
NONEXISTENCE OF SKEW LOOPS ON ELLIPSOIDS
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Abstract. We prove that every C1 closed curve immersed on an ellipsoid
has a pair of parallel tangent lines. This establishes the optimal regularity for
a phenomenon first observed by B. Segre. Our proof uses an approximation
argument with the aid of an estimate for the size of loops in the tangential
spherical image of a spherical curve.

A skew loop is a C1 closed curve without parallel tangent lines immersed in
Euclidean space. B. Segre [5] was the first to prove the existence of such curves,
the first explicit construction appeared in [2], and Y.-Q. Wu [9] showed examples
exist in each knot class. Segre also observed that sufficiently smooth skew loops
do not exist on ellipsoids [3, Appdx C]. This was an immediate consequence of
a theorem of W. Fenchel [1], which states that the tangential spherical image,
a.k.a. tantrix, of a (sufficiently smooth) closed spherical curve bisects the area of
the sphere, when embedded. Fenchel’s theorem in turn follows quickly from the
Gauss-Bonnet theorem, together with the fact that the total geodesic curvature
of the tantrix of a spherical curve, when embedded, is zero [6]. But applying
the Gauss-Bonnet theorem requires that the tantrix be (at least) C1. Hence the
original curve should be C2. Other proofs of Segre’s observation [7, 8], which use
Morse theory, also require C2 regularity.

In this note we use an approximation argument to rule out the existence of skew
loops on ellipsoids, without assuming extra regularity. This settles a question
which had been raised in [3, Note 3.1]. The main obstacle here is that skew loops
do not form an open subset in the space of loops. Indeed, small perturbations
may create nearby parallel tangents. We overcome this problem by using the
estimate provided in the following lemma. A mapping T : S1 → S2 is the tantrix
of a C1 immersion γ : S1 ' R/2π → R3 provided T (t) = γ′(t)/‖γ′(t)‖. The
following observation shows that the tantrix of a spherical loop may not contain
small subloops:

Lemma. Let T : S1 → S2 be the tantrix of a spherical curve. Suppose that there
are t, s ∈ S1, t 6= s, such that T (t) = T (s). Then in each of the segments of S1
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determined by t and s there exists a point, say p and q respectively, such that

distS2

(
T (t), T (p)

)
=
π

2
= distS2

(
T (t), T (q)

)
.

Proof. Let I and J be the segments in S1 determined by t and s. After a rotation,
we may assume that T (t) = k = T (s), where k := (0, 0, 1), the north pole of S2.
Let f : I → R be given by

f(t) :=
〈
γ(t),k

〉
,

where γ is the parent curve of T , that is T (t) = γ′(t)/‖γ′(t)‖, and define the
equator of S2 as

E :=
{
x ∈ S2 | 〈x,k〉 = 0

}
.

Since T (t) = k = T (s), it follows that γ(t), γ(s) ∈ E (a tangent vector of a
sphere can be vertical only at the equator). Consequently, f(t) = 0 = f(s). But,
since γ is orthogonal to E at its end points, f is not identically zero. So f has a
critical point p in the interior of I; therefore,

0 = f ′(p) =
〈
γ′(p),k

〉
= ‖γ′(p)‖

〈
T (p),k

〉
which yields 〈T (p),k〉 = 0, or T (p) ∈ E. Thus,

distS2

(
T (t), T (p)

)
=
π

2
.

Similarly there exists a point q in J whose spherical distance from T (t) is π/2. �

Note 1. The above lemma implies that the total curvature of of a spherical curve
segment which has parallel tangents at its end points is at least π. Can one obtain
lower bounds for total curvature of curves with parallel ends on other quadric
surfaces? If so, then one could generalize the following theorem accordingly.

Now we are ready to prove the main result of this note:

Theorem. There are no skew loops on ellipsoids.

Proof. Since skew loops are affinely invariant, it is enough to rule out their exis-
tence on spheres. Let γ : S1 → S2 be a C1 immersed loop, and γi be a family of
C2 immersed loops on S2 which converge to γ with respect to the C1 norm. Let
T be the tantrix of γ, and Ti be the tantrix of γi. Since there are no C2 skew
loops on S2, at least one of the following conditions holds for each i:

(1) Ti(S
1) ∩

(
− Ti(S1)

)
6= ∅.

(2) There exist ti, si ∈ S1, ti 6= si, such that Ti(ti) = Ti(si).

Suppose that there exists a subsequence γij of γi all of whose elements satisfy
condition 1 above. Then, since Ti converges to T (with respect to the C0 norm),
T satisfies the same condition, which in turn yields that γ is not skew, and we
are done. So we may assume that there exists an integer N , such that condition
2 above is satisfied for all i ≥ N . Then

T (s) = T (t),
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where t and s are limit points of ti and si respectively. Next recall that, by the
above Lemma, there are points pi and qi, in the interior of each of the segments
of S1 determined by ti and si, such that

distS2

(
Ti(ti), Ti(pi)

)
=
π

2
= distS2

(
Ti(ti), Ti(qi)

)
.

Thus, if p and q are limits of pi and qi, continuity of distS2 yields that

distS2

(
T (t), T (p)

)
=
π

2
= distS2

(
T (t), T (q)

)
.

In particular, p 6= t and q 6= t. Now let Ii and Ji be segments of S1 determined
by ti and si such that pi ∈ Ii and qi ∈ Ji, and let I and J be the limits of these
segments respectively. Then p ∈ I and q ∈ J . Thus p 6= t and q 6= t implies that
I 6= t and J 6= t respectively. Since I and J are each bounded by t and s, this
yields

t 6= s.

Hence γ is not skew. �

Note 2. There is a simple argument for proving the nonexistence of C1 skew
loops γ : S1 → S2 provided we assume that γ(S1) does not pass through any
pairs of antipodal points of S2. To see this let t, s ∈ S1 be a pair of points which
maximize distS2(γ(t), γ(s)). Then the geodesic segment in S2 connecting γ(s) and
γ(t) is orthogonal to γ(S1) at these two points (here we use the assumption that
γ(t) 6= −γ(s)). But every geodesic of S2 is a great circle, given by the intersection
of S2 with a plane passing through the origin. Thus γ(S1) is perpendicular, at
γ(t) and γ(s), to this plane, which yields that T (t) = ±T (s).

The author and B. Solomon [3] have shown that, in addition to the ellipsoids,
there are no C2 skew loops on any quadric surfaces of positive curvature, and
also have proved the converse. Further, S. Tabachnikov [7] has ruled out the
existence of generic skew loops on any quadric surface—a result which generalizes
to all dimensions (there are no generic skew branes on quadric hypersurfaces).
Earlier J. H. White [8] had obtained the same result for spheres by studying the
critical points of the intrinsic distances on the sphere. All these results assume
C2 regularity. But, as for the case of two-dimensional ellipsoids studied in this
paper, we believe that C1 regularity should be enough:

Conjecture. Any closed C1-immersed submanifold Mn of Rn+2 has a pair of
parallel tangent spaces if it lies on a quadric hypersurface.

In other words, there exists no skew branes on a quadric hypersurface. For
results on the existence of skew submanifolds in arbitrary dimensions see [4].
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