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2.13 The Geodesic Curvature

Let a: I — M be a unit speed curve lying on a surface M C R3. Then the
absolute geodesic curvature of « is defined as

kgl = [[(@) [ = [lo” = (a”, n(a))n(a)],

where n is a local Gauss map of M in a neighborhood of a(t). In particular
note that if M = R?, then |k,| = &, L.e., absolute geodesic curvature of a
curve on a surface is a generalization of the curvature of curves in the plane.

Exercise 1. Show that the absolute geodesic curvature of great circles in a
sphere and helices on a cylinder are everywhere zero.

Similarly, the (signed) geodesic curvature generalizes the notion of the signed
curvature of planar curves and may be defined as follows.

We say that a surface M C R3 is orientable provided that there exists a
(global) Gauss map n: M — S?) i.e., a continuous mapping which satisfies
n(p) € T,M, for all p € M. Note that if n is a global Gauss map, then so is
—n. In particular, any orientable surface admits precisely two choices for its
global Gauss map. Once we choose a Gauss map n for an orientable surface,
then M is said to be oriented.

If M is an oriented surface (with global Gauss map n), then, for every
p € M, we define a mapping J: T,M — T,M by

JV i=nxV.

Exercise 2. Show that if M = R? and n = (0,0,1), then J is counter
clockwise rotation about the origin by /2.
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Then the geodesic curvature of a unit speed curve a: I — M is given by
kg = (", Ja).
Note that, since Jo' is tangent to M,
(", Ja') = ()", Ja).

Further, since ||o/|| = 1, o’ is orthogonal to o/, which in turn yields that the
projection of o” into the tangent plane is either parallel or antiparallel to
Ja'. Thus k4, > 0 when the projection of o” is parallel to Ja' and is negative
otherwise.

Note that if the curvature of o does not vanish (so that the principal
normal N is well defined), then

kg = K{N,JT). (1)

Exercise 3. Let S? be oriented by its outward unit normal, i.e., n(p) = p,
and compute the geodesic curvature of the circles in S? which lie in planes
z =h, =1 < h < 1. Assume that all these circles are oriented consistently
with respect to the rotation about the z-axis.

Next we derive an expression for s, which does not require that o have
unit speed. To this end, let s: I — [0, L] be the arclength function of «, and
recall that @ := aos™': [0, L] — M has unit speed. Thus

kg = Ry(s) = (@ (s), Ja'(s)).
Now recall that (s7!) = 1/||/||. Thus by chain rule.
1

[l (s ()
Further, differentiating both sides of the above equation yields

| e s)
TaeoE ) T e

a(t)=d(s7'(1))

a/l — O// (S_l)

Substituting these values into the last expression for &, above yield

B <O//,JO/>
T 2

2



Exercise 4. Show that the equations (1) and (2) above are equivalent. Con-
clude that k, is invariant under reparametrization.

Next we show that the geodesic curvature is intrinsic, i.e., it is invariant
under isometries of the surface. To this end define &': a(I) — R3 be the
vectorfield along «(1) given by

& (a(t)) = o/ (1).
Then one may immediately check that
a'(t) = va/(t)&l.
Thus
(o, Ja'y = ()T, Jo/) = (Vud, Jd').
and it follows that
_ (Vad, Jo)
ol
We say that a curve a: I — M is a geodesic provided that its geodesic
curvature k4 = 0.

K

Exercise 5. Show that if « is parametrized by arclength, then
gl = [[Vard]].
Conclude that « is a geodesic if and only if V&' = 0.
Exercise 6. Show that if a is a geodesic, then it must have constant speed.

Now recall that V is intrinsic, which immediately implies that |s,| is
intrinsic by the last exercise. Thus to complete the proof that x, is intrinsic
it remains to show that J is intrinsic. To see this let X: U — M be a local
patch, then

2
7j=1

In particular,
JX1 = b1 Xy + b2 Xo.

Now note that
0= (JX1, X1) = biigi1 + biagar.
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Further,
g = (X1, X1) = (JX1,JXy) = 5%1911 + 2b11b12g12 + b?2922-

Solving for by in the next to last equation, and substituting in the last
equation yields

7 2
g
gi1 = b%1911 2b11£111 + 511 5 Lggy = 521(—911 + %922)-
921 921

Thus by; may be computed in terms of g;; which in turn yields that b;2 may
be computed in terms of g;; as well. So JX; nay be expressed intrinsically.
Similarly, JX5 may be expressed intrinsically as well. So we conclude that J
is intrinsic.

2.14 Geodesics in Local Coordinates

Here we will derive a system of ordinary differential equations, in terms of
any local coordinates, whose solutions yield geodesics.

To this end let X: U — M be a patch, and a: I — X (U) be a unit speed
one-to-one curve. Then we may write

X(u(t)) = alt),

by letting u(t) := X 1(a(t)). Next note that, if u; denotes the coordinates
of u, i.e., u(t) = (uy(t), us(t)), then by the chain rule,

2

/ /

o = g X,
i=1

which in turn yields

[\

2
Z Xijuguls + Xiuj = Z (U5 Xk + € N)uad; + Xpul,

: 7j7k:1
by Gauss’s formula. Consequently,

2 2
()" = Z (Fk Xp)uju; + Xiu] = Z (Ff]uz w + uy) Xy

i,5,k=1 i,5,k=1



So, since |r,| = ||(a”) ||, we conclude that « is a geodesic if and only if

2

Z (Ff]u;u; +uy) =0

ij=1

for k = 1,2. In other words, for a to be a geodesic the following two equations
must be satisfied:

U/1, + Fh(u'lf + 2F%21/1“,2 + F%z(u/2>2
Ul2/ + F%l (u’1)2 + 2F%2“/1U/2 + F%Q(%)Q

0
0
Exercise 7. Write down the equations of the geodesic in a surface of revo-

lution. In particular, verify that the great circles in a sphere are geodesics.

2.15 Parallel Translation

Here we will give another interpretation for the concept of geodesic curvature.
Let a: I — M be a simple curve and V' be a vector field on M. We say that
V' is parallel along o provided that

VoV = ((V o a)')T = 0.

for all t € I. Recall that « is a geodesic if and only if its velocity is parallel
(ie., Vand =0)

Exercise 8. Show that if V' is parallel along «, then its length is constant.

Exercise 9. Show that if V and W are a pair of parallel vector fields along
a, then the angle between them is constant.

Proposition 10. If « is a unit speed curve on a surface, and 'V is a parallel
vector field along o, which makes an angle ¢ with the tangent vector of a,
then ky, = ¢'.

Proof. We may assume that V' has unit length. Then we may write:
T = cos(¢)V +sin(¢)JV.
Since V7V =0 and V¢ (JV) = J(VrV) = 0, we have

Vil = (—¢'sing) V + (¢ cos¢) JV = ¢ J(cos ¢V +sing JV) = ¢ JT.
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Since ||T|| = 1, VT is orthogonal to T', hence it must be a multiple of JT;
taking the JT—component gives

kg = (ViT, JT) = ¢'.
O

Corollary 11. The total geodesic curvature of a curve on a surface is equal
to the total rotation of a parallel vector field along the curve, i.e.

/a ko = 0(0) — 0(a),

where ¢ s an angle function between T" and V.

Exercise 12. Consider the circle of constant latitude ¢ on S?, which is given
by
a(0) := (cos(0) sin(¢), sin(6) sin(¢), cos(¢)),

where ¢ measures the angle with (0,0, 1). Show that the geodesic curvature
of ay is cot(¢). Conclude that if a vector is parallel translated along «, then
its total rotation with respect to the tangent vector of «v is 27 cos(o).

Exercise 13. There is another way to compute the total rotation angle of
a vector parallel translated along the circle of constant latitude @ mentioned
in Exercise 12. Consider a cone which is tangent to S? along «. Cut this
cone along a straight line through its apex and unroll it in the plane. Then
a becomes a circular arc in the plane. Compute the total curvature of this
arc. Why do you get the same answer as in Exercise 127

Exercise 14. The French physicist Foucault observed that the plane in which
a pendulum swings is not stationary by rotates with constant speed. Explain
how one can determine the latitute of a city on earth from the total rotation
of the plane of a pendulum over a 24 hour period.



