, first we gather some basic facts about locally
convex curves and their curvature measure (Section 4.1). Using these observations, we
then establish the endpoint inequality in the case where a(0) # «(¢) via a variational
argument (Section 4.2), and finally consider the general case (Section 4.3).

4.1. Locally convex curves. A curve a: [0,¢] — M% is locally convex if every point
t € [0, ] has a neighborhood U; C [0, ¢] such that «|y, is injective, and a(Uy) lies on the
boundary of a convex body which is always on the same side of a(U;), i.e., to the right
or to the left. Here the left side is where J(T') points at every smooth point of a(Uy;),
and the other side is the right side. If the convex bodies lie to the left of a(U;) we say
that « turns left.

Lemma 4.2. Let a: [0,£] — M3 be a unit speed curve. Then « is locally convexr and
turns left if and only if diCq > 0 and do({t}) < m for all t € [0, ¢].

Proof. As we remarked in Section 3, if « is locally convex and turns left, then diC,, > 0.
Furthermore, diC, ({t}) < 7 since a convex curve cannot have cusps. Conversely, suppose
that dICo > 0 and diC,({t}) < m for all ¢ € [0,¢]. Then we may choose a closed interval
I > to so small that diC,(I) < 7. If E > 0, we choose I still smaller so that «(I)
lies in a convex geodesic ball B with k|B| < m — dK,(I). This is possible because
Ao (I) — dKo({to}) as I shrinks to tg, while |B| — 0. We claim that «a|; is injective.
Suppose not. Then there exist [s,t] C I such that aff, is injective and a(t) = a(s).
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Let Q be a compact domain bounded by a([s,t]), and let ¢ := £(c/_(s), a’_(t)) be the
exterior angle at a(s) = a(t). By the Gauss-Bonnet theorem, if £ < 0

Ao ([s,t]) > dKo((s,t)) > 21 — ¢ — K|Q| > 7 — k|Q] > 7,
which is a contradiction. If £ > 0, then choosing ) C B,
d’Ca([S’t]) > = k‘Q| >m— k|B| > dK:a(I)a

again a contradiction. Thus a7 is indeed injective.

It remains to show that «(7I) lies on the boundary of a convex body, which is on the left
side of «(I). First assume that k = 0. By applying Proposition 2.2 and Lemma 2.1 to
atomic approximations of d/C,|s, there are polygonal curves a,,, with nonnegative atomic
curvature measures fi,,, such that p,,(I) < dKy(I) < 7 and «;, — «|; uniformly; see
Section A.1 for details of such constructions. Since p,, > 0, each «,, turns left at every
vertex. Its total curvature is less than 7, so it is convex, with conv(a;,) lying on its left
side. Passing to a subsequence, conv(a,,) converges in the Hausdorff sense to a convex
body C, by Blaschke’s selection principle [7, Thm. 7.3.8]. It follows that «(I) C 9C,
and C lies on the left side of «o(I).

If £ # 0, let ¢: U — R2? be a projective chart centered at a(tp), i.e., the Beltrami-
Klein model if k < 0 and the gnomonic projection if k > 0, normalized so that dpgy,)
is a linear isometry. As discussed above, there are polygonal curves ., with atomic
curvature measures (i, > 0, un(l) < d4(I) < m, such that o, — «|; uniformly.
Since ¢ preserves geodesics and orientation, the curves @a,, := o a,;, are polygonal and
turn left at all vertices. Furthermore, the angle between a pair of directions at p € U is
distorted by dy, by a factor of at most A(p), where A is continuous and A(a(tp)) = 1. So
we may shrink I so that A < 14¢ on a neighborhood of (1), where (1+4¢) dKn(I) < 7.
Then, for large m,

Kz, () < (1+€) pm(D) < (1 + &) da(l) < .

Hence @, are convex and turn left, and as in the case k = 0 it follows that @([) :=
@ oa(I) lies on the boundary of a convex body C' C R? which lies on its left side. Since
¢ preserves orientation and convexity, a(I) C 8¢ 1(C), and »p~1(C) is a convex body
in M7 lying on the left side of a(I). O

A curve a: [0,4] — M2 is closed if a(0) = «(¢), and is locally convex if its periodic
extension a: R/(¢Z) — M2 is locally convex. We say that « is simple if it is injective.
If « is closed and is injective on [0,¢) we say that « is a simple closed curve. It is
easy to see that simple closed locally convex curves are convex. Indeed suppose that «
turns left, and let €2 be the domain bounded by « which lies on the left side of it. Let
Po, p1 be a pair of points in the interior int(£2), and ~: [0, 1] — int(2) be a curve with
~7(0) = po, ¥(1) = p1. Let £ € [0, 1] be the supremum of ¢ such that the geodesic segment
Y(0)y(t) C int(2). If £ = 1 then  is convex and we are done. Otherwise, for some ¢,
~v(0)7y(t) intersects 02 = « at an interior point, which forces v(0)y(¢) C 052, which is a
contradiction. The next observation extends this characterization to nonclosed curves.

Lemma 4.3. Let a: [0,¢] — M2 be a locally convex simple curve. Suppose that o(0)
and a(f) lie on dconv(a). Then a is convex.
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Proof. If « is a geodesic then there is nothing to prove, so we may assume that conv(«)
has interior points. Then there are two arcs in 0 conv(a) determined by «(0) and a(¥).
Orient each arc from a(¢) to a(0), see Figure 3. Then one of the arcs turns left and the
other turns right. We may assume that « turns left. Attach the arc which turns left,
say A, to the endpoints of a. Then we obtain a closed locally convex curve @ by Lemma,
4.2. If @ is simple then it is convex, as discussed above, and we are done. Otherwise,
there exists ¢ € (0,¢) such that a(t) lies in the interior of A. Since both A and a turn

A

a(0) a(l)

FIiGURE 3.

left, and locally support each other at «(t), it follows that there is an interval I C [0, /]
containing ¢ in its interior such that a(I) C A. Indeed, using a projective chart, we may
assume that we are in R?, and represent A and a near a(t) as the graphs of a convex
function f and a concave function g, with f < g which yields that f = g. So a(I) is a
geodesic segment. Repeating this argument at an endpoint of I, if it lies in (0, ¢), shows
that the maximal interval I = [0, ¢]. So « is a geodesic, which is a contradiction. Hence
@ is indeed simple, which completes the argument. O

4.2. The nonclosed case. Here we use the observations of the last subsection to es-
tablish Proposition 4.1 in the case where « is not closed. First, we need the following
fact:

Lemma 4.4. Let o, 3: [0,¢] — Mz be unit speed convex curves with kg < Kqo. Suppose
that there exist 0 < a < b < £ such that o[, and Bl are congruent, B([0, a])UB([b, £])
lies on the geodesic through the endpoints of B, and B is not a geodesic. Then « and B
are congruent.

Proof. After composing with isometries of Mi, we may assume that o,y = B[,y
and dK,, dICg > 0. Set C' := conv(a([a,b])) = conv(S([a,b])). Let £ be the geodesic
through 3(0) and SB(¢). Since f3 is not a geodesic, C' has interior points and thus lies on
a unique side of £ which we denote by £1. It suffices to show that

a([0,a)) U a(lb, ) € L.
There is nothing to prove if a = 0 and b = ¢. Suppose that a > 0. Since o and 3 agree
on [a,b], &/ (a) = f (a). Thus if §([a,b]) is tangent to L at a, then the same holds for
a([a,b]). Tt follows that «([0,a]) € £*. But «a([0,a]) cannot enter the interior of C,
since « is convex. Thus «([0,a]) C L. If B([a,b]) is not tangent to L at a, then 3 has a

corner at a, with angle 1)3. Then dKg({a}) = 7 — g > 0. By assumption dC, > dKg.
So dK({a}) > 0 which means that « has a corner at a as well, with angle ¢,. Then

T — Yo = dKa({a}) = dKs({a}) = 7 — 5.
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So o < 3. If 9o < g, then ([0, a]) enters the interior of C' which is not possible.
Hence ¥, = 15. So ([0, a]) is tangent to £ at a, which again yields that «([0,a]) C L.
The case where b < { is treated similarly. O

Using the last three lemmas we next establish the endpoint inequality in the following
special case, by employing the moment arm identity and a minimization argument:

Lemma 4.5. Let o, B:[0,] — M2 be unit speed convex curves with a(0) # «().
Suppose that kg < Kkq. Then the endpoint inequality (1) holds. Furthermore, if equality
holds in (1), then o and B are congruent.

Proof. After composition with isometries of M7, we may assume that 3 has the same
initial conditions as «, and dK,, dg > 0. Let C be the family of unit speed convex
curves v: [0,¢] — MZ with the same initial conditions as o and satisfying 0 < dKC, <
dK. We claim that there is a curve vg € C with minimal endpoint distance. Then we
suppose, towards a contradiction, that

(9) 70(0)70(6)] < [e(0)ax(O)].
The argument will be presented in four parts. First we establish the existence of 7,

then we consider (9) in the case where 7y is not closed, followed by the general case.
Finally we characterize the equality case in the endpoint inequality.

(Part I) To see that vy exists, let 7, € C be a minimizing sequence for the endpoint
distance. The functions K,,, and K, — K,,, are nondecreasing and uniformly bounded.
So, by Helly’s selection theorem [30], after passing to a subsequence, KC,,, converges
pointwise to a function K such that K and K, — K are again nondecreasing. Hence
the increments of I are nonnegative and bounded by those of KC,; since Iy, is left-
continuous, so is I, and 0 < dK < dK,. In particular dK({0}) = 0 = dKC({¢}), and
dK({t}) < mon (0,¢), since « is convex. By Proposition 2.2, there is a unit speed curve
7o with the same initial conditions as « and dK,, = dK. By the dominated convergence
theorem and Lemma 2.1, 7, — <o uniformly. So 79 minimizes the endpoint distance.
It remains to show that ~g is convex.

Since g is unit speed, conv(yy) cannot be a single point. Thus, if conv(yg) has
empty interior, then it has to be a geodesic segment covered by 9. By Lemma 4.2, 7
is locally one-to-one. So 7 is a geodesic segment. In particular it is convex and we are
done. Assume then that conv(yp) has interior points. Since conv(v,,) — conv(yg) in
the Hausdorff distance, and ~,, C 0conv(v,,), it follows that vy C dconv(yp). Since
|0 conv(v,,)| > length(v,,) = ¢, we have |0 conv(yg)| > ¢. Thus 7y is one-to-one on
(0,¢), since it is locally one-to-one, and we conclude again that v is convex.

(Part II) Assume that 7o is not closed. Then the endpoint geodesic £ = L 0)o(0)
is well-defined. Put d\ := dK, — dK,,. If d\ = 0, then vy and « are congruent by
Proposition 2.2, contrary to (9). Thus d\ # 0. Also note that vy is not a geodesic, since
otherwise |y0(0)y0(£)| = £ > |a(0)a(f)|. We claim that

M(’}/(), )\) > 0.

Suppose to the contrary that M(v, ) = 0. Since dIC,, > 0, the curve 7y turns left, as
noted in Section 3. So the moment arm at every point of vy not lying on £ is positive.
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Thus d\ is supported on 7y, 1(E). Since g is convex and is not a geodesic, there exist
0 < ag < by < ¢ such that ([0, ao]) Uyo([bo, £]) lies on L, while vo((ao, bo)) lies off L, see
Figure 4. Hence dA = 0 on (ag, bp), and so vy and « have the same curvature measure
on (ag, bp). By Proposition 2.2, 70|(49,4] a0d @|[40,5,] are congruent. Lemma 4.4, applied
with 8 = 4, shows that a and 7y are congruent. This contradicts (9). So M(y9,A) >0
as claimed.

Yo(ao) 70(0)  v0(€) ~o(bo)

FIGURE 4.

For s > 0, let 75 be the unit speed curve with the same initial conditions as vy and
curvature measure diC,, = dK,, + sdX. Since M(y9,A) > 0, we have M(y5,A) > 0
for small s > 0 by continuity. Therefore, by Theorem 3.1, with the sign reversed since
curvature is being added,

175(0)75(O)] = [v0(0)v0(£)| = — /0 M (s A) du < 0

for small s > 0. If 75 is convex, then 5 € C and |y5(0)7s(£)| < |70(0)v0(€)|, contradicting
the choice of 7. So suppose that 7, is not convex for any small s > 0.

Since ~g is simple, we may choose s so small that ~; is simple. Indeed, since v5 —
7o uniformly by Lemma 2.1, any self-intersection loop of s must be small, but since
dK,, < dKq, small loops are ruled out by the Gauss-Bonnet argument in the proof of
Lemma 4.2. Moreover, since

Ky, = (1 — ) dKy, + 5 dKa,

dKC,, is nonnegative with atoms of mass less than =, since o and ~g are convex. So 7, is
locally convex by Lemma 4.2. Since ;s is not convex, at least one of the endpoints of =
lies in the interior of conv(ys) by Lemma 4.3; see Figure 5. Let v5([0, as)), vs((bs, £]) be

¥s(as) ¥s(bs) 75(0) 75(0)

s(0) (0

Vs

FIGURE 5.

the maximal subarcs in the interior of conv(ys) for 0 < as < bs < £. Note that s[4, »,) is
convex by Lemma 4.3, since its endpoints lie on 0 conv(ys) = 0 conv(vs([as, bs])). Hence
0 conv(ys) consists of v,([as, bs]) together with the segment ~,(as)ys(bs).
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Since vs — 7o uniformly, by Lemma 2.1, the convex hulls converge, and therefore the
perimeters |0 conv(vs)| — |0 conv(7p)|. But 7p is convex and nonclosed, so |0 conv(vp)| >
£. Thus, for s sufficiently small,

Vs (as)ys(bs)| = [0 conv(vs)| — (bs — as) > £ — (bs — as) = as + (£ — bs).

So we may replace vs([0, as)) and vs((bs, ¢]) by subarcs of the same length on v5(as)vs(bs),
adjacent to ys(as) and 7s(bs) respectively (as shown in the right diagram in Figure 5).
The resulting curve 7, is simple and locally convex. Hence it is convex by Lemma 4.3.
It also has length ¢, and satisfies

A5, < dK,, < dK,.

Indeed the measures agree on (as, bs), vanish or dominate on the flat parts, and at as,
bs any possible corner angle of 7, is at least that of ~,, which yields that the exterior
angle of 7, is not greater than that of v5. By construction, |ys(as)7,(0)] = as, and
¥5(€)7s(bs)| = £ — bs. Thus, since ¥4(as) = vs(as), ¥5(0), 75(£), and 7,(bs) = ys(bs) all
lie on the same line in that order, we have

as + [7s(0)75(0)| + (€ = bs) = [F(as)7s(bs)| = 7s(as)vs(bs)| <
Vs (as)ys(0)] + 75 (0)ys(£)] + [7s(£)vs(bs)| < as + [75(0)vs(£)] + (€ — bs).

So we obtain |74(0)7,(£)| < |7s(0)vs(€)] < |70(0)v0(¢)|. After composing with an isom-
etry, we may assume that 7, has the same initial conditions as a. Thus 7, € C, again
contradicting the choice of vp. So the endpoint inequality holds when ~y(0) # vo(¢).

(Part III) Now we remove the assumption that v9(0) # vo(¢), which we achieve by
applying the above discussion to subarcs afj4. Let C; be the corresponding class of
curves, and 7§ € C; be a minimizer for endpoint distance. Let

A= {te (0.4 [4(0060)] = laO)a®)]]}.

Then t € A if and only if af 4 satisfies the endpoint inequality, which is the case as
soon as 4(0) # v4(t). The set A contains a small interval (0,8). Indeed, if ~§ were
closed for a sequence t — 0, then its total curvature ’Cvé (t) would tend to at least m, as
discussed in the proof of Lemma 4.2, while K (t) < Ka(t) — 0.

Put £ :=supA. Thent € A. Indeed if t; € A and t; — ¢t , then ’yé|[07ti} € C,, and
0 [75(0)74(ti)] > |a(0)a(t;)|. Letting i — oo gives one inequality, and the reverse one
follows from O‘|[O,ﬂ € C;. Suppose that ¢ < £. Choose € > 0 so small that ¢ +¢& < ¢
and e < |a(0)a(?)|. If 7g7(0) = 15" (f + €), then g™ (0)" ()] < e < |a(0)a(T)],
contradicting t € A. Hence ’yéﬁ is not closed, and therefore ¢ + ¢ € A, a contradiction.
Thus ¢ = ¢, which completes the proof of the desired inequality.

(Part IV') Finally suppose that |3(0)8(¢)] = |a(0)ca(f)]. Then 3 is a minimizer in
C, and S is not closed, since « is not. Suppose, towards a contradiction, that d\ :=
do — dKs # 0. Then § is not a geodesic; otherwise £ = |5(0)5(¢)| = |a(0)a(f)], so
« would be a geodesic as well, and dA = 0. So we may run the argument above with
Yo = B. If M(5,A) > 0, we obtain a curve in C with endpoint distance strictly less than
the minimum |« (0)«(¢)|, which is impossible. If M(5,A) = 0, then Lemma 4.4 shows
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that o and 8 are congruent, whence dg = dK,, contradicting d\ # 0. Hence d\ = 0,
and «, B are congruent by Proposition 2.2. O

4.3. The general case. Finally we establish the general case of Proposition 4.1 after
two more observations. For a closed unit speed curve a: [0,¢] — M"™ in a Riemannian
manifold, let

¢o = L(a_(0),0/,(0))
be the closing exterior angle. The following result was established by Ni [25] in the

piecewise smooth case. We verify that the same argument extends to the general case
by approximation.

Lemma 4.6. Let o, 3: [0,4] — S? be closed convex unit speed curves. Suppose that
kg < Ka, and ¢g < ¢o. Then o and [ are congruent.

Proof. Choose an affine plane II ¢ R? which does not pass through the origin and
intersects the cone over a in a convex plane curve. Write Il = {z € R? : (z,u) = 1},
where (o, u) > 0, and set R(t) := (a(t),u) L. Define a(t) := R(t)a(t), B(t) :== R(t)B(t).
Then @ is a closed convex plane curve in II, and  is a closed curve in R3. Moreover,
@ and B have the same arclength function, since, for almost every t,

&'(t)|* = (R'(1)* + R(t)? = |F'()]*.

We claim that k5 < ks, which holds in the piecewise smooth case [25, pp. 111-112].
For the general case, note that since a and (8 are convex, after composing them with
reflections of S? if necessary, we may assume that dKC, and dKs are nonnegative. Then
kg < Kq yields dKg < dIC,. Now let I = [a,b] C (0,¢) be an interval whose endpoints
are not atoms of diC,, or dKz. Put

wi=dK, |1, v = dKgl1, Ai=p— .

Choose partitions a = {g" < --- <ty = b with mesh tending to zero, and no partition
point an atom of p or v. On each interval (¢ ,,t") choose finite nonnegative atomic
measures v;" and A", with disjoint supports, such that every atom has mass less than
mand v (2, 677)) = v, 87)), A (2, 67) = A8, 657))- Set

i—10 74 i—17 74 i—10 "3 i—10 74

Vmn, ::ZUZ”, Am, ::Z)\gn, m = VUm + Am.
i i

Then v,, < py,, all atoms of u,, and v, have mass less than w, and the cumulative
functions of p,, and v, converge in L'(I) to those of ;1 and v. By Proposition 2.2,
applied on [ with the initial data of «|; and f|;, there are piecewise smooth curves
Qs B : T — S? with curvature measures (i, V;m. By Lemma 2.1, o, — alr and B, —
|1, with convergence of tangent fields in L. Set Ry, (t) := (am(t),u) "L, @m = Rmam,
Bm := RymfBm. The piecewise smooth case gives

/ﬁﬁm(I) < ka,, (I).

Since o, — a|r and B, — B|; uniformly, and R,, — R uniformly, we have B —
B uniformly on I. Thus, by lower semicontinuity of total curvature under uniform
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convergence [5, Thm. 5.1.1; 17],
7Y < T ing e - ‘
k(1) < lgnlnf kg, (1)

On the other hand, (1) = u(I). Hence Lemma 2.1 gives convergence of the terminal
tangent directions of a,, to that of a. Thus the endpoint tangent directions of &,
converge to those of &. Since ds,, > 0, as central projection preserves the sign of diC,
and a, b are not atoms of the curvature measure of @, kg,,(I) — Kka(l). Consequently
k(1) < ka(l) as claimed. Furthermore, Ni’s jump-angle formula [25, (3.6)], applied at
the closing point, also gives ¢3 < ¢5. The rest of the argument is just as in [25]. Namely
we obtain
2 < k5([0,4]) + ¢5 < £a([0,4]) + ¢a = 2,

where the first inequality is by Fenchel’s theorem, since 3 is a closed space curve, and
the last equality holds since & is a closed convex planar curve. So #5([0,]) + ¢5 = 2,
which means that S is a convex planar curve as well. Furthermore, k3 = k. Thus, by
Proposition 2.2, & and § are congruent. Hence a and (3 are congruent. O

Let a, 3:[0,£] — M2 be closed unit speed curves. We say that 3 majorizes o if
1B(s)B(t)] > |a(s)a(t)| for all s, t € [0,4]. Let |conv(a)|, | conv(S5)| denote the areas of
the convex hulls.

Lemma 4.7. Let a, §: [0,¢] — Mi be unit speed closed convex curves. Suppose that [
magorizes o. Then |conv(B)| > |conv(a)| and ¢g < ¢q.

Proof. By the generalized Kirszbraun extension theorem, due to Lang-Schroeder [2, 18],
the correspondence 5(t) — «(t) extends to a distance nonincreasing map F': conv(f) —
M?. Since F maps 9 conv(8) onto dconv(a) with degree one, F(conv(3)) D conv().
Thus | conv(S)| > | conv(«)|. Next we have

cos <¢6> _ i BEBE= o lale)all=e)] <¢a> 7

2 e—0 2e e—0 2e

where the equalities follow by taking normal coordinates at $(0) and «(0), and the
middle inequality holds since $ majorizes . Hence ¢g < ¢q. O

Finally we are ready to establish the main result of this section:

Proof of Proposition 4.1. Set p := K, — Kg. After reflecting the curves if necessary, we
may assume that dK, and dKg are nonnegative. Since kg < ko, we have dKg < diCq,
and therefore dp > 0. If dp = 0, then a and 8 are congruent by Proposition 2.2. So
suppose that dp # 0. First suppose that «(0) # «(¢). Then Lemma 4.5 gives

18(0)B(0)] = [e(0)ax(£)].

If equality holds, then a and S are congruent by the same lemma. Thus the desired
inequality holds, and equality is impossible in this case. It remains only to consider the
case where « is closed. Then the inequality is automatic, and equality can occur only
when [ is closed. Assume therefore that § is closed. Applying the nonclosed case to
the subarcs (s and B[4, we obtain [3(s)3(t)| > [a(s)a(t)| for all 0 < s <t < (. By
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Lemma 4.7, the areas | conv ()| > | conv(a)|, and the closing exterior angles ¢g < ¢q.
Thus, by the Gauss-Bonnet theorem, for £ < 0 we have

0 L
21 — k| conv(pB)| = / dKg + ¢ < / dK o + ¢a
0 0

=27 — k| conv(a)| < 27 — k| conv(p)|.

Hence dKg = dK,. So o and 8 are congruent. If k > 0, after rescaling Mz to 82, we
obtain the same conclusion by Lemma 4.6. U

5. CURVATURE OF MAJORIZATIONS

In order to extend the comparison theorem in the last section, from model planes to
CAT(k) spaces, we need the following result which constitutes a refinement of Reshet-
nyak’s majorization theorem. By a degenerate conver curve in M% we mean a curve
which double covers a nontrivial geodesic segment. A possibly degenerate convex curve
is one which is either convex or degenerate. Let a: [0, ] — X}, be a rectifiable curve, and
a: [0,4] — M3 be a possibly degenerate convex curve with length (g 4)) = length(c|g 4)
for all ¢ € [0,¢]. Then & majorizes « if for all s, t € [0, /],

a(t)a(s)| = la(t)als)]  and  [@(0)a(f)] = [(0)a(f)].

Reshetnyak’s theorem [28] states that a exists when « is closed. If « is not closed,
existence of & follows from applying Reshetnyak’s theorem to the closed curve obtained
by joining the endpoints of a with a geodesic segment, and then taking the corresponding
subarc of the resulting majorizing curve. Here we obtain additional information about
the curvature of a:

Theorem 5.1. Let a: [0,¢] — X} be a unit speed curve. If k > 0, assume that the
closed curve formed by joining the endpoints of o with a geodesic segment has length
less than 27 /Vk (e.g., £ < 7/V'k). Then there exists a majorization &: [0,£] — M3
with kg < Kq. Furthermore, if |a(t)a(s)| = |a(t)a(s)| for all s,t € [0,4], then the
correspondence a(t) — «(t) extends to a distance preserving map conv(a) — Xp.

This result generalizes [12, Prop. 4.3] where a was C!, k = 0, and X} was a Rie-
mannian manifold. The majorizing curve & has also been called an “unfolding” (8, 13]
or “chord-stretching” [32,35]. We first consider the polygonal case of Theorem 5.1. A
curve a: [0,¢] — X} is polygonal if there is a partition 0 = tg < - -+ < ty = £ such that
each subarc a([t;—1,t;]) is a geodesic segment. The points t; are called vertices of a.

Lemma 5.2. Let a: [0,¢] — Xj be a polygonal curve, and a: [0,£] — M3 be a ma-
jorization of a. Then a is polygonal and kg < Kq.

Proof. Let p; := a(t;) be the vertices of a, and set p; := a(t;). Since « is polygonal,
each subarc aff,_, 4 is a geodesic segment. Thus
|pi—1pi| = length(aly,_, «)) = length(aly,_, 1)) > [Pi-1Di| > [pi-1pil-

So length(aly, ,+]) = |pi—1pi|, which yields that aly, 4 is a geodesic segment. It
remains to compare the angles. The adjacent sides of an interior vertex p; have the
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same length as those of p; while [p;—1piy1| < [Pi—1Di+1]. Let D;_1P;p; 1 be a triangle in
Mi with the same side lengths as p;—1p;pi+1. The triangle p;—1p;p;+1 has the same two
side lengths adjacent to p;, and no shorter opposite side. Thus the angles

L(pi—1PiPiv1) = £(D;—1DiDir1) = L£(Pi—1PiPi+1),

where the second inequality holds since X}, is a CAT (k) space. Hence the exterior angles
T — £L(Pi—1DiPi+1) < ™ — L(pi—1piPi+1), which completes the proof. O

Now we establish the main result of this section:

Proof of Theorem 5.1. Let A C [0,¢] be a countable dense set containing 0 and /.
Choose a nested sequence of partitions

3:{0:té<t{<-~~<t§§j:€}, PjC Piy1,  |Pj|—0,

so that every point of A eventually belongs to P; for all sufficiently large j. Let a; be
the inscribed geodesic polygon with vertices a(t]), parametrized on [0, 4] by constant
speed on each interval [¢t]_,,t]].

Since « is unit speed, each «; is 1-Lipschitz. So o; — « uniformly. If a,b € A, a < b,
then for all sufficiently large j both a and b belong to Pj, and (44 is the inscribed
polygon of a|(, determined by P; M [a, b], whose mesh tends to zero. By the definition
of total curvature,

e ([0.1]) < ka([a.b).
Let a;: [0,4] — M% be a majorization of o, parametrized so that the vertices corre-
sponding to oz(tg) occur at the same parameters tg , and so that each edge is traversed
with constant speed. We may assume that these curves all have the same initial condi-
tions. By Lemma 5.2, corresponding sides of o; and a; have equal lengths. Hence the
curves «; are 1-Lipschitz, and their images lie in a fixed compact ball of Mz Thus,
after passing to a subsequence, they converge uniformly to a curve a: [0, (] — M%

Since conv(a;) converge to conv(ca) in the Hausdorff distance, the boundary curves
Oconv(a;), with their arclength parametrizations, converge uniformly to O conv(a),
which may degenerate to a doubly covered geodesic segment. Hence & is a possibly
degenerate convex curve. The majorization inequalities pass to the limit:

ja(s)a(t)] = |als)a(t)]

for all s,t € [0, ¢]. Equality holds for s = 0, t = ¢, because each &; has endpoint distance
equal to |a(0)a(f)|. It remains to check that & has the same arclength function as a.
Since « is parametrized by arclength and each edge of «; is traversed with speed at
most 1, the same is true for o, because corresponding sides have equal lengths. Hence
« is 1-Lipschitz, and so
length(&“a?b]) <b-a.

On the other hand, for every partition a = tg < --- < ty = b, the majorization inequality
gives > |a(t;)a(ti+1)| > > |a(ti)a(ti+1)]. Taking the supremum over all partitions of
[a,b], and using that « is parametrized by arclength, gives

length (ag4) > b —a.
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Thus equality holds, and « has the same arclength function as «. Therefore o is a
majorization of a. The characterization of the equality case holds by the rigidity case
of Reshetnyak’s theorem [2, 9.61 & p. 278].

Finally, to obtain the curvature inequality, first let a < b belong to A. By Lemma 5.2,
kg, ([a,b]) < kq;([a,b]). Thus, by lower semicontinuity of total curvature under uniform
convergence [5, Thm. 5.1.1; 17],

ra(la,b]) < liminf kg, ([a,b]) < limsup ko, ([a,5]) < ka([a, b).
J—00 Jj—oo
Hence the desired inequality holds for all intervals whose endpoints belong to A. Now
let [a,b] C [0,¢] be arbitrary. Since A is dense, we may choose ap,, b, € A with
a < amy1 < Gy < by < bmy1 < b, apy, — a, and by, — b. Then

Ka([am, bm]) < Ka([am,bm])

for every m. As m — oo, the intervals [a,, by, increase to (a,b). Since, by definition,
total curvature involves only the interior points of partitions, kg ([am, bm]) = ka([a,b])
and Ko ([am, bm]) = Ka([a,b]), completing the proof. O

Note 5.3. One might expect that the curvature condition k5 < K, should hold for all
majorizing curves a. This is the case for C*! curves a in Cartan-Hadamard manifolds
[12, Lem. 4.7]. By Lemma 5.2, it suffices to show that any majorization & is the limit
of majorizations of polygonal approximations of «.

6. THE MAIN RESULT

In this section we use the refinement of Reshetnyak’s majorization (Theorem 5.1)
together with the comparison in model planes (Proposition 4.1) to establish the following
result which sharpens Theorem 1.1:

Theorem 6.1. Let o, 8 be as in Theorem 1.1, and B be a majorization of B furnished
by Theorem 5.1, so that Kz < kg For 0 <r <1, let a,: [0,0] — M3 be unit speed

curves with curvature measure diCq, — rd(KCo — ICB)' Then

1

BOAE)] = la)a(t) = [ M(ar Ko = K5)r

In particular, |3(0)3(£)] > |a(0)a(f)|. Equality holds only if the correspondence c(t) —
B(t) extends to an isometry between conv(a)) and conv(f).

To establish the rigidity part of the above result, we need the following lemma about
angles in CAT(k) spaces, which is immediate in Riemannian manifolds. We review
some basic facts, which may be found in [2,6]. For points p,o,q € X, with p,q # o,
let Ag(pog) C M2 be a geodesic triangle with side lengths |po|, |qo|, and |pg|. Let
£(poq) be the angle of Ag(poq) at o. If 7, o: [0,¢] — X}, are unit speed geodesics with
v(0) = 0 = 0(0), then the (Alezandrov) angle between them at o is defined as

4(y.0):= Tim £(3(s)00(h).
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[2, 6C, 9.14(c)]. This defines a pseudometric on geodesics starting at o, which determines
the space of directions S,(X}), after passing to the quotient and metric completion
[2, 6D] [6, p. 190]. If y, o are unit speed curves of finite total curvature, then their right
derivatives v/, (0), o’ (0) exist [20, Cor. 2.7], in the sense of [2, 6.9, 6.12], and define
directions in S,(X}). Then £L(v,0) := £(v,.(0),0/.(0)), i.e., the angle between v and o
is determined by the angles between approximating geodesics starting at o.

Lemma 6.2. Let v: [0,a] = X, o: [0,b] = X}, be unit speed curves with v(0) = o =
c(0). Suppose that y has finite total curvature, and o is a geodesic. If k > 0, assume

that b < W/\/E Then
L(y,0) = lim L(y(t)oo(b)).

t—0t

Proof. By the definition of right derivative [2, 6.9], there are unit speed geodesics ~;
starting at o, with (v;)/, (0) — +/.(0), such that

()i (D))

lim lim sup =0.

100 0+
Since «; is unit speed, |ov;(t)] = t. Hence [|oy(t)|/t — 1| < |v(¢)vi(t)|/t, by the re-
verse triangle inequality, and consequently |oy(t)|/t — 1. Thus the side lengths of the
comparison triangles Ag(y(t) oo (b)) and Ag(vi(t) oo (b)) satisfy
lov(®)| = low®)I| < vO)wn@®)l,  [W(B)o®) = 1) ®)]] < y(E)nu)],
while the side |oo(b)| = b is fixed. Now the law of cosines in M3 yields
lim limsup [£(y(t) 00(b)) — £(vi(t) 0o (b))| = 0.

100 0+
By the “strong angle lemma” [2, 9.35], £(v;,0) = lim;_,g+ £(7:(t) 0o (b)). Furthermore,
since (;)".(0) = 7/, (0), we have £(v;,0) = £(v,0). By the triangle inequality,
[£(y(t) 0o (b)) — £(y,0)| <
[£(v(#) 00 (b)) = £(7i(t) 0o (b)] + [£(7i(t) 00 (D)) = £(vi, 0)| + [£ (i, 0) = £(v,0)].
Taking limsup as t — 07, and then letting ¢ — oo, proves the claim. O

Now we are ready to establish the main result of this work:

Proof of Theorem 6.1. Since |8(0)8(¢)| = |3(0)B3(£)], the desired identity follows imme-
diately from Theorem 3.1. Note that 5 is not degenerate, and therefore is a convex
curve. Indeed, if 8 double covered a geodesic segment then dlCE({t}) = m at some point
t € (0,¢). But kg < Kg < Kq, which implies that \dlCB] < |dK4|, as noted in Section
2. Thus |dK,({t})| = =, which is impossible since convex curves cannot have cusps.
Now by Proposition 4.1, |3(0)3(¢)| > |a(0)a(f)|. Thus we obtain the desired endpoint
inequality

(10) 18(0)B(0)] = |a(0)a(l)].

It remains to characterize the equality case. Suppose that |3(0)3(¢)] = |a(0)a(f)].
Then |3(0)3(¢)| = |a(0)a(f)|. We also know that Kz < kg < Ka. So Proposition 4.1,
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applied to o and B, shows that the correspondence a(t) — B (t) extends to an isometry
G: conv(a)) — conv(53). Thus Kj = Ka, and consequently

(11) HE:HB.

For 0 < s <t < /¢, applying (10) to the restrictions 04|[S ¢ and Bl 4, gives ]ﬁ( )B(t)| >
|a(s)a(t)|. Since G is an isometry, |a(s)a(t)| = |B(s)B(1)]. So [B(s)B(t)] = |B(s)B(1)]-

The reverse inequality holds by majorization. Hence

(12) B(s)B(t)| = 8(s)B(2)].

Using the observations above, we construct a distance preserving map F': conv(g) —
X} which sends ((t) to 5(t). Then F o G is distance preserving and sends «(t) to 5(t).
Furthermore, F' o G(conv(«)) = conv(f). Indeed, since F o GG is distance preserving,
it sends geodesic segments to geodesic segments. Thus F' o G(conv(a)) is convex. It
contains /3, and therefore conv(,B) C FoG(conv(a)). Conversely, if C' C X}, is any convex
set containing 3, then (F o G)~1(C) is a convex subset of conv(a) containing . Hence
(F o G)™1(C) = conv(a). Intersecting over all such C gives F o G(conv(a)) C conv(B).
So F o G(conv(«)) = conv(f3), as desired. Thus it remains to construct F'.

If a(0) = a(f), then 8 and B are closed as well. So the rigidity case of Theorem 5.1
yields the desired map F. Next we consider the case a(0) # «(¢). Let o be the geodesic
segment joining £(0) to 5(¢). By construction, 3 is the arc corresponding to S in a closed
curve majorizing S Uo. Let o be the complementary arc. Then length( ) = length(o).
Furthermore, the endpoints of & are 3(0) and ﬁ( ), and |3(0)3(0)] = |3(0)8(0)] =

length(c). So & is the geodesic segment joining 3(0) to A(£). Thus the correspondence
f: 5 Uo — BUo,

which sends B to 8 and & to o, preserving arclength, is a majorization map. We claim
that f preserves ambient distances. Then, by the rigidity case of Theorem 5.1, f extends
to a distance preserving map F': conv(ﬁ Uo) = conv(g) — X}, as desired.

So it remains to show that |f(p)f(q)| = |pg| for all points p, ¢ € aconv(g) = EU 0.
This holds if p, ¢ € B by (12), and it is immediate if fp,qe o. Finally, consider the case
where p € E and ¢ € 0. Choose an arc v in 8conv(ﬂ) connecting p and ¢ which realizes
the intrinsic distance between these points in dconv(3). Then length(y) < 7/Vk if
k > 0. For definiteness, assume that 7 passes through 5 (0) (the other case is identical).
Then 4 consists of an arc E |[0,5]> With the reverse orientation, followed by the subsegment
of o from B(O) to ¢. Let v be the corresponding arc in X, formed by f|g 5, with the
reverse orientation, followed by the corresponding subsegment of o.

The curvature of 5 comes from E lj0,s)> and the exterior angle of ¥ at 5(0), which is

— K(B, o). Similarly, the curvature of « consists of the curvature of 3|4 and the

exterior angle m —fi(ﬁia) By (11), 8 and 5 have the same curvature. Furthermore,
the triangles £(¢)5(0)5(¢) and 5(t)B(0)5(¢) have equal side lengths by (12). Thus
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Lemma 6.2 gives

4(p,0) = lim £L(B(HB0)B(0) = lim £(BHF0)5(0)) = £(B,5).

Hence k5 = k. It follows that [pg| < |f(p)f(q)|, by the endpoint inequality (10) applied
to 7 and . The reverse inequality holds since f is distance nonincreasing. Hence f is
distance preserving as claimed, which completes the proof. O

APPENDIX A. POLYGONAL APPROXIMATIONS

The chief difficulty in proving Theorem 1.1 was the characterization of the equality
case in the endpoint inequality (1), which necessitated the development of the moment
arm identity (8), and the variational technique used to apply this identity in model
planes. If, however, one is interested only in proving (1), without rigidity, then it can
be obtained more quickly using polygonal approximations which we develop here. A
convex curve a: [0,¢] — M? is called transversal if it is not closed and it is not tangent
at either endpoint to the geodesic £ passing through its endpoints.

Proposition A.1. Let o, 3: [0,¢] — Mi be unit speed conver curves, with o transversal.
Then there are partitions P, = {0 = " < -+ <ty = L}, with |Py| — 0, and unit
speed polygonal curves iy, fm: [0,€] — M2, with vertices at t;”, such that o, are
conver, oy — o and B, — B uniformly, Ka,, — Ko and Kg,, — Kg in L1([0,4]), and
Kapn(l) = Kao(l), Kg,,(£) = Kg(£). If in addition kg < ko, then we may also require

that the exterior angles £g,, (t1') < Lo, (), for 1 < j < Ny, — L.

Now (1) may be proved as follows. By Theorem 5.1 it suffices to consider the case
of convex curves a, 8: [0,¢] — M2. Let a, By be as in Proposition A.1. By the arm
lemma [2, 9.63], (1) holds for auy,, Bm, and we let m — co. In the general case, we may
assume that a is not closed and is not a geodesic. Then () is transversal for small
e > 0, if no terminal segment «([b,f]) lies on £. Hence (1) holds for a|jg¢—), Blo,¢—e;
and we let ¢ — 0. If a([b,¢]) C L, we reverse the parametrization unless an initial
segment ([0,a]) C L. In that case (1) still holds for aj, and S| by the preceding
argument, assuming [0,a] U [b,#] = a~1(L), and the triangle inequality yields:

a+ |a(0)a(l)] + (£ = b) = |a(a)a(b)| < [B(a)B(b)] < a+ [B(0)B(E)] 4 (£—b).

Thus we obtain |a(0)a(f)| < |5(0)5(¢)| as desired.

The proof of Proposition A.1 is divided into three parts. First we construct ou,, Gm
and establish their convergence and local convexity. It then remains to show that o, are
convex. For this we reduce the problem to simplicity of the closed curves @, obtained by
connecting the endpoints of a,,, with a geodesic segment o,,,, using elementary estimates
for the curvature of small subarcs. Finally we prove the simplicity of @, by ruling out
self-intersections of «,, and intersections of o,, with the interior of ay,,.

A.1. Construction and convergence. After possibly reflecting the model plane for
a and 8 separately, we may assume that both curves turn left. Then dKC.,dKz > 0,
so K, and Ky are monotone. Consequently K, and K have at most countably many
discontinuities, and we may choose the partitions P, so that their interior points are



A QUANTITATIVE SCHUR COMPARISON THEOREM 23
continuity points of both K and K. Set I[" := [¢]* 1, ¢]"] and AT := 7" — ¢ |. For
1 <j < N, —1, define aj' = dICa(IJ’-”) and bJ' := dleg(I;-"). Refining the partitions if
necessary, we may assume a7, bl € [0,7) for all j.

Let apm: [0,4] — M2 be the unit speed polygonal curve which starts at «(0), is
tangent to o at «(0), has successive edge lengths A", and turns left by a7 at t7", i.e.,
dlCam({t;”}) = aj'. Similarly, let 3,,: [0,4] — M3 be the polygonal curve which starts
at ((0), is tangent to B at 3(0), has successive edge lengths AT, and turns left by b7’

at 17", i.e., dg,, ({t]'}) = b]". In particular, a,, and By, are locally convex. If kg < Kq,
we have dKg < dKq, which yields b7" < a7". So ng (t7) < Lo, (7).

Let s € (0,¢) be a continuity point of Iy, and let ¢ be the largest point of P,
with ¢7' <'s. Then t] — s, and by construction Ko,,(s) = Kq(t]" ). Hence Ko, (s) —
Ka(s). Similarly Kg,,(s) = Kg(s) at every continuity point of Kg. Since these functions
are monotone and uniformly bounded, it follows that

1Ko, — KallL1(jo,g) = 0, 1K8,. — KsllL1(jo,q) = O-

By Lemma 2.1, o, — « and S, — ( uniformly on [0, £]. Since the interior points of P,
are continuity points of K, splitting « at these points introduces no additional exterior
angle. Thus Ko, (£) = Kuo(t¥ 1) = Ka(f), by the left-continuity of K. Similarly,
Ks,,(£) = Kg(£). Consequently, Lemma 2.1 gives T,,,, (¢) = T (¢).

A.2. Reduction to simplicity. It remains to show that «,, is convex (for large m).
Let @,,, @ be the closed curves formed by joining the endpoints of «;,, a, respectively,
with geodesic segments o, and o. It suffices to check that @, is simple. Indeed if @, is
simple, then we can consider its interior angles. By construction, these angles are < 7
at interior vertices of a,. Furthermore, the interior angles of &y, at a;,(0) and o, (¢)
are < 7 as well, since by Lemma 2.1 these angles converge to the corresponding angles
of @, which are < 7 by the transversality assumption on a. Hence @, is locally convex.
Since @, is simple, it follows that it is convex, as desired. To show that @, is simple,
we need the following estimates.

Lemma A.2. Let ry, < uy, be sequences of points in [0,0]. If rpm, um — ¢ for c € (0,4),
then
lim sup ’@a([rma Um]) < 40&(6)'

m— 00

If up, — 0 or 1y, — £, then ko ([0, um]) = 0 or ka([rm, £]) — 0, respectively.

Proof. Let p:= dK,. Since a turns left, u > 0, and therefore, as discussed in Section 2,
Ka([s,t]) = p((s,t)) and p({c}) = La(c). Since p is a finite measure, it is continuous from
above. In particular, we may choose r < ¢ < u so close to ¢ that p((r,u)) < p({c}) +¢,
for any given € > 0. For sufficiently large m, [rp,, um] C (r,u). Hence

Ka([Tms wm]) = p((Tm, um)) < p((r,u)) < Za(c) +é,

which proves the first assertion. If u,, — 0, then after passing to a subsequence we may
assume that u,, is monotone decreasing. Hence, by continuity from above, p((0, u,)) —
w(0) = 0. Similarly, if r,, — ¢, then u((rym,£)) — 0. O
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Lemma A.3. Let [s,t] C [0,f]. Let r be the largest point of P, with r < s, and u be
the smallest point of Py, with t < u. Then Kq,, ([s,t]) < Kao([r, u]).

Proof. By definition kg, ([s,t]) is the sum of the exterior angles of a,, at the vertices
t € (s,t). By construction, the exterior angle at this al' = dlCa(I]’-”), where I7" =
[tj1,¢]"]. Each such interval I;" is contained in [r,u]. Since the points of P, in (0,£)
are continuity points of ICp, splitting « at these points introduces no extra curvature.
Thus the sum of the corresponding exterior angles is bounded above by kq([r,u]). O

A.3. Proof of simplicity. To establish that @, is simple, we first show that a,, is
simple, and then we check that «,, intersects o,, only at its endpoints.

A.3.1. Simplicity of a,,. Suppose, towards a contradiction, that o, is not simple. Pass-
ing to a subsequence, we may choose s, < t,, such that a,,(sm) = an(tn), and
o ([Sm, tm]) 1s simple except for its endpoints. Since a,,, — « uniformly and « is in-
jective, S, t, — ¢ for some ¢ € [0,¢]. Thus the loop am,([Sm,tm]) shrinks to a point.
By the same Gauss-Bonnet argument as in the proof of Lemma 4.2, since the exterior
angle at the base point is at most ,

liminf kg, ([Sm, tm]) > 7.

m—r00
On the other hand, let 7., u;m € Py, be the points given by Lemma A.3 for the interval
[Sm,tm]. Then rp,u, — ¢, and Lemma A.3 gives ka,, ([Sm,tm]) < Ka([Tm,um]). If
c € (0,¢), Lemma A.2 yields

lim sup Kq,, ([Sm, tm]) < £Lalc) < 7.
m—0o0
If c=0or c= /¢, Lemmas A.2 and A.3 give instead Kq,, ([Sm,tm]) — 0. Both alternatives
contradict the lower bound above.

A.3.2. Intersection of auy, with o,,. It remains to show that ay, ((0,£))Noy, = (0. Suppose
towards a contradiction that there exist s, € (0,¢) with a;,(sy,) € opm. Since a,, — «
uniformly and o,,, — o, any limit point ¢ of s,, satisfies a(c) € 0. Since « is a transversal
convex arc, ¢ = 0 or ¢ = £. If ¢ = 0, choose s,,, to be the first intersection of o, with o,
after a,,(0); if ¢ = ¢, choose s, to be the last such intersection before a;,(¢). Then the
corresponding subarc of «,, together with the appropriate subsegment of ,,, forms a
simple loop, and either s,, — 0 or s, — £.

Suppose first that s,, — 0. Let v, be the angle between T,, (0) and the initial
direction of oy, at au,(0). Since a,y, has the same initial tangent as «, and since o, — o,
we have 1, — ¥ > 0, where 1 is the angle between 7°(0) and the initial direction of o
at «(0). The loop formed by a,,([0, s,,]) and the geodesic segment from , (s.,) back
to ay,(0) has diameter tending to zero. As in the Gauss-Bonnet argument in the proof
of Lemma 4.2, the exterior angle at a;,(0) is m — 1)y,,, while the other exterior angle is
at most 7, and therefore kq,, ([0, $m]) > ¥m — o(1). Consequently,

linl)inf Kam ([0, 8m]) > 1 > 0.
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On the other hand, choose u,, € P, with s, < u,, and u,, — Sy < |Py|. Then u,, — 0,
and Lemma A.3 gives kq,, ([0, 5m]) < Ka([0,un]). This tends to 0 by Lemma A.2, a
contradiction.

The case s, — ¢ is analogous. The only difference is that the angle at a,,(¢) is con-
trolled by the convergence Ty, (¢) — T'(¢), obtained above from Lemma 2.1, instead of
the fixed initial tangent. Thus that angle is bounded away from zero, while Lemmas A.3
and A.2 force Rq,, ([Sm,¢]) — 0, a contradiction.

Thus @, ((0,£4)) Moy = 0, and so @, is simple. As explained above, this implies that
a,y, is convex and completes the proof of Proposition A.1.
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