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Abstract. Using the Chern-Gauss-Bonnet theorem, we establish a sharp inequality
for the total Gauss-Kronecker curvature of convex hypersurfaces in Cartan-Hadamard
manifolds Mn with nullity index at least n− 3. Consequently, the Euclidean isoperi-
metric inequality extends to Mn, which proves the Cartan-Hadamard conjecture for
these spaces.

1. Introduction

A Cartan-Hadamard manifold Mn is a complete simply connected Riemannian space
of nonpositive sectional curvature. These spaces are natural generalizations of Euclidean
space Rn. The nullity index µ(M), introduced by Chern and Kuiper [8], measures the
flatness of M . More precisely, let

Np :=
{
Z ∈ TpM | R(X,Y )Z = 0 for all X,Y ∈ TpM

}
be the nullity space of the curvature tensor at a point p. Then µ(M) := infp∈M dim(Np).
So Mn = Rn if and only if µ(M) = n. A convex hypersurface Γ ⊂M is the boundary of
a compact convex set with nonempty interior. The total curvature of Γ, when it is C1,1,
is defined as G(Γ) :=

∫
ΓGK where GK is the Gauss-Kronecker curvature. Let |Sn−1|

denote the volume of the unit sphere in Rn. We show

Theorem 1.1. Let Mn be a Cartan-Hadamard manifold with µ(M) ≥ n− 3. Then

(1) G(Γ) ≥ |Sn−1|,
for any smooth (C∞) convex hypersurface Γ ⊂M .

In any Cartan-Hadamard manifold where the total curvature inequality (1) holds, the
classical Euclidean isoperimetric inequality follows [15, Thm. 7.1]. Specifically, letting
Bn denote the unit ball in Rn, we obtain

Corollary 1.2. For any bounded region Ω ⊂Mn of finite perimeter,

(2)
|∂Ω|n

|Ω|n−1
≥ |Sn−1|n

|Bn|n−1
,

with equality only if Ω is isometric to a ball in Rn.
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The Cartan-Hadamard conjecture [2, 6, 22] states that the isoperimetric inequality
(2) holds in all Cartan-Hadamard manifolds. This has been established only in di-
mensions n ≤ 4 [9, 23, 31], while the total curvature inequality (1) is known only for
n ≤ 3. Both inequalities hold in all dimensions when Mn has constant curvature or
Γ is a geodesic sphere [4, 15]. Theorem 1.1 gives the first class of Cartan-Hadamard
manifolds of dimension n ≥ 4, beyond space forms, for which (1) holds, and also yields
irreducible nonhomogeneous examples of dimension n ≥ 5 where (2) holds. See [15, 24]
for background and [16–18,25] for more recent results.

The isoperimetric inequality is stable under Cartesian products [21, p. 335], [27,
Sec. 3.3], but the total curvature inequality (1) is new even in the case of product
manifolds, such as H3 × R, where H3 is hyperbolic 3-space. Manifolds with nullity
arise naturally in connection with isometric immersions, totally geodesic foliations, and
rigidity phenomena in Riemannian geometry [10, 20, 28]. There are many examples
which do not split off a Euclidean factor, even locally. For conullity-two examples, see
[3, 5, 30]; for related graph manifolds, whose universal covers give irreducible Cartan-
Hadamard manifolds with nullity, see [11].

The proof of Theorem 1.1 is an application of the Chern-Gauss-Bonnet formula (6)
together with Gauss’ equation (8). When n is odd, we apply the formula to the even-
dimensional hypersurface Γ, and when n is even, to the convex body C bounded by
Γ. In either case, the nullity assumption implies that all terms in the Chern-Gauss-
Bonnet integrands involving two or more ambient curvature factors vanish. Thus the
integrands reduce to the Gauss-Kronecker curvature GK, up to a correction term which
contains exactly one ambient sectional curvature factor and some principal curvatures of
Γ. By the Cartan-Hadamard assumption, the ambient curvature factor is nonpositive,
while convexity of Γ ensures that the principal curvatures are nonnegative. Hence the
correction term is nonpositive, and we obtain (1).

2. The Chern-Gauss-Bonnet Theorem

We begin by recording the formulation of the Chern-Gauss-Bonnet theorem that we
need. Let Nk be an oriented even-dimensional Riemannian manifold with metric 〈·, ·〉,
Levi-Civita connection ∇, and curvature tensors

R(X,Y )Z := ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z,

R(X,Y, Z,W ) := 〈R(X,Y )Z,W 〉. At each point p ∈ N , choose a positively oriented
orthonormal basis e1, . . . , ek ∈ TpN . The corresponding curvature 2-forms of N are

Ωij(X,Y ) := R(X,Y, ei, ej).

The Pfaffian k-form associated to the skew-symmetric matrix Ω = (Ωij) is defined by

Φ :=
∑
σ∈Sk

sgn(σ) Ωσ(1)σ(2) ∧ · · · ∧ Ωσ(k−1)σ(k),

where Sk denotes the symmetric group on k elements, sgn(σ) = 1 for even permutations,
and sgn(σ) = −1 for odd permutations. The associated normalized scalar function is

(3) PfN := ckΦ(e1, . . . , ek),
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where the constant ck := 1/k! is chosen so that PfSk ≡ 1. Note that PfN is independent
of the choice of the frame ei, since Φ is invariant under conjugation by SO(k).

Now suppose that N is compact with boundary ∂N . Let ν = ek be the outward unit
normal of ∂N , and let e1, . . . , ek−1 be a positively oriented local orthonormal frame on
∂N . For X ∈ T (∂N), let A(X) := ∇Xν be the shape operator, and

αi(X) := 〈A(X), ei〉

be the corresponding 1-forms on ∂N . So if ei are the principal directions, which diago-
nalize A, then αi(ei) = κi are the corresponding principal curvatures of ∂N . The Chern
boundary term is given by the transgression formula

(4) TPf∂N :=

k/2−1∑
s=0

ck,sΦs(e1, . . . , ek−1),

where the ck,s := |Sk−1|/((4π)s |Sk−1−2s| (k − 1− 2s)!) are normalizing constants, and
Φs are (k−1)-forms given by combining the shape operator forms of ∂N and the ambient
curvature forms of N as follows

Φs :=
∑

σ∈Sk−1

sgn(σ)
(
ασ(1) ∧ · · · ∧ ασ(k−1−2s)

)
∧
(
Ωσ(k−2s)σ(k−2s+1) ∧ · · · ∧ Ωσ(k−2)σ(k−1)

)
.

Here the second parenthesis is omitted when s = 0. Thus the first term in (4) reduces
to the Gauss-Kronecker curvature:

(5) ck,0Φ0(e1, . . . , ek−1) = det(A) = κ1 . . . κk−1 = GK.

Let χ denote the Euler characteristic. We have

Theorem 2.1 (Chern-Gauss-Bonnet). Let Nk be a compact oriented even-dimensional
Riemannian manifold, with possibly empty smooth boundary ∂N . Then

(6) χ(N) =
2

|Sk|

∫
N

PfN +
1

|Sk−1|

∫
∂N

TPf∂N ,

where the boundary term is omitted when ∂N = ∅.

For proofs, see Chern [7], Allendoerfer-Weil [1], or Spivak [29, Addendum 2]. Our
formulation here is consistent with Morgan-Johnson [26, Sec. 4.1] and Gilkey-Park
[19, Thm. 1.3]. It quickly follows that

Corollary 2.2. Let Mn be a Cartan-Hadamard manifold, and Γ ⊂ M be a smooth
convex hypersurface bounding a convex body C. If n is odd, then∫

Γ
PfΓ = |Sn−1|.

If n is even, then ∫
Γ

TPfΓ = |Sn−1| − 2
|Sn−1|
|Sn|

∫
C

PfC .
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Proof. Since Mn is Cartan-Hadamard, C is homeomorphic to the unit ball Bn, and
consequently Γ is homeomorphic to Sn−1. In particular, when n is odd, χ(Γ) = 2 which
yields the first equality above by Theorem 2.1 with N = Γ. The second equality also
follows immediately from Theorem 2.1 with N = C, since χ(C) = 1. �

3. Proof of Theorem 1.1

The nullity assumption has the following consequence for the curvature forms:

Lemma 3.1. If µ(M) ≥ n− 3, then for all indices 1 ≤ i, j, k, ` ≤ n,

(7) Ωij ∧ Ωk` = 0,

with respect to any orthonormal basis.

Proof. Fix p ∈ M , and let Ep := N⊥p . By hypothesis, dim(Ep) ≤ 3. Let π : TpM → Ep
be the orthogonal projection. Then

R(X,Y, Z,W ) = R(πX, πY, πZ, πW )

for all X,Y, Z,W ∈ TpM . Indeed, if one of these vectors lies in Np, then R vanishes.
This is evident from the definition of Np when the vector appears in the third slot, and
follows for the other slots by the symmetries of R. Consequently,

Ωij(X,Y ) = R(πX, πY, πei, πej).

Thus, as a 2-form in X,Y , each Ωij is pulled back from the vector space Ep. It follows
that Ωij ∧ Ωk` is pulled back from a 4-form on Ep. Since dimEp ≤ 3, every 4-form on
Ep vanishes, which completes the proof since p is arbitrary. �

We orient Γ by the outward unit normal ν, and use the convention A(V ) = ∇V ν for
the shape operator. Then the principal curvatures κ1, . . . , κn−1 of Γ, and the Gauss-
Kronecker curvature GK = κ1 · · ·κn−1 are nonnegative. At each point p ∈ Γ, choose an
orthonormal basis e1, . . . , en−1 ∈ TpΓ which diagonalizes A. Let

Kij := Ωij(ei, ej)

be the sectional curvature of M with respect to the plane spanned by ei, ej . The
Gauss equation gives RΓ

ijij = Kij + κiκj . Letting θ1, . . . , θn−1 be the coframe dual to
e1, . . . , en−1, the Gauss equation may be written as

(8) ΩΓ
ij = Ωij + κiκj θi ∧ θj .

Substituting this equation in the expressions for the Pfaffians in the last section, we
obtain the following result. Recall that C denotes the convex body bounded by Γ.

Proposition 3.2. If n is odd, then

PfΓ ≤ GK.

If n is even and n ≥ 4, then

PfC ≡ 0, and TPfΓ ≤ GK.
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Proof. First suppose that n is odd. Then Γ has even dimension, and PfΓ is a linear
combination of wedge products of the forms ΩΓ

ij by (3). After substituting the Gauss

equation (8), each term contains some number of ambient curvature forms Ωij and
some number of factors κiκj θi∧θj . By Lemma 3.1, all terms with two or more ambient
curvature forms vanish. Thus only the terms with no ambient curvature form or exactly
one ambient curvature form can contribute.

The contribution to PfΓ from terms with no ambient curvature form is precisely GK.
Now consider a term with exactly one ambient curvature form, say Ωij . Since all the
remaining factors come from the diagonal second fundamental form, they contribute
multiples of θa ∧ θb and supply all coframe directions except θi, θj . Consequently, when
the resulting (n− 1)-form is evaluated on e1, . . . , en−1, we obtain

Ωij(ei, ej)
∏
`6=i,j

κ` = Kij

∏
`6=i,j

κ` ≤ 0,

where the last inequality holds since Kij ≤ 0 by the Cartan-Hadamard assumption, and
κ` ≥ 0 by convexity of Γ. Hence, for some constant cn > 0,

(9) PfΓ = GK + cn
∑

1≤i<j≤n−1

Kij

∏
`6=i,j

κ` ≤ GK.

Next suppose that n is even and n ≥ 4. By (3), PfC consists of wedge products of n/2
ambient curvature forms. Since n/2 ≥ 2, each such term contains at least two ambient
curvature forms, and hence vanishes by Lemma 3.1. So PfC ≡ 0.

Finally, to evaluate TPfΓ, note that in (4), the factors αi coming from the second
fundamental form are the 1-forms κiθi. The first term, which contains no ambient cur-
vature form, contributes the Gauss-Kronecker curvature GK by (5). As above, Lemma
3.1 eliminates all terms with two or more ambient curvature forms. If a term contains
exactly one ambient curvature form Ωij , then again the remaining second fundamen-
tal form factors supply all coframe directions except θi, θj . Hence only the component
Ωij(ei, ej) = Kij contributes. Thus, for a constant c′n > 0,

(10) TPfΓ = GK + c′n
∑

1≤i<j≤n−1

Kij

∏
`6=i,j

κ` ≤ GK,

which completes the proof. �

Now if n is odd, then Corollary 2.2 together with Proposition 3.2 gives

(11) |Sn−1| =
∫

Γ
PfΓ ≤

∫
Γ
GK = G(Γ).

If n = 2, then the ordinary Gauss-Bonnet theorem gives 2π =
∫
C K +

∫
ΓGK, and since

K ≤ 0, it follows that G(Γ) =
∫

ΓGK ≥ 2π = |S1|. Finally suppose that n ≥ 4 is even.
Then Corollary 2.2 and Proposition 3.2 give

(12) |Sn−1| =
∫

Γ
TPfΓ ≤

∫
Γ
GK = G(Γ),

which completes the proof.
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4. Notes

Note 4.1. The nullity assumption µ(M) ≥ n− 3 was used in the proof of Theorem 1.1
only to derive (7), which is a formally weaker condition at each point. Thus the total
curvature inequality (1) holds whenever (7) holds on M . More specifically, it is enough
that (7) holds on Γ when n is odd, and on the convex body C when n is even.

Note 4.2. If equality holds in the total curvature inequality (1), for n ≥ 3, then equality
holds in the corresponding estimate (11) or (12), according as n is odd or even. Hence
equality also holds in the corresponding pointwise inequality (9) or (10), which yields

Kij

∏
` 6=i,j

κ` = 0

for every i < j. In particular, when Γ is strictly convex, i.e., κ` > 0 for all `, equality in
(1) forces the sectional curvatures of M to vanish on tangent planes of Γ, which in turn
yields that C is flat [12].

Note 4.3. The total curvature of an arbitrary convex hypersurface Γ ⊂ Mn may be
defined as the limit of the total curvatures of its outer parallel hypersurfaces, which
are C1,1 [15]. With this definition, the total curvature functional G is continuous on the
space of convex hypersurfaces in Cartan-Hadamard manifolds, with respect to Hausdorff
distance [13]. Since smooth convex hypersurfaces are dense in this space [14, Lem. 3.9],
Theorem 1.1 extends to all convex hypersurfaces, with no smoothness assumption.
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[4] A. Borbély, On the total curvature of convex hypersurfaces in hyperbolic spaces, Proc. Amer. Math.
Soc. 130 (2002), no. 3, 849–854. MR1866041 ↑2

[5] T. G. Brooks, 3-manifolds with constant Ricci eigenvalues (λ, λ, 0), Geom. Dedicata 219 (2025),
no. 1, Paper No. 13, 25. MR4842957 ↑2

[6] Yu. D. Burago and V. A. Zalgaller, Geometric inequalities, Grundlehren der Mathematischen Wis-
senschaften [Fundamental Principles of Mathematical Sciences], vol. 285, Springer-Verlag, Berlin,
1988. Translated from the 1980 Russian original by A. B. Sosinskĭı, Springer Series in Soviet Math-
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