arXiv:2012.11814v6 [math.HO] 31 Dec 2024

What is differential geometry?:
curves and surfaces

Anton Petrunin and
Sergio Zamora Barrera


http://arxiv.org/abs/2012.11814v6

Artwork by Ana Cristina Chéavez Céliz.

| |
yCrollg

his work is li(censed under CC BY-SA 4.0. To view a copy of this license,
visit https://creativecommons.org/licenses/by-sa/4.0



Contents

Preface

Preliminaries
A. Metric spaces 8; B. Topology 11; C. Elementary geometry 13; D. Con-
vex geometry 15; E. Linear algebra 15; F. Analysis 16; G. Multivariable
calculus 18; H. Ordinary differential equations 22.

I Curves

1 Definitions
A. Before we start 26; B. Simple curves 27; C. Parametrized curves 27;
D. Smooth curves 28; E. Implicitly defined curves 30; F. Proper, closed,
and open curves 31.

2 Length

A. Definitions 32; B. Nonrectifiable curves 33; C. Semicontinuity of
length 34; D. Arc-length parametrization 35; E. Convex curves 36;
F. Crofton’s formulas 37; G. Length metric 40; H. Spherical curves 40.

3 Curvature
A. Acceleration of a unit-speed curve 44; B. Curvature 45; C. Tangent
indicatrix 45; D. Tangents 46; E. Total curvature 47; F. Convex curves
49; G. Bow lemma 51.

4 Polygonal lines
A. Piecewise smooth curves 55; B. Generalized Fenchel’s theorem 56;
C. Polygonal lines 57; D. What if ®(y) = 2-77 59; E. Generalized DNA
theorem 60; F. Generalized curvature 61.

5 Torsion
A. Frenet frame 62; B. Torsion 63; C. Frenet formulas 63; D. Curves
of constant slope 65; E. Spherical curves 66; F. Fundamental theorem
of space curves 66.

6 Signed curvature

26

32

44

55

62

69



4 CONTENTS

A. Definitions 69; B. Fundamental theorem of plane curves 70; C. Total
signed curvature 72; D. Osculating circle 75; E. Spiral lemma 76.

7 Supporting curves 79
A. Cooriented tangent curves 79; B. Supporting curves 80; C. Support-
ing test 81; D. Convex curves 82; E. Moon in a puddle 84; F. Four-
vertex theorem 86.

IT Surfaces

8 Definitions 90
A. Topological surfaces 90; B. Smooth surfaces 90; C. Surfaces with
boundary 91; D. Proper, closed, and open surfaces 91; E. Implicitly de-
fined surfaces 92; F. Local parametrizations 92; G. Global parametriza-
tions 94.

9 First-order structure 96
A. Tangent plane 96; B. Directional derivative 97; C. Tangent vectors
as functionals 99; D. Differential of map 99; E. Surface integral and
area 100; F. Normal vector and orientation 102; G. Sections 103.

10 Curvatures 105
A. Tangent-normal coordinates 105; B. Principal curvatures 106; C. More
curvatures 107; D. Shape operator 108.

11 Curves in a surface 112
A. Darboux frame 112; B. Euler’s formula 113; C. Lagunov’s fishbowl
115.

12 Supporting surfaces 118
A. Definitions 118; B. Convex surfaces 120; C. Convexity test 121;
D. More convexity 122.

13 Saddle surfaces 124
A. Definitions 124; B. Hats 125; C. Saddle graphs 127; D. Remarks 130.

ITT Geodesics

14 Shortest paths 132
A. Intrinsic geometry 132; B. Definition 133; C. Nearest-point projec-
tion 134; D. Shortest paths on convex surfaces 135.

15 Geodesics 137
A. Definition 137; B. Existence and uniqueness 138; C. Exponential
map 141; D. Injectivity radius 141; E. Shortest paths are geodesics



CONTENTS

142; F. Liberman’s lemma 144; G. Total curvature of geodesics 145.

16 Parallel transport
A. Parallel tangent fields 148; B. Parallel transport 148; C. Bike wheel
and projections 150; D. Total geodesic curvature 151.

17 Gauss—Bonnet formula
A. Formulation 154; B. Additivity 155; C. Spherical case 156; D. In-
tuitive proof 157; E. Simple geodesic 158; F. General domains 160.

18 Semigeodesic charts
A. Polar coordinates 163; B. Shortest paths are geodesics: a formal
proof 164; C. Gauss curvature 165; D. Rotation of a vector field 169;
E. Gauss-Bonnet formula: a formal proof 171; F. Rauch comparison
172; G. Intrinsic isometries 174; H. The remarkable theorem 175.

19 Comparison theorems

A. Triangles and hinges 177; B. Formulations 178; C. Local compar-
isons 179; D. Nonpositive curvature 181; E. Nonnegative curvature
181; F. Alexandrov’s lemma 185; G. Reformulations 185.

Semisolutions

Afterword

Index

Bibliography

SN

’ \ ’

2 ® G-E

©)

148

154

163

177

189

210

211

214



6 PREFACE

Preface

These notes are designed for those who either plan to work in differential
geometry, or at least want to have a good reason not to do it. It should
be more than sufficient for a semester-long course.

Differential geometry exploits several branches of mathematics, in-
cluding real analysis, measure theory, calculus of variations, differential
equations, elementary and convex geometry, topology, and more. This
subject is wide even at the beginning. For that reason, it is fun and
painful both to teach and to study.

In this book, we discuss smooth curves and surfaces — the main gate
to differential geometry. This subject provides a collection of examples
and ideas critical for further study. It is wise to become a master in this
subject before making further steps — there is no need to rush.

We give a general overview of the subject, keeping it problem-centered,
elementary, visual, and virtually rigorous; we allow gaps that belong to
other branches of mathematics, most of these subjects discussed briefly
in the preliminaries.

We focus on the techniques that are absolutely essential for further
study. For that reason we omit a number of topics that are traditionally
included in the introductory texts; for example, we almost do not touch
minimal surfaces and the Peterson—Codazzi formulas.

At the same time, we get to applications that are not in the scope of
typical introductory texts.

The first example is the theorem of Vladimir Ionin and Herman Pestov
about the Moon in a puddle (7.14). This theorem might be the simplest
meaningful example of the so-called local to global theorems which
lies in the heart of differential geometry; for that reason, it is a good an-
swer to the main question of this book — “What is differential geometry?”.

Other examples include the theorem of Sergei Bernstein on saddle
graphs (13.13) and the theorem of Stephan Cohn-Vossen on a two-sided
infinite geodesic (17.12).

These notes are based on the lectures given at the MASS program
(Mathematics Advanced Study Semesters at Pennsylvania State Univer-
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sity) in the fall of 2018. Many of the topics were presented by Yurii Burago
in his lectures teaching the first author at Leningrad University. We ex-
tensively used textbooks by Wilhelm Blaschke and Kurt Leichtweiss [11],
by Aleksei Chernavskii [22], and by Victor Toponogov [93], and also the
lecture notes of Sergei Ivanov [46]; many advanced exercises are taken
from [77]. The last chapter is based on the introductory material in the
book by Stephanie Alexander, Vitali Kapovitch, and the first author [5].
We want to thank Stephanie Alexander, Yurii Burago, Berk Ceylan, Nina
Lebedeva, Alexander Lytchak, Benjamin McKay, and all the students in
our class for their help.

The present work is partially supported by NSF grant DMS-2005279
and by the Simons Foundation under grant #584781.

Anton Petrunin and
Sergio Zamora Barrera.



Preliminaries

The first section in this chapter about metric spaces should be read before
going further. The rest of the chapter should be used as a quick reference
while reading the rest of the book; it contains statements of necessary
results and references to complete proofs.

A Metric spaces

We assume familiarity with the notion of distance in the Euclidean space.
In this section, we briefly discuss its generalization and fix notations that
will be used further. All these topics are discussed in detail in the in-
troductory part of the book by Dmitri Burago, Yuri Burago, and Sergei
Ivanov [13].

Definitions

Metric is a function that returns a real value dist(z,y) for any pair of
elements x,y in a given set X and satisfies the following axioms for any
triple z,y,z € &
(a) Positiveness:
dist(z,y) > 0.

(b) x =y if and only if
dist(z,y) = 0.

(¢) Symmetry:
dist(z,y) = dist(y, x).

(d) Triangle inequality:
dist(z, z) < dist(z, y) + dist(y, 2).

A set with a metric is called a metric space, and the elements of the
set are called points.
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Shortcut for distance

Usually, we consider only one metric on a set, therefore we can denote the
metric space and its underlying set by the same letter, say X'. In this case,
we also use the shortcut notations |z — y| or |z — y|x for the distance
dist(z,y) from z to y in X. For example, the triangle inequality can be
written as

|z = zlx <[z —yla + [y — 2[x.

The Euclidean space and plane, as well as the real line, will be the most
important examples of metric spaces. In these examples, the introduced
notation |z — y| for the distance from x to y has perfect sense as the norm
of the vector x — y. However, let us emphasise that in a general metric
space, the difference of points x — y has no meaning.

More examples

Usually, if we say plane or space we mean the Euclidean plane or space.
However, the plane (as well as the space) admits many other metrics; for
example, the so-called Manhattan metric from the following exercise.

0.1. Exercise. Consider the function

dlSt(paq) = |I1 - I2| + |y1 - Z/2|7

where p = (x1,y1) and g = (x2,y2) are points in the coordinate plane R2.
Show that dist is a metric on R?.

Another example: the discrete space — an arbitrary nonempty set
X with the metric defined as |z —ylxy = 0if x =y and |z —ylx =1
otherwise.

Subspaces

Any subset of a metric space is also a metric space, by restricting the
original metric to the subset; the obtained metric space is called a sub-
space. In particular, all subsets of the Euclidean space are metric spaces.

Balls

Given a point p in a metric space X and a real number R > 0, the set
of points x on the distance less than R (at most R) from p is called the
open (respectively closed) ball of radius R with center p. The open ball
is denoted as B(p, R) or B(p, R)x; the second notation is used if we need
to emphasize that the ball is from X. Formally speaking

B(p,R)=B(p,R)y ={z€X : |[x—plx <R}.
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Analogously, the closed ball is denoted as B[p, R] or B[p, R]x and

Blp,R]=B[p,Rlx ={x € X : |t —plx <R}.

0.2. Exercise.
(a) Letp and q be points in X be a metric space. Show that if Blp,2] C
C Blq, 1], then Blp,2] = Blq, 1].
(b) Construct a metric space X with two points p and q such that the
strict inclusion B(p, 3) € B(q, 1) holds.

Isometries and motions

Let X and ) be two metric spaces. A map f: X — ) is called distance-
preserving if

1f(@) = fW)ly = |z —ylx

for any z,y € X.

A bijective distance-preserving map is called an isometry. An isom-
etry from a metric space to itself is also referred a motion. Two metric
spaces are called isometric if there exists an isometry between them.

0.3. Exercise. Show that any distance-preserving map f: X — Y is
injective; that is, f(x) # f(y) for any pair of distinct points x,y € X.

Continuity

0.4. Definition. Let X be a metric space. A sequence of points x1, s, . ..
in X converges if there is a point T € X such that |xo — x,| — 0 as
n — o0o. That is, for every € > 0, there is a natural number N such that
for alln > N, we have

[Zoo — Tn|x < €.

In this case, we say that the sequence x, converges to Toy, OT Ty 1S
the limit of the sequence x,,. Notationally, we write T, — Too as N — 00
OT Too = liMy—y00 Ty -

0.5. Definition. Let X and Y be metric spaces. A map f: X — Y is
called continuous if, for any convergent sequence T, — Too i X, we
have f(zn) = f(z) in Y.

Equivalently, f: X — Y is continuous if, for any x € X and any
e >0, there is 0 > 0 such that

|zt —yly <& implies that |f(z) — f(y)|y <e.
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0.6. Exercise. Let f: X — )Y be a distance non-expanding map
between metric spaces; that is,

[f(@) = f(W)ly <z —ylx

for any x,y € X. Show that f is continuous.

B Topology

The following material is covered in any introductory text to topology;
one of our favorites is a textbook by Czes Kosniowski [50].

Closed and open sets

0.7. Definition. A subset C of a metric space X is called closed if
whenever a sequence x, of points from C' converges in X, we have that
limy, o0 z, € C.

A set Q C X is called open if, for any z € Q, there is € > 0 such that
B(z,e) C Q.

0.8. Exercise. Let @ be a subset of a metric space X. Show that Q is
closed if and only if its complement Q = X \ Q s open.

An open set 2 that contains a given point p is called aneighborhood
of p. A closed subset C that contains p together with its neighborhood
is called a closed neighborhood of p.

A point p lies on the boundary of a set @ (briefly, p € Q) if any
neighborhood of p contains points in @ and in the complement of Q.

Compact sets

A subset K of a metric space is called compact if any sequence of points
in K has a subsequence that converges to a point in K.

The following properties follow directly from the definition:

o A closed subset of a compact set is compact.

¢ An image of a compact set under a continuous map is compact.

0.9. Heine—Borel lemma. A subset of Fuclidean space is compact if
and only if it is closed and bounded.
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Homeomorphisms and embedding

A bijection f: X — ) between metric spaces is called homeomorphism
if f and its inverse f~! are continuous. A homeomorphism to its image
is called an embedding.

If there exists a homeomorphism f: X — ), we say that X is home-
omorphic to Y, or X and ) are homeomorphic.

If a metric space X is homeomorphic to a known space, for example,
plane, sphere, disc, circle, and so on, then we may also say that X is a
topological plane, sphere, disc, circle, and so on.

The following theorem characterizes homeomorphisms between com-
pact spaces:

0.10. Theorem. A continuous bijection f between compact metric spaces
has a continuous inverse. In particular, we have the following.
(a) Any continuous bijection between compact metric spaces is a home-
omorphism.
(b) Any continuous injection from compact metric spaces to another
metric space is an embedding.

Connected sets

Recall that a continuous map « from the unit interval [0, 1] to a Euclidean
space is called a path. If p = «(0) and ¢ = a(1), then we say that «
connects p to gq.

A nonempty set X in the Euclidean space is called path-connected
if any two points z,y € X can be connected by a path lying in X.

A nonempty set X in the Euclidean space is called connected if one
cannot cover X with two disjoint open sets V and W such that both
intersections X NV and X N'W are nonempty.

Notice that path-connected and connected set are nonempty by the
definition.

0.11. Proposition. Any path-connected set is connected.
Moreover, any open connected set in the Fuclidean space or plane is
path-connected.

Given a point x € X, the maximal connected subset of X containing
x is called the connected component of z in X.

Jordan’s theorem

The first part of the following theorem was proved by Camille Jordan, the
second part is due to Arthur Schoenflies:
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0.12. Theorem. The complement of any simple closed curve v in R?
has exactly two connected components.

Moreover, there is a homeomorphism h: R? — R? that maps the unit
circle to v. In particular, v bounds a topological disc.

This theorem is known for its simple formulation and quite hard proof.
For the first statement, a very short proof based on a somewhat developed
technique is given by Patrick Doyle [25], among elementary proofs, one of
our favorites is the proof given by Aleksei Filippov [30].

We use mostly the smooth case of this theorem which is simpler. An
amusing proof of this case was given by Gregory Chambers and Yevgeny
Liokumovich [20].

C Elementary geometry

Internal angles

Polygon is defined as a compact set bounded by a closed polygonal line.
Recall that the internal angle of a polygon P at a vertex v is defined as
the angular measure of the intersection of P with a small circle centered
at v.

0.13. Theorem. The sum of all the internal angles of an n-gon is (n —
—2)-T.

A clean proof of this theorem can be found, for example, in the paper
of Gary Meisters [65]. It uses induction on n and is based on the following
nontrivial statement:

0.14. Claim. Suppose P is an n-gon with n > 4. Then a diagonal of
P lies completely in P.

Angle monotonicity

The measure of angle with sides [p, z] and [p, y] will be denoted by £[p{];
it takes a value in the interval [0, 7r].

The following lemma is simple and useful. It says that the angle of
a triangle monotonically depends on the opposite side, assuming we keep
the other two sides fixed. It follows directly from the cosine rule.

0.15. Monotonicity lemma. Let x, y, z, z*, y*, and z* be 6 points
such that vt —y| = |z* —y*| >0 and |y — z| = |y* — z*| > 0. Then

Ay 2Ly = ezl 2 e -2,

z
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Spherical triangle inequality

The following theorem says that the triangle inequality holds for angles
between half-lines from a fixed point. In particular, it implies that a
sphere with the angle metric is a metric space.

0.16. Theorem. The following inequality holds for any three line seg-
ments [o,al, [0,b], and [o, c] in the Euclidean space:

Llog]+ £[og] > £[o?]
Most of the authors use this theorem without mentioning, but the

proof is not that simple. A short elementary proof can be found in the
classical textbook in Euclidean geometry by Andrey Kiselyov [48, §47].

Area of spherical triangle

0.17. Lemma. Let A be a spherical triangle; that is, an intersection of
three closed half-spheres in the unit sphere S*. Then

(1] areaA=a+pS+v—m,

where «, B, and v are the angles of A.

The value a+ B + v — 7 is called the excess of the triangle A, so the
lemma says that the area of a spherical triangle equals its excess.

This lemma will be important for the intuitive understanding of the
Gauss—Bonnet formula. By that reason, we present its proof.

Proof. Recall that

(2] areaS? = 4.7, '
Note that the area of a spherical slice S, between V/#/l)v
two meridians meeting at angle « is proportional to a. ‘e
Since S is a half-sphere, from @, we get area S, = 2-7.

Therefore, the coefficient is 2; that is,

(3] area S, = 2-«

for any a.

Extending the sides of A we get 6 slices: two S, two Sg, and two S,,.
They cover most of the sphere once, but the triangle A and its centrally
symmetric copy A* are covered 3 times. It follows that

2-area S, + 2- area Sg + 2+ area S, = areaS? + 4- area A.

It remains to apply @ and ©. O
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D Convex geometry

A set X in the Euclidean space is called convex if, for any two points
z,y € X, any point z between x and y lies in X. It is called strictly
convex if, for any two points x,y € X, any point z between z and y lies
in the interior of X.

From the definition, it is easy to see that the intersection of an arbi-
trary family of convex sets is convex. The intersection of all convex sets
containing X is called the convex hull of X; it is the minimal convex
set containing the set X.

These definitions and the following statements should appear on the

first pages of any introductory text in convex geometry; see for example
the book by Roger Webster [97].

Separating and supporting planes

We will use the following corollary of the so-called hyperplane sepa-
ration theorem.

0.18. Lemma. Let K C R? be a closed convex set. Then for any point
p ¢ K there is a plane 11 that separates K from p; that is, K and p lie on
opposite open half-spaces separated by II.

Moreover, for any boundary point p € OK, there is a plane II sup-
porting K at p; that is, I1 5 p and K lies in a closed half-space bounded

The following theorem can be found in any textbook in linear algebra;
the book by Sergei Treil [95] will do.

separating plane
supporting plane

E Linear algebra

0.19. Spectral theorem. Any symmetric matriz is diagonalizable by
an orthogonal matriz.
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We will use this theorem only for 2x2 matrices. In this case, it can
be restated as follows: Consider a function

an=t 0 (4 ) () = ramanrar

m n

that is defined on a (z,y)-coordinate plane. Then after proper rotation
of the coordinates, the expression for f in the new (z,y)-coordinates will

Fan = - (5 0) (5) =ma s+ h

F Analysis

The following material is discussed in any course of real analysis, the
classical book by Walter Rudin [83] is one of our favorites.

Measurable functions

A function is called measurable if the inverse image of any Borel set is
a Borel set. Virtually all functions that naturally appear in geometry are
measurable.

The following theorem makes it possible to extend many statements
about continuous functions to measurable functions.

0.20. Lusin’s theorem. Let : [a,b] — R be a measurable function.
Then for any e > 0, there is a continuous function .: [a,b] — R that
coincides with ¢ outside a set of measure at most €. Moreover, if ¢ is
bounded above and/or below, then we may assume that so is ..

Lipschitz condition

Recall that a function f between metric spaces is called Lipschitz if
there is a constant L such that

|f(@) = f(y)| < L-|z —y|

for all values x and y in the domain of definition of f.

The following theorem makes it possible to extend many of results
about smooth functions to Lipschitz functions. Recall that almost all
means all values, with exceptions in a set of zero Lebesgue measure.

0.21. Rademacher’s theorem. Let f: [a,b] — R be a Lipschitz func-
tion. Then its derivative [’ is a bounded measurable function defined al-
most everywhere in [a,b]. Moreover, it satisfies the fundamental theorem
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of calculus; that is, the following identity

b
1)~ (@) = [ 1'@)-do.
holds if the integral is understood in the sense of Lebesgue.

Uniform continuity and convergence

Let f: X — Y be a map between metric spaces. If for any ¢ > 0 there is
0 > 0 such that

lzy — @2l <6 = |[f(z1) — fz2)]y <&,

then f is called uniformly continuous.

Evidently, every uniformly continuous function is continuous; the con-
verse does not hold. For example, the function f(z) = 22 is continuous,
but not uniformly continuous.

0.22. Heine—Cantor theorem. Any continuous function defined on a
compact metric space is uniformly continuous.

If the condition above holds for any function f, in a sequence, and 9§
depends solely on ¢, then the sequence f,, is called uniformly equicon-
tinuous. More precisely, a sequence of functions f, : X — ) is called
uniformly equicontinuous if for any € > 0 there is § > 0 such that

lz1 —22lx <6 = |fu(w1) — fu(z2)|ly <€

for any n.

We say that a sequence of functions f;: X — ) converges uni-
formly to a function f.: X — Y if, for any € > 0, there is a natural
number N such that for all n > N, we have |foo(2) — fo(z)] < € for all
rekX.

0.23. Arzeld—Ascoli theorem. Suppose X and ) are compact metric
spaces. Then any uniformly equicontinuous sequence of function f,: X —
— Y has a subsequence that converges uniformly to a continuous function

foo: X = V.

Cutoffs and mollifiers

Here we explain how to construct smooth functions that mimic the be-
havior of certain model functions. These functions are used to smooth
model geometric objects keeping their shape nearly unchanged.
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As an example, consider the following functions

0 ift<0, 0 ift<o0,
h(t) := . f)y=9, .
t 1ft>0 ot 1ft>0

The functions h and f behave alike — both vanish at ¢ < 0 and grow to

y = h(z) y=f(z)

infinity for positive ¢t. The function % is not smooth — its derivative at 0
is undefined. Unlike h, the function f is smooth. Indeed, the existence
of all derivatives f(™ (x) at  # 0 is evident, and direct calculations show
that f(")(0) = 0 for all n.

Other useful examples of that type are the so-called bell function
— a smooth function that is positive in an e-neighborhood of zero and
vanishing outside this neighborhood. Such functions can be obtained
from the function f constructed above, say

be(t) := c-f(e? = t2);
typically one chooses the constant ¢ so that [b. = 1.

y = be(z)

Another useful example is a sigmoid — nondecreasing function that
vanishes for t < —e and takes value 1 for any ¢ > . It mimics the step
function and can be defined the following way:

— 00

G  Multivariable calculus

The following material is discussed in any course of multivariable calculus;
for example, in the already mentioned book by Walter Rudin [83].
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Regular values

Let Q C R™ be an open subset. Any map f: 2 — R"™ can be thaut of as
an array of its coordinate functions

floeiii i QR

The map f is called smooth if each function f; is smooth; that is, all
partial derivatives of f; are defined in Q.
The Jacobian matrix of f at @ € R™ is defined as

df ofi
Jacg f = : : ;
O fn Ofn
we assume the right-hand side is evaluated at © = (z1,...,zm).

If the Jacobian matrix defines a surjective linear map R™ — R™ (that
is, if rank(Jacg f) = n), then we say that x is a regular point of f.

If @ is regular anytime f(x) = y, then we say that y is a regular
value of f. The following lemma states that most values of a smooth
map are regular.

0.24. Sard’s lemma. Given a smooth map f: Q2 — R™ defined on an
open set  C R™, almost all values in R™ are regular.

The words almost all mean all values, with the possible exceptions
belonging to a set with vanishing Lebesgue measure. In particular, if
one chooses a random value equidistributed in an arbitrarily small ball
B C R™, then it is a regular value of f with probability 1.

Note that if m < n, then any point y = f(x) is not a regular value
of f. Therefore, the only regular values of f are the points in the com-
plement of the image Im f. In this case, the theorem states that almost
all points in R™, do not belong to Im f.

Inverse function theorem

The inverse function theorem gives an if condition for a map f to
be invertible in a neighborhood of a given point ®. The condition is
formulated in terms of the Jacobian matrix of f at «.

Theimplicit function theorem is its close relative and a corollary.
It is used when we need to pass from parametric to implicit descriptions
of curves and surfaces.

Both theorems reduce the existence of a map satisfying a certain equa-
tion to a question in linear algebra. We use these two theorems only for
n < 3.
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0.25. Inverse function theorem. Let f = (f1,...,fn): Q= R" be a
smooth map defined on an open set Q@ C R™. Assume the Jacobian matrix
Jacg f is invertible at * € Q). Then there is a smooth map h: & — R”
defined in an open neighborhood ® of y = f(x) that is a local inverse
of f at x; that is, there is a neighborhood ¥ > x such that f defines a
homeomorphism ¥ < ®, and h o f is an identity map on V.

Moreover, if |det[Jacg f]| > € > 0, the domain Q contains an e-

neighborhood of ¢, and the first and second partial derivatives gg{] , 8f:g;k

are bounded by a constant C' for all i, j, and k, then we can assume that
® is a d-neighborhood of y, for some § > 0 that depends only on e and C.

0.26. Implicit function theorem. Let f = (f1,...,fn): @ — R™ be
a smooth map, defined on an open subset Q C R"™™  where m,n >
> 1. Let us consider R"™™ as a product space R™ x R™ with coordinates

T1yeeeyTnyYl,---,Ym- Consider the following matrix
oh . 9K
ox1 oxy,
M=
Ofn Ofn
dx1  dxn

formed by the first n columns of the Jacobian matrixz. Assume M is
invertible at * = (1, ..., Tn,Y1,-..-Ym) € Q, and f(x) = 0. Then there
is a neighborhood ¥ > x and a smooth function h: R™ — R™ defined in
a neighborhood ® > 0 such that for any (z1,...,Tn,Y1,-.-Ym) € ¥, the
equality

flxr, .. zn, 1, ym) =0

holds if and only if

(x1,... @) = h(y1, ... Ym)-

Multiple integral
Let f: R™ — R” is a smooth map (maybe partially defined). Set

jacy, f := |det[Jacy f]l;

that is, jac, f is the absolute value of the determinant of the Jacobian
matrix of f at .

The following theorem plays the role of a substitution rule for multiple
variables.
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Borel subsets are defined as the class of subsets that are generated
from open sets by applying the following operations recursively: countable
union, countable intersection, and complement. Since the complement of
a closed set is open and the other way around, these sets can be also
generated from all closed sets. This class of sets includes virtually all
sets that naturally appear in geometry but does not include pathological
examples that create problems with integration.

0.27. Theorem. Let h: K — R be a continuous function on a Borel
subset K C R™. Assume f: Q — R" is an injective smooth map that is
defined on an open set Q O K. Then

/.../h(m)-jacmf:/-~-/h0f_l(y)-
rzeK

yef(K)

Convex functions

The following statements will be used only for n < 3.

Let f: R® — R be a smooth function (maybe partially defined).
Choose a vector w € R™. Given a point p € R™ consider the function
o(t) = f(p+t-w). Then the directional derivative (Dwf)(p) of f at
p with respect to vector w is defined by

(Dwf)(p) = £'(0).

A function f is called (strictly) convex if its epigraph z > f(x) is
a (strictly) convex set in R™ x R.

0.28. Theorem. A smooth function f: K — R defined on a convex
subset K C R™ is convex if and only if one of the following equivalent
conditions holds:

(a) The second directional derivative of f at any point in the direction
of any vector is nonnegative; that is,

(D3f)(p) =0

for anyp e K and w € R™.
(b) The so-called Jensen’s inequality

F(=t)-mo+t-a1) < (1—1) fxo) +t-f(21)

holds for any xg,z1 € K and t € [0,1].
(c) For any xo, 21 € K, we have

() et
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H Ordinary differential equations

The following material is discussed at the beginning of any course of
ordinary differential equations; the classical book by Vladimir Arnold [6]
is one of our favorites.

First-order equations

The following theorem guarantees existence and uniqueness of solutions
of an initial value problem for a system of ordinary first-order differential
equations

= fi(z,...,Tn, t),

I;z :fn(xlv'-'v'rnat)v

where each ¢ — z; = x;(t) is a real-valued function defined on a real
interval J and each f; is a smooth function defined on an open subset
QCR"xR.

The array of functions (fi,...,fn) can be packed into one vector-
valued function f: Q — R"; the same way the function array (x1,...,2,)
can be packed into a vector-valued function x: J — R™. Therefore, the
system can be rewritten as one vector equation

' = f(x,t).

0.29. Theorem.

Suppose f: Q — R"™ is a smooth function defined on an open subset
Q C R™ x R. Then for any initial data x(ty) = w such that (u,ty) € Q
the differential equation

x' = f(.’l),t)

has a unique solution t — x(t) defined at a mazimal interval J that con-
tains tg. Moreover,
(a) if I #£R (that is, if an end b of J is finite), then x(t) does not have
a limit point in Q ast — b
(b) the function w: (u,to,t) — x(t) has an open domain of definition
in Q xR that contains all points (u,to,to) for (u,to) € Q, and w is
smooth in this domain.

n other words, if &(t,) converges for a sequence t, — b, then its limit does not
lie in Q.
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Higher order
Consider an ordinary differential equation of order k

(4] z® = f(x,x' ... %D 1),

where t — x = x(t) is a function from a real interval to R™.
This equation can be rewritten as k first-order equations with & — 1

new vector variables y; = @', yo = &”, ..., yp_1 = xF:
z'(t) =),
Y1

(t) = ya(1),

/

Y_o(t) =yr-1(t),
Y1 (t) = F@,y1, Yk, 1)

Thus, we have derived the following.

0.30. Theorem. The k-th order equation @ is equivalent to the system
O consisting of k first-order equations.

This trick reduces a higher-order ordinary differential equation to a
first-order equation. In particular, we get local existence and uniqueness
for solutions of higher-order equations as in Theorem 0.29; one only has
to assume that @ C R™* x R, and the initial data consists of z(t),
wl(to), ey k=1 (to).
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Chapter 1

Definitions

In most cases, by looking at tire tracks of a bicycle, it is possible to tell in
which direction it traveled and to tell apart the trails made by the front
and rear wheels; plus one can find the distance between the wheels.

Try to figure out how to do this. This question might motivate the
reader to reinvent a considerable part of the differential geometry of
curves. To learn more about this problem check the reference given after
Exercise 6.1.

A Before we start

The notion of curve comes with many variations. Some of them are de-
scribed by nouns (path, arc, and so on) and others by adjectives (closed,
open, proper, simple, smooth, and so on). The following picture gives an
idea about four of these variations.

IR LI

curve closed curve
simple curve simple closed curve

This chapter covers all these definitions. One may skip this chapter
and use it as a quick reference while reading the book.

26
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B Simple curves

Recall that metric spaces were discussed in Section 0A. The Euclidean
plane R? and space R3 are the main examples of metric spaces one should
keep in mind.

Recall that a real interval is a connected subset of the real line.
A Dbijective continuous map f: X — Y between subsets of some met-
ric spaces is called a homeomorphism if its inverse f~1: Y — X is
continuous.

1.1. Definition. A connected subset v in a metric space is called a
simple curve if it is locally homeomorphic to a real interval; that is,
any point p € v has a netghborhood in v that is homeomorphic to a real
interval.

It turns out that any simple curve v can be parametrized by a real
interval or circle. That is, there is a homeomorphism G — v where G is
a real interval (open, closed, or semi-open) or the circle

S'={(z,y) eR*: 2® +y*=1}.

A complete proof of the latter statement is given by David Gale [34]. The
proof is not hard, but it would take us away from the main subject.

The parametrization G — v describes the curve completely. We will
denote a curve and its parametrization by the same letter; for example,
we may say a curve v is given with a parametrization 7v: (a,b] — RZ.
Note, however, that any simple curve admits many parametrizations.

1.2. Exercise.
(a) Show that the image of any continuous injective map v: [0,1] — R?
is a simple arc.
(b) Find a continuous injective map ~v: (0,1) — R? such that its image
is not a simple curve.

C Parametrized curves

Let G be a circle or a real interval (open, closed, or semi-open), and let
X be a metric space. A parametrized curve is defined as a continuous
map v: G = X. For a parametrized curve, we do not assume that the
map is injective; in other words, a parametrized curve might have self-
intersections.

From the previous section, we know that a simple curve can be pa-
rametrized. The term curve can be used if we do not want to specify
whether it is parametrized or simple.
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If G is an open interval or a circle, we say that v is a curve without
endpoints; otherwise, it is called a curve with endpoints. In the
case when G is a circle, we say that the curve is closed. If the domain
G is a closed interval [a, b], then the curve is called an arc. Further, if it
is the unit interval [0, 1], then it is also called a path.

If an arc v: [a,b] — X satisfies p = v(a) = v(b), then 7 is
called a loop; in this case, the point p is called the base of
the loop.

Suppose G; and Gg are either real intervals or circles.
A continuous onto map 7: G; — Go is called monotone
if, for any t € Ga, the set 771{t} is connected. If G; and
Go are intervals, then, by the intermediate value theorem,
a monotone map is either nondecreasing or nonincreasing; that is, our
definition agrees with the standard one when G and G, are intervals.

1.3. Exercise. Construct a monotone (and, in particular, onto) map

(0,1) — [0, 1].

Suppose v1: G — X and v2: Go — X are two parametrized curves
such that v; = v o7 for a monotone map 7: G; — Go. Then we say that
v is reparametrization' of v by 7.

1.4. Advanced exercise. Let X be a subset of the plane. Suppose two
distinct points p,q € X can be connected by a path in X. Show that there
is a simple arc in X connecting p to q.

Any loop and any simple closed curve can be described by a periodic
parametrized curve v: R — X; that is, a curve such that v(t + ¢£) = ~(¢)
for a fixed period ¢ > 0 and all t. For example, the unit circle in the plane
can be described by the 2-m-periodic parametrization v(t) = (cost, sint).

In the reverse direction, any curve with periodic parametrization yields
a loop that can be also considered as a closed curve.

D Smooth curves

Curves in the Euclidean space or plane are called space curves or, re-
spectively, plane curves.

A parametrized space curve can be described by its coordinate func-
tions

Mn general, 1 is not a reparametrization of 2. In other words, according to
our definition, the described relation being a reparametrization is not symmetric; in
particular, it is not an equivalence relation. Usually, it is fixed by extending it to the
minimal equivalence relation that includes ours [13, 2.5.1]. But we will stick to our
version.
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Plane curves can be considered as a special case of space curves with
z(t) = 0.

Recall that a real-to-real function is called smooth if its derivatives
of all orders are defined everywhere in the domain of definition. If each
of the coordinate functions z(¢),y(t), and z(¢) are smooth, then the pa-
rametrization is called smooth.

If the velocity vector

does not vanish at any point, then the parametrization  is called regu-
lar.

A parametrized curve is called smooth if its parametrization is smooth
and regular. A simple space curve is called smooth if it admits a regular
smooth parametrization; for closed curves the parametrization is assumed
to be periodic. These curves are the main objects in the first part of the
book. Pedantically, one could call them regular smooth curves.

Notice that the closed curve described by a smooth loop might fail to
be smooth at its base; an example is shown on the picture.

The following exercise shows that curves with smooth
parametrizations might have corners and might fail to be
smooth curves.

1.5. Exercise. Recall that (see Section OF) that the follow-
ing function is smooth:

~Joo <o,
f(t)_{el% ift > 0.

Show that a(t) = (f(t), f(—t)) gives a smooth parametrization of the
curve shown on the picture; it is a simple curve formed by the union of
two half-axis in the plane.

Show that any smooth parametrization of this curve has a vanishing
velocity vector at the origin. Conclude that this curve is not smooth; that
is, it does mot admit a reqular smooth parametrization.

1.6. Exercise. Describe the set of real numbers ¢ such that the the pa-
rametrization vy, (t) = (t + £-sint, £ cost), t € R is
(a) smooth; (b) regular; (c) simple.
3

1.7. Exercise. Find a parametrization of the cubic parabola y = z° in
the plane that is smooth, but not reqular.
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E Implicitly defined curves

Suppose f: R? — R is a smooth function; that is, all its partial derivatives
are defined everywhere. Let v C R? be its level set described by the
equation f(z,y) = 0.

Assume 0 is aregular value of f; that is, the gradient V,, f does not
vanish at any point p € . In other words, if f(p) = 0, then f,(p) # 0
or f,(p) # 0.2 If v is connected, then by the implicit function theorem
(0.26), it is a smooth simple curve.

The described condition is sufficient but not necessary. For example,
zero is not a regular value the function f(z,y) = y2, but the equation
f(x,y) = 0 describes a smooth curve — the z-axis.

Similarly, assume (f,h) is a pair of smooth functions defined in R®.
The system of equations

f(z,y,2) =0,
h(z,y,2)=0

defines a smooth space curve if the set « of solutions is connected, and 0
is a regular value of the map F: R? — R? defined by

F (‘Tuyvz) = (f(x,y,z),h(:v,y,z)).

It means that the gradients V f and Vh are linearly independent at any
point p € v. In other words, the Jacobian matrix

_(fx fy [:
Jach—(hx hy hz)

for the map F': R? — R? has rank 2 at any point p € 7.

If a curve 7 is described in such a way, then we say that it is implic-
itly defined.

The implicit function theorem guarantees the existence of regular
smooth parametrizations for any implicitly defined curve. However, when
it comes to calculations, it is usually easier to work directly with implicit
representations.

1.8. Exercise. Consider the set in the plane described by the equation

y2 = 3. Is it a simple curve? Is it a smooth curve?

1.9. Exercise. Describe the set of real numbers £ such that the system
of equations

?2+yt+22 =1

2> +lx+y? =0

describes a smooth curve.

2Here fz is a shortcut notation for the partial derivative %
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F Proper, closed, and open curves

A parametrized curve v in a metric space X is called proper if, for any
compact set K C X, the inverse image v~ !(K) is compact.

For example, the curve y(t) = (e*,0,0) defined on the real line is not
proper. Indeed, the half-line (—o0, 0] is not compact, but it is the inverse
image of the closed unit ball around the origin.

1.10. Exercise. Suppose v: R — R? is a proper curve. Show that
|v(t)] = 00 as t — too.

Recall that a closed bounded intervals are compact (0.9) and closed
subsets of a compact set are compact; see Section 0B. Since circles and
closed intervals are compact, it follows that closed curves and arcs are
proper.

A simple curve is called proper if it admits a proper parametrization.

1.11. Exercise. Show that a simple space curve is proper if and only if
it 1s a closed set.

A proper simple curve is called open if it is not closed and has no
endpoints. So any simple proper curve without endpoints is either closed
or open. The terms open curve and closed curve have nothing to do with
open and closed sets.

1.12. Exercise. Use Jordan’s theorem (0.12) to show that any simple
open plane curve divides the plane in two connected components.



Chapter 2

Length

A Definitions

A sequence
a=ty<ti <---<tp=b

is called a partition of the interval [a, b].

2.1. Definition. Let v: [a,b] — X be a curve in a metric space. The
length of v is defined as

lengthy = sup { |v7(to) —v(t1)|x + -+ [v(tk—1) — v(tk)lx },

where the least upper bound is taken over all partitions to, ..., tr of [a,b].

The length of a closed curve is defined as the length of the correspond-
ing loop. If a curve is parametrized by an open or semi-open interval,
then its length is defined as the least upper bound of the lengths of all its
restrictions to closed intervals.

A curve is called rectifiable if its length is finite.

2.2. Exercise. Suppose curve v1: [a1,b1] — R® is a reparametrization
of y2: [az, ba] — R3. Show that

length v; = length 5.

Suppose 7: [a,b] — R? is a parametrized D1 i
space curve. For a partition a = tp < t1 < --- N
coo <t = b, set p; = y(t;). Then the polygonal po Y

line pg . .. pg is said to be inscribed in . If v is
closed, then py = pi, so the inscribed polygonal line is also closed.

32
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Note that the length of a space curve can be defined as the least upper
bound of the lengths of its inscribed polygonal lines.

2.3. Exercise. Let v: [0,1] — R3 be a path. Suppose that B3, is a

sequence of polygonal lines inscribed in v with vertices 7(%) for i €
€{0,...,n}. Show that

length 8, — lengthy as n — oo.

2.4. Exercise. Let vy: [0,1] — R? be a simple path. Suppose that a path
B:10,1] — R3 has the same image as v; that is, 3([0,1]) = v([0,1]). Show
that

length 8 > length .

Try to prove the same assuming that only that 8([0,1]) D ([0, 1]).

2.5. Exercise. Assume 7: [a,b] — R3 is a smooth curve. Show that

(a) lengthy > 7|y (t)|-dt; (b) lengthy < [° |7/ (t)]-dt.
Conclude that

b
(1] length*y:/|fy’(t)|-dt.

a

2.6. Advanced exercises.
(a) Show that the formula @ holds for any Lipschitz curve ~: [a,b] —
— R3.
(b) Construct a non-constant curve v: [a,b] — R3 such that v'(t) = 0
almost everywhere. (In this case, the formula @ does not hold for
despite that both sides are defined.)

B Nonrectifiable curves

Let us describe the so-called Koch snowflake — a classical example of
a nonrectifiable curve.

Wy aafe- e
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Start with an equilateral triangle. For each side, divide it into three
segments of equal length, and then add an equilateral triangle with the
middle segment as its base. Repeat this construction recursively with the
obtained polygons. The Koch snowflake is the boundary of the union of
all the polygons. Two iterations and the resulting Koch snowflake are on
the picture.

2.7. Exercise.
(a) Show that the Koch snowflake is a simple closed curve; in particular,
it can be parametrized by a circle.
(b) Show that the Koch snowflake is not rectifiable.

C Semicontinuity of length

The lower limit of a sequence of real numbers x,, will be denoted by

lm @,

n—oo
It is defined as the lowest partial limit; that is, the lowest possible limit
of a subsequence of x,. The lower limit is defined for any sequence of real
numbers, and it lies in the extended real line [—oo, o00].

2.8. Theorem. Assume a sequence of curves v,: [a,b] = X in a metric
space X converges pointwise to a curve Yoo: [a,b] = X; that is, for any
fized t € [a,b], we have v, (t) = Yoo(t) as n — co. Then

(2] lim length~, > length ..

n—r oo

2.9. Corollary. Length is lower semicontinuous with respect to the point-
wise convergence of curves.

Proof. Fix a partition a =ty <t; < --- <t =b. Set

S = Yalto) = Yu(t)] + -+ [n(te—1) — a(tr)],
Yoo = Yoo (t0) = Yoo (t1)] + -+ + Yoo (te—1) — Yoo (t1)]-

For each 7 we have

[V (ti—1) = W (ti)] = [Yeo (tiz1) — Yoo (ti)],

and therefore ¥,, — Y, as n — oco. Note that X,, < length~y, for each n.
Hence,
lim length~y, > Y.

n—oo
Since the partition was arbitrary, the definition of length implies in-
equality @. O
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The inequality ® might be strict. For example, the
diagonal v, of the unit square can be approximated by
stairs-like polygonal lines ~,, with sides parallel to the sides
of the square (76 and s are in the picture). In this case,

lengthys = V2 and lengthy, =2 for any n.

D Arc-length parametrization

We say that a curve v has an arc-length parametrization (also called
natural parametrization) if

tg —t1 = 1ength7|[t1,t2]

for any two parameter values t; < to; that is, the arc of v from t; to o
has length t5 — t;.

2.10. Exercise. Let v: [a,b] — X be a rectifiable curve in a metric
space. Given t € [a,b], denote by s(t) the length of the arc |(q4. Show
that the function t — s(t) is continuous.

Conclude that v admits an arc-length parametrization.

By Exercise 2.5, a smooth curve v(t) = (x(t),y(t), 2(t)) is an arc-
length parametrization if and only if it has unit velocity vector at all
times; that is,

Y (O] = Va'(6)2 +y' (1) +2/(t)? = 1

for all ¢; by that reason smooth curves equipped with an arc-length pa-
rametrization are also called unit-speed curves. Observe that smooth
unit-speed parametrizations are automatically regular (see Section 1D).

2.11. Proposition. Ift — ~(t) is a smooth curve, then its arc-length
parametrization is also smooth and regular. Moreover, the arc-length pa-
rameter s of v can be written as an integral

o st) = [ 1 ()-ar

Most of the time we will use s for an arc-length parameter of a curve.

Proof. Since 7 is smooth, |y/(¢)| > 0 for any ¢. Therefore, the function
t — |7/ (t)| is smooth.

By the fundamental theorem of calculus, s'(t) = |/(¢)|. Therefore,
t — s(t) is a smooth increasing function with positive derivative.
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By the inverse function theorem (0.25), the inverse function s~'(t)

is also smooth and |(y o s71)’| = 1. Therefore, v o s~! is a unit-speed
reparametrization of v by s. By construction, v o s~! is smooth, and
since |(y o s71)'| =1, it is regular. O

2.12. Exercise. Reparametrize the helix
Yab(t) = (a-cost,a-sint, b-t)

by its arc-length.

We will be interested in the properties of curves that are invariant
under reparametrizations. Therefore, we can always assume that any
given smooth curve comes with an arc-length parametrization. A nice
property of arc-length parametrizations is that they are almost canonical
— these parametrizations differ only by a sign and an additive constant.
For that reason, they make it easier to define parametrization-independent
quantities. This observation will be used in the definitions of curvature
and torsion.

On the other hand, it is usually impossible to find an explicit arc-
length parametrization. Therefore, when it comes to calculations, it is
often more convenient to use the original parametrization.

E Convex curves

A simple plane curve is called convex if it bounds a convex region. Since
the boundary of any region is closed, any convex curve is either closed or
open (see Section 1F).

2.13. Proposition. Assume that a closed convexr curve a lies inside the
domain bounded by a simple closed plane curve 3. Then

length o < length 5.

To prove Proposition 2.13 it is sufficient to show that the perimeter
of any polygon inscribed in « is less or equal than the length of 5. Since
any polygon inscribed in « is convex, it is sufficient to prove the following
lemma.

2.14. Lemma. Assume that a convex polygon P lies in a figure F
bounded by a simple closed curve. Then

perim P < perim F)

where perim F' denotes the perimeter of F'.
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Proof. A chord in F is defined to be a line segment in F' with endpoints
in its boundary. Suppose F’ is a figure obtained from F by cutting it
along a chord and removing one side. By the triangle inequality, we have

perim F’ < perim F.

Observe that there is a decreasing sequence of fig-
ures
F=FD>DFD>---DF,=P

such that F;;; is obtained from F; by cutting along a
chord. Therefore,

perim F' = perim Fjy > perim F; > ... > perim F},, = perim P. |

Comment. Two other proofs of 2.14 can be obtained by applying Crofton’s
formulas (see 2.18) and the nearest-point projection (see Lemma 14.3).

2.15. Corollary. Any convex closed plane curve is rectifiable.

Proof. Any closed curve is bounded. Indeed, the curve can be described
as an image of a loop a: [0,1] — R?, a(t) = (x(t),y(t)). The coordinate
functions t — x(t) and t — y(t) are continuous functions defined on
[0,1]. This implies that both coordinate functions are bounded by some
constant C. Therefore, « lies in the square defined by the inequalities
|z| < C and |y| < C.

By Proposition 2.13, the length of the curve cannot exceed the perime-
ter of the square; hence the result. O

Recall that the convex hull of a set X is the smallest convex set that
contains X; equivalently, the convex hull of X is the intersection of all
convex sets containing X.

2.16. Exercise. Let « be a simple closed plane curve. Denote by K the
convex hull of a; let B be the boundary curve of K. Show that
length o > length 5.

Try to show that the statement holds for arbitrarily closed plane curves,
assuming only that K has a nonempty interior.

F Crofton’s formulas

For a function f: S! — R, we will denote its average value as f(U); that
is,
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For a vector w and a unit vector U, we will denote by W, the orthogonal
projection of W to the line in the direction of U; that is,

wy = (U, W)-U.

2.17. Theorem. For any plane curve v we have
(4] length vy = 5 -lengthyy,
where vy is the curve defined by vy (t) := (v(t))v-

Proof. The magnitude of any vector w is proportional to the average
magnitude of its projections; that is,

(W[ = k- |Wyl

for some k € R. (The exact value of k can be found by integration®, but
we will find it differently.) Assume 7: [a,b] — R? is a smooth curve. Note
that

() = (@) and  [y(8)] = [{u,7' ()
for any ¢ € [a,b]. Then, according to Exercise 2.5,

b
lengthy = / |y (t)]-dt =

b

= /k.m.dt =

a

= k-length .

Since k is a universal constant, we can compute it by taking v to be
the unit circle. In this case,

lengthy = 2-7.

For any unit plane vector U, the curve +, runs back and forth along an
interval of length 2. Hence length v, = 4 for any U, and

length v, = 4.

It follows that 2-m = k-4. Therefore, @ holds for smooth curves.
Applying the same argument together with 2.6, we get that @ holds for
arbitrary Lipschitz curves. Further, since an arc length parametrization

1t is the average value of | cos z|.
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of any rectifiable curve is Lipschitz, 2.10 implies @ for arbitrary rectifiable
curves.

It remains to consider the nonrectifiable case; we have to show that
lengthy =00 = length~, = oo.
By the definition of length,
length vy + length v, > length v

for any plane curve v and any pair (U, V) of orthonormal vectors in R2.
Therefore, if v has infinite length, then the average length of 7y is infinite
as well. |

2.18. Exercise. Suppose a simple closed plane curve v bounds a fig-

ure F. Let s be the average length of the projections of F' to lines. Show

that length v > w-s. Moreover, equality holds if and only if vy is convex.
Use this statement to give another solution to Fxercise 2.16.

The following exercise gives analogous formulas in the Euclidean space.

As before, we denote by W, the orthogonal projection of W to the line
passing thru the origin with direction U. Further, let us denote by wi
the projection of W to the plane orthogonal to U; that is,

L
W, =W — Wy.

We will use the notation f(U) for the average value of a function f
defined on S2.

2.19. Advanced exercise. Show that the length of a space curve is
proportional to

(a) the average length of its projections to all lines; that is,
length v = kq-length

for some k1 € R.

(b) the average length of its projections to all planes; that is,
length vy = ko -length v+

for some ko € R.
Find the values k1 and k.
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G Length metric

Let X be a metric space. Given two points z,y in X, denote by ¢(z,y)
the greatest lower bound of lengths of all paths connecting x to y; if there
is no such path, then ¢(z,y) = cc.

It is straightforward to see that the function ¢ satisfies all the axioms
of a metric except it might take infinite values. Therefore, if any two
points in X can be connected by a rectifiable curve, then ¢ defines a new
metric on X'; in this case, £ is called the induced length-metric.

Evidently, ¢(z,y) > |x — y| for any pair of points z,y € X. If the
equality holds for all pairs, then the metric |« — *| is said to be a length-
metric, and the corresponding metric space is called a length-metric
space.

2.20. Exercise. Let X be a metric space with a well-defined induced
length-metric (x,y) — €(x,y). Show that £ is a length-metric.

Most of the time we consider length-metric spaces. In particular,
the Euclidean space is a length-metric space. A subspace A of a length-
metric space X is not necessarily a length-metric space; the induced length
distance between points x and y in the subspace A will be denoted as |z —
—y|a; that is, |z —y| 4 is the greatest lower bound of the lengths of paths
in A from x to y.

2.21. Exercise. Let A C R3 be a closed subset. Show that A is convex
if and only if

[z —yla = |z — ylgs

for any x,y € A

H Spherical curves
Let us denote by S? the unit sphere in the space; that is,
S*={(z,y,2) eR® : 2 +y* + 2> =1}.
A space curve 7 is called spherical if it Tuns in S?; that is, |y(t)| = 1 for

any t.
Recall that £ (u,v) denotes the angle between vectors u and v.

2.22. Observation. For any u,v € S2, we have

|lu — v|g2 = L(u,v).
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Proof. Let v be the short arcof a great circle? from u to v in S?2. Note
that lengthy = £(u,v). Therefore,

|u —vl|se < L(u,v).

It remains to prove the opposite inequality. In other words, we need
to show that given a polygonal line 5 = pg...p, inscribed in 7y there is
a polygonal line 51 = qq...q, inscribed in any given spherical path ~;
connecting u to v such that

(5] length 81 > length 5.

Define ¢; as the first point on v; such that |u — p;| = |u — ¢;|, but
set g, = v. Clearly, 81 is inscribed in 77, and, according to the triangle
inequality for angles (0.16), we have that

L(qi-1, ) = £L(u,q;) — L(u, gi—1) =
= L(u,p;) — K(Uapi—l) =
= A(pi—1, pi).

By the angle monotonicity (0.15),

|gi—1 — qi| = [pi—1 — pil
and @ follows. O

2.23. Hemisphere lemma. Any closed spherical curve of length less
than 2-7 lies in an open hemisphere.

This lemma will play a key role in the proof of Fenchel’s theorem
(3.11). The following proof is due to Stephanie Alexander; it is not as
simple as one may think. Try to prove the lemma before reading further.

Proof. Let v be a closed curve in S? of length 2-£. Suppose £ < 7.

Let us subdivide v into two arcs v; and
of length ¢; denote their common endpoints by
p and ¢q. By 2.22,

£(p,q) <lengthvy, =
=/ <
< T.

Denote by z be the midpoint between p and
g in S?; that is, z is the midpoint of the short

2A great circle is the intersection of the sphere with a plane passing thru its center.
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arc of a great circle from p to ¢ in S2. We claim that v lies in the open
hemisphere with the pole at z. If not, - intersects the equator at some
point r. Without loss of generality, we may assume that r lies on ;.

Rotate the arc v; by the angle 7 around the line thru z and the center
of the sphere. The obtained arc 77 together with v; forms a closed curve
of length 2-¢ passing thru r and its antipodal point r*. Applying 2.22
again, we get,

%- lengthy =€ > L(r,r*) =7

— a contradiction. O

2.24. Exercise. Describe a simple closed spherical curve that does not
pass thru a pair of antipodal points and does not lie in any hemisphere.

2.25. Exercise. Suppose a simple closed spherical curve v divides S® in
two regions of equal area. Show that

length~ > 2-m.

2.26. Exercise. Find a flaw in the solution of the following problem.
Come up with a correct argument.

Problem. Suppose a closed plane curve v has length at most 4. Show
that ~ lies in a unit disc.

Wrong solution. It is sufficient to show that the diameter of v is at
most 2; that is,

(6] Ip—q| <2

for any two points p and ¢q on 7.
The length of v cannot be smaller than the closed inscribed polygonal
line which goes from p to ¢ and back to p. Therefore,

2:|p — q| <length~y < 4;

whence @ follows. O

2.27. Advanced exercises. Given unit vectors U,w € S2, denote by
Wi the nearest point to W on the equator with the pole at U; in other
words, if Wi is the projection of W to the plane perpendicular to U, then
W is the unit vector in the direction of Wi. The vector W is defined if

W # £U.
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(a) Show that for any rectifiable spherical curve vy we have
length v = length ~;,

where length ¥ denotes the average length of v with U wvarying
in S2. (This is a spherical analog of Crofton’s formula.)
(b) Use (a) to give another proof of the hemisphere lemma (2.23).

Spherical Crofton’s formula can be rewritten the following way:
lengthy =7n-m,

where 7o denotes the average number of intersection points of v with equa-
tors. The equivalence can be proved using Levi’s monotone convergence
theorem.
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Curvature

The term curvature is used for anything that measures how much a geo-
metric object deviates from being straight, whatever that may mean. For
curves, the curvature is a pointwise quantitative measure of how much
the curve differs from a straight line.

A Acceleration of a unit-speed curve

Recall that any smooth curve can be reparametrized by its arc-length
(2.11). The obtained parametrized curve, say 7, remains to be smooth,
and it has unit speed; that is, |7'| = 1. From mechanics, you might know
that acceleration and velocity are perpendicular if the speed is constant.
Let us restate it.

3.1. Proposition. Assume vy is a smooth unit-speed space curve. Then
~v'(s) L~"(s) for any s.

The scalar product (also known as dot product) of two vectors v
and w will be denoted by (v,w). Recall that the derivative of a scalar

product satisfies the product rule; that is, if v = v(t) and w = w(t) are
smooth vector-valued functions of a real parameter ¢, then

(v,wy = (v, w) + (v,w').
Proof. The identity |y'| = 1 can be rewritten as (y',7’) = 1. Differenti-
ating both sides, we get 2-(y",~v") = (v',7")’ = 0; whence v L ~'. O

44
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B Curvature

For a unit-speed smooth space curve 7, the magnitude of its acceleration
|7 (s)| is called its curvature at time s. If «y is simple, then we can say
that |y (s)| is the curvature at the point p = ~y(s) without ambiguity. The
curvature is usually denoted by x(s) or k(s),, and, in the case of simple
curves, it might be also denoted by x(p) or &(p)-.

3.2. Exercise. Show that a smooth simple space curve has zero curvature
at each point if and only if it is a segment of a straight line.

3.3. Exercise. Let v be a smooth simple space curve, and let v be a
scaled copy of v with factor X > 0; that is, yA(t) = X\-y(t) for any t. Show
that

k(p)
H()"p)’yx = T’Y
for any p € ~.
3.4. Exercise. Show that any smooth spherical curve has curvature at
least 1.
C Tangent indicatrix

Let v be a smooth space curve. The curve

'(t
° (8) = s

it is called a tangent indicatrix of 4. Note that |T(¢)| = 1 for any ¢;
that is, T is a spherical curve.

If s — 7(s) is a unit-speed parametrization, then T(s) = 4/(s). In this
case, we have the following expression for the curvature:

K(s) = |T(s)| = [v"(s)I-

e w(t) =TI

Indeed, for an arc-length reparametrization by s(t), we have s'(t) = |7/(t)].
Therefore,

d_T
ds

dr
dt

ds
dt

]

|

/
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It follows that the tangent indicatrix of a smooth curve - is smooth if the
curvature of v does not vanish.

3.5. Exercise. Use the formulas @ and @ to show that for any smooth
space curve vy we have the following expressions for its curvature:

(a) o) o
o= M w7
y'[? UK.
where W is the projection of where X denotes the wvec-
~"(t) to the plane normal to tor product (also known as
v (t); cross product).

3.6. Exercise. Apply the formulas in the previous exercise to show that
if  is a smooth real function, then its graph y = f(x) has curvature

/()]
(1+ f(2)?)?

at the point (x, f(x)).

3.7. Advanced exercise. Show that any smooth curve v: I — R3 with
curvature at most 1 can be approrimated by smooth curves with constant
curvature 1.

In other words, construct a sequence v,: 1 — R3 of smooth curves
with constant curvature 1 such that v, (t) — v(t) for any t as n — oc.

D Tangents

Let ~+ be a smooth space curve, and let T be its
tangent indicatrix. The line thru ~(¢) in the di-
rection of T(t) is called the tangent line to
at t. Any vector proportional to T(t) is called the
tangent to vy at t.

The tangent line could be also defined as a
unique line that has first-order contact with
v at t; that is, p(¢) = o(£), where p(£) denotes the
distance from 7(t + ¢) to the line.

3.8. Advanced exercise. Construct a smooth closed space curve with-
out parallel tangent lines.

We say that smooth curves v; and v, are tangent at s; and sg if
~v1(81) = 72(s2) and the tangent line of v; at s1 coincides with the tangent
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line of «9 at so; if both curves are simple we can also say that they are
tangent at the point p = v1(s1) = y2(s2) without ambiguity.

E Total curvature

Let v: I — R? be a smooth unit-speed curve. The integral

2(7) i= [ w(s)-ds

I

is called the total curvature of 7, and it measures the total change of
direction along ~.

Rewriting the above integral using a change of variables produces a
formula for a general parametrization ¢ — ~y(¢):

© B(y) = / k(t)- 1 (8)]-dt.

I

3.9. Exercise. Find the curvature of the helix
Ya,b(t) = (a- cost,a-sint, b-t),
its tangent indicatriz, and the total curvature of its arc vapl[0,2.x]-

Note that for a unit-speed smooth curve, the speed of its tangent
indicatrix equals its curvature. Therefore, we get the following.

3.10. Observation. The total curvature of a smooth curve is the length
of its tangent indicatriz.

3.11. Fenchel’s theorem. The total curvature of any closed smooth
space curve is at least 2-7.

Proof. Fix a closed smooth space curve v. We can assume that ~ is
described by a unit-speed loop v: [a,b] — R3; in this case, y(a) = v(b)
and +'(a) = 7).

Consider its tangent indicatrix T = 4. Recall that |T(s)| =1 for any
s; that is, T is a closed spherical curve.

Let us show that T cannot lie in a hemisphere. Arguing by contradic-
tion, we can assume that it lies in the hemisphere defined by the inequality
z > 0 in (z,y, z)-coordinates. In other words, if v(t) = (x(¢),y(¢), 2(t)),
then z/(t) > 0 for any ¢. Therefore,

b
2(b) — z(a) = /z’(s)-ds > 0.
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In particular, v(a) # v(b) — a contradiction.
Applying the observation (3.10) and the hemisphere lemma (2.23), we
get
®(v) = lengthT > 2-7. O

3.12. Exercise. Show that a closed space curve 7y with curvature at
most 1 cannot be shorter than the unit circle; that is,

length~y > 2-7.

3.13. Advanced exercise. Suppose v is a smooth space curve that does

not pass thru the origin. Consider the spherical curve o defined by o(t) :=
= 28 Show that
[v(®)]
lengtho < ®(v) + 7.

Moreover, if v is closed, then

lengtho < ®(7).

The last inequality gives an alternative proof of Fenchel’s theorem.
Indeed, without loss of generality, we can assume that the origin lies on a
chord of «. In this case, the closed spherical curve o goes from a point to
its antipode and comes back; it takes length at least m each way, whence

lengtho > 2-7.

Recall that the curvature of a spherical curve is at least 1 (see 3.4).
In particular, the length of a spherical curve cannot exceed its total cur-
vature. The following theorem shows that the same inequality holds for
closed curves in a unit ball.

3.14. DNA theorem. Let~y be a smooth closed curve that lies in a unit
ball. Then

O(~v) > length~.

Several proofs of this theorem are collected by Serge Tabachnikov [90].
The 2-dimensional case of this theorem was proved by Istvan Fary [28].
It was generalized by Don Chakerian [18] to higher dimensions. The
following exercise guides you thru another proof of him [19]. Yet another
proof is given in Section 4E.

3.15. Exercise. Let v: [0,¢] — R3 be a smooth unit-speed closed curve
that lies in the unit ball; that is, |v| < 1.
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(a) Show that

for any s.
(b) Use part (a) to show that

(c) Suppose v(0) = ~(

Use this equality together with part (b) to prove 3.14.

F Convex curves

In this section, we show that the tangent indicatrix of a convex curve
rotates monotonically. The following exercise provides a key observation
for the proof.

3.16. Exercise. Let v be a smooth convex plane curve; denote by F' the
convex set bounded by . Show that a line £ is tangent to v at point p
if and only if it supports F at p; that is, £ > p and F lies in a closed
half-plane bounded by ¢.

Recall that a map is monotone if the inverse image of any point in the
target space is a connected set (in particular, nonempty).

3.17. Proposition. Let v be a smooth convez plane curve.
(a) Suppose v is closed and it is parametrized as v: St — R2. Then its
tangent indicatriz T: St — S* is a monotone map.
(b) Suppose v is open, it is parametrized as v: R — R%.  Then its
tangent indicatriz T: R — S defines a monotone map to an interval
in a closed semicircle.

The following corollary says that for conver curves we have equality
in Fenchel’s theorem (3.11). Later we, in 4.8, we will show that equality
holds only for convex curves.

3.18. Corollary. Let v be a convex plane curve.
(a) If v is closed, then ®(v) = 2-m.
(b) If v is open, then ®(y) < .

Proof. Follows from 3.17a, 3.10 and 2.2. O
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Proof of 3.17; (a). Since 7 is closed, it bounds
a compact convex set F. We may assume that F’
lies on the left from ~.

Choose a unit vector U. Let (x,y) be the co-
ordinates of the plane with z-axis in the direction
of U.

From Exercise 3.16, it follows that U = T(s) if
and only if p = 7(s) is a minimum point of the
y-coordinate function on F'. Indeed suppose p is a minimum point. Let ¢
be the horizontal line thru p. Then ¢ supports F' at p. By the exercise, ¢
is tangent to v at p. Since F lies on the left from v, we get that T(s) = U.
And the other way around, if T(s) = U then, the tangent line at p = (s)
is horizontal, and, by the exercise, it supports F. Since F lies on the left
from ~, we get that the y-coordinate on F' has a minimum at p.

Since F' is compact, there is a minimum point p = ~(s) for the y-
coordinate. The point p might be unique, in this case, T"1{u} = s, or f
might have a line segment of minimal points in v, in this case, T"1{U} is
an arc of S'. It follows that T: S — S! is monotone.

(b) The same argument in (a) shows that T is a monotone map to its
image. Evidently, the image is a connected set in S*. It remains to show
that the image lies in a semicircle; in other words,

(4] L(w,T(s)) > 5 forsome W andany s.

7

T(S) AR qn

Since 7 is open, it bounds an unbounded convex closed region F. As
before we assume that F lies on the left from ~.

There is a half-line, say h, that lies in F. Indeed, we can assume that
the origin o lies in F'. Consider a sequence of points ¢, € F such that
|gn| = 00 as n — co. Denote by Vv,, the unit vector in the direction of g,;
that is v,, = Ig:\'

Since the unit circle is compact, we can pass to a subsequence of ¢,
such that v,, converges to a unit vector, say V. Let us draw a half-line
h from o in the direction of v. Any point on h can be approximated by
points from the segments [0, ¢,] as n — oo. Since the set F is closed, the
half-line h lies in F'
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Let W be the counterclockwise rotation of v by an angle 7, let £ be

the tangent line to v at the point p = (s), and let H be the closed left
half-plane bounded by ¢; that is, H lies to the left of ¢ in the direction of
T(s). The same reasoning as in (a) shows that F', and therefore h, lie in
H. In particular, v points from p into H, which is equivalent to @. O

G Bow lemma

The following lemma proved by Erhard Schmidt [85]; it generalizes the
result of by Axel Schur [87].

This lemma is a differential-geometric
analog of the so-called arm lemma of  p;
Augustin-Louis Cauchy. The arm lemma says
that if pg ... pn is a convex plane polygon and
qo - --Gn 1S a polygonal line in the space such
that @

q1

Po Pn

lpi —pi-1| = ¢ — i1,
Lpipti] < Lai §it)]
for each i, then |po — pn| < |0 — gn|- (Intuitively, if you extend all the

joints in your arm, then the distance from your shoulder to the tip of your
middle finger increases.)

3.19. Lemma. Let 7y;: [a,b] — R? and vo: [a,b] — R? be two smooth
unit-speed curves. Suppose k(S)y, = K(S)y, for any s and the curve v
is an arc of a convex curve; that is, it runs in the boundary of a convex
plane figure. Then the distance between the endpoints of v1 cannot exceed
the distance between the endpoints of ~y; that is,

171(b) — 71(a)| < |y2(b) — 12(a)].

The following exercise states that the condition that 7, is a convex arc
is necessary. It is instructive to do this exercise before reading the proof
of the lemma.

3.20. Exercise. Construct two simple smooth unit-speed plane curves
V1,72 [a,b] = R? such that k(s)y, > K(S)y, >0 for any s and

[71(b) = 71(a)| > |72(b) — y2(a)l-

Proof. We can assume that v1(a) # 71(b); otherwise the statement is
evident. By convexity, the curve 7 lies on one side of the line ¢ thru ~(a)
and ~y(b); we may assume £ is horizontal and ~; lies below £.
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Let sg be the lowest point on 7q; that is, v1(so) has minimal y-
coordinate.

Denote by T and T, the tangent indicatrixes of 7, and 2, respectively.
Consider two unit vectors

U = Tl(So) = FY]{(SO) and Ug = TQ(SO) = 75(80)

Note that 71 (b) lies in the direction of Uy from 71 (a).
Lets us show that

© £(m(s),01) = £(73(s), U2)

for any s. We will prove it for s < sg; the case s > sg is analogous.
Note that

(6] £(71(s),U1) = £(T1(s), U1) = length(T1][s s01)-

for any s < sg. Indeed, by 3.16, the y-coordinate of 1 is nonincreasing
in the interval [a, so]. Therefore, the arc Ti|(4,s,] lies in one of the unit
semicircles with endpoints U; and —U;. It remains to apply 3.10, 3.17,
and 2.2.

By 2.22, we also have

L 4(75(8), U2) = £(Ta(s), U2) < length(Ta|(s,s0)-

Further,
So
length(T1fs.s,1) = / I (6)|-dt =

s
S0

:/m(t)~dt>

S0

— [ imy(o)l-e =

S

= length(T2|[s)SO]).

This inequality, together with ® and @, implies @.
Since 1 = |7} (s)| = [1(s)] = [u1| = |Ua], we have

(7(s),U1) = cos £(71(s), 1) and  (v5(s), Uz) = cos £(75(5), Ua).
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The cosine is decreasing in the interval [0, 7r|; therefore, ® implies
e (71(s),u1) < (73(s), U2)

for any s.
Further, since 1 (b) lies in the direction of U; from 74 (a), we have that

|71 (0) = y1(a)| = (U1,71(b) = 11(a)).
Since Uy is a unit vector, we have that

172(b) = v2(a)| = (U2, 72(b) — 72(a)).
Integrating ®, we get

[71(b) —71(a)| = (U1,71(b) — 11 (a)) =
b

b
/<U1771 / U27’72 dS—

a

= (U2,72(b) = 12(a)) < [72(b) —12(a)l. O

3.21. Advanced exercise. Letvy; and vz be as in the bow lemma (3.19);
denote by T1 and Tq their tangent indicatrizes.

Set
i
w; = 7(b) — vila),
@i = L(Ti(a), Wi), (a) L Bi ,
B; = L(mi(b), W) () W 7i(b)

(a) Suppose that 31 < §. Show that a; > ag.
(b) Construct an ewample showing that the inequality o = ao does not
hold in general.

3.22. Exercise. Let 7: [a,b] = R® be a smooth curve and 0 < 6 < 5.
Assume

D(v) < 2-6.
(a) Show that
|7(b) — v(a)| > cosf-length .

(b) Show that if a smooth curve ~y: [a,b] — R3 has a self-intersection,
then ®(v) > 7. Draw a smooth plane curve v with a self-intersection,
such that ®(y) < 2-m.
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(¢) Show that the inequality in (a) is optimal; that is, given 0 there is a
smooth curve v such that ® < 2-0, and b®=@)l e ritraril
v v length v Yy
close to cos@.

3.23. Exercise. Let p and q be points on a unit circle dividing it in two
arcs with lengths {1 < l5. Suppose a space curve vy connects p to q and
has curvature at most 1. Show that either

lengthy < ¢1 or length~y > /5.

The following exercise generalizes 3.12.

3.24. Exercise. Suppose 7y: [a,b] — R3 is a smooth loop with curvature
at most 1. Show that
length~ > 2-m.

3.25. Exercise. Let k be a smooth nonnegative function defined on [0, ¢].
Show that there is a smooth unit-speed curve v: [0, €] — R3 with curvature
k(8) for any s such that the distance |y(€) —~(0)| is arbitrarily close to €.

3.26. Advanced exercise. Let v be a D

closed smooth space curve with curvature at .’ PR )
most 2. Suppose |y(t)| < 1 for any t. Show /// ’Y(t) /a(é)\lft)
that if v(t) # 0, then ' \
|
| I
[v(8)] < sinfa(t)] \ /
where a(t) denotes the angle between (t) and % 7

')



Chapter 4

Polygonal lines

This chapter reinterprets the curvature of curves via angles of inscribed
polygonal lines; it should help to build a firm geometric intuition about
curvature.

A Piecewise smooth curves
Assume a: [a,b] — R3 and 3: [b,¢] — R? are two

curves such that a(b) = S(b). These two curves can o(a)
be combined into one 7: [a, c] — R3 by the rule

7(t)_{oé(t) if t<b,

t) if t>0.
o a(b) = B0)
The obtained curve +y is called the concatenation of 0
a and 8. (The condition «(b) = 3(b) ensures that the B(c)

map t — v(t) is continuous.)

The same definition of concatenation can be applied
if & and/or 8 are defined on semiopen intervals (a, b
and/or [b, ¢).

The assumption that the time intervals of o and j fit together is not
essential — one can concatenate if the endpoint of o coincides with the
starting point of 8. To do this, the time intervals of the curves should be
shifted so that they fit together.

If in addition B(c¢) = «(a), then we can do cyclic concatenation of
these curves; this way we obtain a closed curve.

If o/(b) and B’(b) are defined, then the angle 6§ = £(da/(b),5'(b)) is
called the external angle of v at time b. If § = 7, then we say that v
has a cusp at time b.

95
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A space curve -y is called piecewise smooth if it can be presented
as an iterated concatenation of a finite number of smooth curves; if = is
closed, then the concatenation is assumed to be cyclic.

If v is a concatenation of smooth arcs 71, ..., y,, then the total curva-
ture of vy is defined as a sum of the total curvatures of ; and the external
angles; that is,

P(y) =@(m1) + -+ () + 01+ + O

where 6; is the external angle at the joint between ; and v;41.
If ~y is closed, then the total curvature of v is defined by

(y)=2(n) + -+ P(m) H 014+ O,

where 6, is the external angle at the joint between -, and ;.
In particular, for a smooth loop 7: [a,b] — R3, the
total curvature of the corresponding closed curve 4 is

(7)== @(v) + 90, 7§

where 6 = £(v'(a),~'(b)).

B Generalized Fenchel’s theorem

4.1. Theorem. Let v be a closed piecewise smooth space curve. Then

D(y) = 2-7.

Proof. Suppose v is a cyclic concatenation of smooth arcs vi,...,v,.
Denote by 61, ...,0, its external angles. We need to show that

o P(y1)+ -+ Pyn) 01+ + 0, > 2o,

Consider the tangent indicatrix T; for each arc -;; these are spherical
arcs.

The same argument as in the proof of Fenchel’s theorem (3.11) shows
that the curves Tq,..., T, cannot lie in an open hemisphere.

The spherical distance from the endpoint of T; to the starting point
of T;41 is equal to the external angle §; (we enumerate the arcs modulo
N, SO Yn+1 = 7Y1). Let us connect the endpoint of T; to the starting point
of T;41 by a short arc of a great circle in the sphere. This way we get a
closed spherical curve that is 61 + - - - + 8, longer than the total length of
T1,...,Th.
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Applying the hemisphere lemma (2.23) to the obtained closed curve,
we get that

lengthTy + - - - + lengthT,, + 61 +---+ 6, > 2-7.

By 3.10, the statement follows. -

4.2. Chord lemma. Let v: [a,b] — R? be a smooth arc, and { be its
chord. Assume v meets £ at angles o and B at y(a) and v(b), respectively;
that is,

a=4(W,7(a) and B=L(W,7 (b)),
where W = v(b) — v(a). Then

(2] O(y) = a+p.

Proof. Let us parametrize the chord ¢ from ~y(b) to y(a) and consider the
cyclic concatenation 4 of v and £. The closed curve 4 has two external
angles T — « and 7 — (.

Since the curvature of ¢ vanishes, we
get

(%) = ¢(7) + (7 — ) + (7 = B).

According to the generalized Fenchel’s theorem (4.1), ®(%) > 2-7; hence
@ follows. O

4.3. Exercise. Show that the estimate in the chord lemma is optimal.

More precisely, given two distinct points p,q and two unit vectors U,V
in R3, construct a smooth curve v that starts at p in the direction U
and ends at q in the direction v such that ®(vy) is arbitrarily close to
£L(W,U) + £(W, V), where vector W points from p to q.

C Polygonal lines

Polygonal lines are a particular case of piecewise smooth curves; each
arc in its concatenation is a line segment. Since the curvature of a line
segment vanishes, the total curvature of a polygonal line is the sum of its
external angles.

4.4. Exercise. Let a, b, ¢, d, and x be distinct points in R3. Show
that the total curvature of the polygonal line abed cannot exceed the total
curvature of abxred; that is,

D (abed) < P(abxed).
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Use this statement to show that any closed polygonal line has curvature
at least 2-m.

4.5. Proposition. Assume a polygonal line pg...p, is inscribed in a
smooth curve v. Then

D(v) = P(po .- pn)-

Moreover, if v is closed, we allow the inscribed polygonal line pg . ..py, to
be closed.

Proof. Assume that v is closed. Set

pi =(t), a; = £(Wi, V),
Wi = Di+1 — Pis Bi = £(Wi_1, V),
Vi =7'(t:), 0; = L(W;—1, W;).

Let us use indexes modulo n; so py41 = p1-
Since the curvature of line segments vanishes, the total curvature of
the polygonal line pg . ..p, is the sum of external angles 6;.
By triangle inequality for angles 0.16, we get that

0; < a; + 5.

By the chord lemma, the total curvature of the arc of v from p; to p;+1
is at least a; + B;4+1. Therefore, if v is a closed curve, we have

Q(po...pn) =01+ - +6, <
gﬂl+a1+"'+ﬂn+an:
= (a1 +B2) 4+ (an+51) <
< (7).

If ~ is not closed, the calculations are analogous:

D(po...pn) =01+ - +0,-1 <

(7). 0

4.6. Exercise. Use the above results to give another solution to Exercise
3.22b.
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4.7. Exercise. Suppose a closed curve 7y crosses
a line at four points a, b, ¢, and d. Assume these
points appear on the line in the order a, b, ¢, d and
they appear on the curve 7y in the order a, c, b, d.

Show that

D(y) > 4-7.

D What if ®(v) = 2-7?

4.8. Proposition. The equality case in Fenchel’s theorem holds only for
convex plane curves; that is, the total curvature of a smooth space curve
v equals 2-7 if and only if v is a convex plane curve.

Proof of 4.8. The if part is proved in Corollary 3.18; it remains to prove
the only-if part.

Consider an inscribed quadrangle abed in . By the definition of total
curvature, we have that

B(abed) = (m — Llaf]) + (r — £B2) + (r — L) + (r — £[d8]) =

c a

= 4w — (Llaj]+ £Be] + Lleg) + £[d7])

By the triangle inequality for angles (0.16),

o L% < L3+ £bY) and  L[dS] < £[d§)+ £[dE).
The sum of angles in any triangle is 7, so com- g
bining these inequalities, we get that
b
®(abed) > 41 — (L]af] + £ %) + £]d"])— d
— (Lleg) + £[df] + £[bf]) =
=2.7. a

By 4.5,
O (abed) < () < 2.

Therefore, we have equalities in ®. It means that point d lies in the angle
abc and point b lies in the angle cda. The latter implies that abed is a
convex plane quadrangle.

It follows that any quadrangle inscribed in v is a convex plane quad-
rangle. Therefore, all points of  lie in one plane defined by three points
on 7. Further, since any quadrangle inscribed in « is convex, we get that
v is convex as well. O
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E Generalized DNA theorem

4.9. Theorem. Let py...p, be a closed polygonal line in a unit ball.
Then

O(py...pn) > length(py ... pp).

Exercise 4.11 and this theorem imply the original DNA theorem (3.14).
Therefore, 4.9 generalizes 3.14.

Proof. We assume that p,, = pg, pn+1 = p1, and so on. Denote by 6; the
external angle at p;.

mo 80\81 . Q\Sn
') o - =
Soso=
q2 dn

qo 91

Denote by o the center of the ball. Consider a sequence of triangles

Aqoqiso = Apop1o, Aqigas1 = Apipeo, ...

such that the points qg, q1, ... lie on one line in that order and all the s;’s
lie on one side from this line.
Note that sgs,qnqo is a parallelogram; hence

[$r, — S0| = |gn — qo| = length(py . ..pn).

Therefore
[so — s1]+ -+ |[$n—1 — S| = length(p; ...pn).
Furthermore,
lgi — si—1| = |qi — sil = |pi —o] <1
and

0; > £Lg; 5i7']
for each i. It follows that

0; > |si—1 — si]
for each i. Therefore,

Q(pr...pn) =01+ +0p >
>|SO_51|+"'+|Sn71_Sn|>

> length(p1 ... pn). O
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Let us mention the following generalization of the DNA inequality;
it was proved by Jeffrey Lagarias and Thomas Richardson [52]; another
proof is given by Alexander Nazarov and Fedor Petrov [70]. Both proofs
are annoyingly tricky.

4.10. Theorem. Let a be a closed curve that lies in a convex plane
figure bounded by a curve v Then the average curvature of « is not less
than the average curvature of .

F Generalized curvature

The following exercise states that the inequality in 4.5 is optimal.

4.11. Exercise. Show that for any smooth space curve v we have

®(y) = sup{®(3)},

where the least upper bound is taken over all polygonal lines B inscribed
in vy (if v is closed, then we assume so is ().

This equality can be used to define the total curvature of an arbitrary
curve y. Namely, it can be defined as the least upper bound on the total
curvatures of nondegenerate polygonal lines inscribed in .

This theory was reinvented and developed several times; see [81, III
§ 1, [3], and [89]. It is possible to generalize most of the statements in this
chapter to the curves of finite total curvature in this generalized sense.

4.12. Exercise. Suppose that a curve y: [0,1] — R3 has bounded total
curvature in the generalized sense; that is, there is an upper bound on the
total curvatures of polygonal lines inscribed in .

Show that ~y is rectifiable. Construct an example showing that the
converse does not hold.
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Torsion

This chapter provides mostly practice in computations. Except for the
definitions in Section 5A, it will not be used in the sequel.

Just like curvature measures how much a curve fails to be a straight
line, the torsion measures how much a space curve fails to be a plane
curve (see 5.10).

A  Frenet frame

Let v be a smooth space curve. Without loss of generality, we may assume
that v has an arc-length parametrization, so the velocity vector T(s) =
= v/(s) is unit.

Assume its curvature does not vanish at time s; in other words, v"(s) #
# 0. Then we can define the so-called normal vector at s as

N(s) =

Note that
T'(s) = 7"(s) = K(s)N(s).
According to 3.1, N(s) L T(s). Therefore, the vector product

B(s) = T(s) x N(s)

is a unit vector. Moreover, the triple T(s), N(s), B(s) an oriented orthonor-
mal basis in R?; it is called the Frenet frame of v at s. In particular,
we have that

(r,T) =1, (N,N)=1, (B,B)=1,

o (T,N) =0, (N,B)=0, (B, T)=0.
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T(s), N(s), and B(s) are called tangent, normal, and binormal vectors
of the Frenet frame, respectively. The frame T(s),N(s),B(s) is defined
only if k(s) # 0.

The plane IT; thru ~(s) spanned by vectors T(s) and N(s) is called
the osculating plane at s; equivalently it can be defined as a plane
thru (s) that is perpendicular to the binormal vector B(s). This is the
unique plane that has a second-order contact with v at s; that is,
p(£) = o(¢?), where p(¢) denotes the distance from ~(s + ¢) to Il;.

B Torsion

Let v be a smooth unit-speed space curve, and let T,N,B be its Frenet
frame. The value

is called the torsion of v at s.

The torsion 7(sg) is defined if k(sg) # 0. Indeed, since the function
s+ k(s) is continuous, k(sp) # 0 implies that x(s) # 0 for all s near so.
Therefore, the Frenet frame is also defined in an open interval containing
s0. Clearly, T(s), N(s), and B(s) depend smoothly on s in their domains
of definition. Therefore, N'(sg) is defined, and so is the torsion.

5.1. Exercise. Given real numbers a and b, calculate the curvature and
the torsion of the helit v4,5(t) = (a- cost,a-sint, b-t).

Conclude that for any k > 0 and T there is a heliz with constant
curvature Kk and torsion T.

C Frenet formulas

Assume the Frenet frame T(s),N(s),B(s) of a curve v is defined at s.
Recall that

(2] T = K-N.

Let us write the remaining derivatives N’ and B’ in the frame T, N, B.
Let us show that

3] N = —KkT+7B.

Since the frame T, N, B is orthonormal, the above formula is equivalent
to the following three identities:

(4] (N,T) = -k, (N,N)=0, (N,B)=r,
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The last identity follows from the definition of torsion. The second one
is a consequence of the identity (N,N) = 1 in @. By differentiating the
identity (T,N) =0 in @ we get

(T,N) + (1,N") = 0.

Applying @, we get the first equation in @.
Differentiating the third identity in @, we get that B" 1 B. Taking
further derivatives of the other identities with B in @, we get that
(8’

(B

5T> = _<B’T/> = _I{'<B’N> = 07

/ /

,N)=—(B,N') = 7.
Since the frame T, N, B is orthonormal, it follows that
(5] B = —7-N.

The equations @, ©, and @ are called Frenet formulas. All three
can be written as one matrix identity:

T/ 0 k 0 T
Nl=|l-x 0 71 N
B’ 0 -7 0 B

Since B is the normal vector to the osculating plane, equation @ shows
that the torsion measures how fast the osculating plane rotates when one
travels along ~.

5.2. Exercise. Deduce the formula ©® from @ and ® by differentiating
the identity B =T X N.

5.3. Exercise. Lety be a smooth space curve with nonvanishing curva-
ture. Show that v lies in a plane if and only if its torsion vanishes.

5.4. Exercise. Let yy: [a,b] — R be a smooth space curve with Frenet
frame T,N,B. Consider the curve v1(t) = vo(t) + B(t). Show that

length v > length vp.

5.5. Exercise. Suppose v is a smooth space curve. Let T,N,B be its
Frenet frame and T be its torsion. Show that

! 1 "
B= ———1 and T= 7@ T’Y ’/72 >
Iy x "] Iy x~"|
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5.6. Exercise. Find curvature x(t) and torsion 7(t) of the moment
curve y: t— (t,t2,t3) at y(t).

The following exercise is closely related to the bow lemma (3.19).

5.7. Exercise. Let v1,72: [a,b] — R3 be two smooth unit-speed curves.
Assume that

I71(t1) — 1 (t2)l = [r2(t1) — 72(t2)]

for any ti and ta. Show that k(to)~, < K(to)~, for any to.

5.8. Advanced exercise. Let~ be a closed smooth space curve with pos-
itive torsion. Show that the tangent indicatriz of v has a self-intersection.

D Curves of constant slope

We say that a smooth space curve v has constant slope if its veloc-
ity vector makes a constant angle with a fixed direction. The following
theorem was proved by Michel Ange Lancret [57].

5.9. Theorem. Let~ be a smooth curve; denote by k and T its curvature
and torsion. Suppose k(s) > 0 for all s. Then v has a constant slope if

and only if the ratio ~ is constant.

5.10. Proof-guided exercise. Lety be a smooth space curve with non-
vanishing curvature, T,N,B its Frenet frame, and k, T its curvature and
torsion.

(a) Assume (W, T) is constant for a fized nonzero vector w. Show that
(W,N) = 0. Conclude that (W,B) is constant. Show that

7+(W,B) — k-(W, T) = 0.

Conclude that % 18 constant.

(b) Assume T is constant, show that the vector W = T-T+B is constant.
Conclude that v has a constant slope.

Let v be a smooth unit-speed curve and sg a fixed real number. Then
the curve

afs) =(s) + (s0 — )7 (s)
is called the evolvent of 7. Note that if ¢(s) denotes the tangent line to
v at s, then a(s) € ¢(s) and o/(s) L £ for all s.

5.11. Exercise. Show that the evolvent of a constant slope curve is a
plane curve.
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E Spherical curves

5.12. Theorem. Suppose 7y is a smooth space curve with nonvanishing
torsion T and (therefore) curvature k. Then «y lies on a unit sphere if and
only if the following identity holds true:

5.13. Proof-guided exercise. Suppose v is a smooth unit-speed space
curve. Denote by T,N,B its Frenet frame and by k, T its curvature and
torsion.

Assume v 1is spherical; that is, |y(s)| = 1 for any s. Show that
(a) (T,7) = O; conclude that (N,7)? + (B,7)? = 1.
(b) (N,v) = —+;
(c) (B.rY =T
(d) Use (c) to show that if v is closed, then 7(s) = 0 for some s.
(e) Assume the torsion of v does not vanish. Use (a)-(c) to show that

Now assume v is a space curve that satisfies the identity in (e).

(f) Show that p =~ + +

the unit sphere centered at p.

For a unit-speed curve v with nonzero curvature and torsion at s, the
sphere 3, that passes thru (s) and has the center at

p(s) = 7(s) + 5 N(8) + 1L -B(s)

is called the osculating sphere of v at s. This is the unique sphere
that has third-order contact with v at s; that is, p(¢) = o(£3), where
p(£) denotes the distance from (s + £) to ;.

F Fundamental theorem of space curves

5.14. Theorem. Let s — k(s) and s — 7(s) be two smooth real-valued
functions defined on a real interval 1. Suppose k(s) > 0 for all s. Then
there is a smooth unit-speed curve v: 1 — R3 with curvature k(s) and
torsion 7(s) for every s € 1. Moreover, v is uniquely defined up to an
orientation-preserving rigid motion of the space.
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The proof is an application of the theorem on the existence and unique-
ness of solutions of ordinary differential equations (0.29).

Proof. Fix a parameter value s, a point v(sg), and an oriented or-
thonormal frame T(sp), N(so), B(sg). Consider the following system of
differential equations

v =T,
T = k"N,
e /
N' = —K'T+ 7B,
B = —7N

with the initial condition formed by 7(so), T(So0), N(So0), B(so). (The
system of equations has four vector equations, so it can be rewritten as a
system of 12 scalar equations.)
By 0.29, this system has a unique solution which is defined in a max-
imal subinterval J C I containing sg. Let us show that actually J = 1.
First note that

(r,T) =1, (N,N)=1, (B,B)=1,

o (T,N) =0, (T,N)=0, (B,T)=0

at any parameter value s.
Indeed, by ®, we have the following system of scalar equations:

(t,T) =27, T) =2-K-(T,N),
(N,N) =2-(N,N') = —2:5-(N, T) + 2-7-(N, B),

o (B,B) =2-(B,B) = —2-7(B,N),
(T,Ny (T',N) + (T,N') = K-(N,N) — 6+(T, T) + 7-(T, B),
(N,B) = (N,B)+(N,B’) = k-(T,B) + 7-(B,B) — 7-(N,N),
(B,TY =(B,T)+ (B, T)=—7-(N,T) + k- (B, N).

The constants in @ give a solution of this system. Moreover, since we
choose T(sp), N(So), B(s0) to be an oriented orthonormal frame, @ solves
our initial value problem for @.

Assume J & I. Then an end of J, say b, lies in the interior of I. The
Theorem 0.29 is applicable for Q = R!2 x I; therefore, at least one of
the values v(s), T(s), N(s), B(s) escapes to infinity as s — b. But this
is impossible — the vectors T(s), N(s), B(s) remain unit, and |vy/(s)| =
= |T(s)| = 1; so y travels only a finite distance as s — b — a contradiction.
Hence, J = I, and the first statement follows.

Now assume there are two curves ; and 5 with the given curvature
and torsion functions. Applying a motion of the space, we can assume
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that v1(so) = v2(s0), and the Frenet frames of the curves coincide at sg.
Then v; = 2 by the uniqueness of solutions to the system (0.29). Hence,
the last statement follows. O

5.15. Exercise. Assume a curve v: R — R? has constant speed, curva-
ture, and torsion. Show that v is a heliz, possibly degenerating to a circle;
that is, in a suitable coordinate system we have y(t) = (a- cost,a- sint, b-t)
for some constants a and b.

5.16. Advanced exercise. Let v be a smooth space curve such that the
distance |y(t) —v(t+£)| depends only on €. Show that v is a heliz, possibly
degenerate to a line or a circle.
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Signed curvature

On the plane, it makes sense to think about left (right) turns as positive
(respectively negative). This leads to the so-called signed curvature of
plane curves. If you drive a car along a plane curve, then the signed
curvature describes the position of the steering wheel at a given time.

A Definitions

Suppose v is a smooth unit-speed plane curve, so T(s) = +/(s) is its unit
tangent vector for any s.

Let us rotate T(s) by the angle T counterclockwise; denote the ob-
tained vector by N(s). The pair T(s),N(s) is an oriented orthonormal
frame in the plane which is analogous to the Frenet frame defined in
Section 5A; we will keep the name Frenet frame for it.

Recall that 7" (s) L +'(s) (see 3.1). Therefore,
(1] T'(s) = k(s)-N(s).

for a real number k(s); the value k(s) is called signed curvature of ~y
at s. We may use the notation k(s), if we need to specify the curve 7.
Note that
r(s) = k(s)l;

that is, up to sign, the signed curvature k(s) equals the curvature x(s) of
v at s defined in Section 3B; the sign prescribes the direction of turn — if
~ turns left at time s, then k(s) > 0. If we want to emphasize that we are
working with the non-signed curvature of a curve, we call it absolute
curvature.

If we reverse the parametrization of the curve or change the orientation
of the plane, then the signed curvature changes its sign.

69
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Since T(s),N(s) is an orthonormal frame, we have
(T, T) =1, (N,N) =1, (T,N) = 0.
Differentiating these identities we get
(T, 1) =0, (N, N) =0, (T",N) + (1T,N") = 0.
By @, (1/,N) = k. Therefore (T,N’) = —k. Hence, we get
(2] N'(s) = —k(s)-T(s).

The equations @ and @ are the Frenet formulas for plane curves. They
can be written in a matrix form as:

(v)= (5 ) ()

6.1. Exercise. Let vg: [a,b] — R? be a smooth curve and T its tangent
indicatriz. Consider another curve v1: [a,b] — R? defined by v1(t) =
:=0(t) + T(t). Show that

(a) length o < length~, ; (b) ®(v0) < length~,.

The curves vg and = in the exercise above describe the tracks of an
idealized bicycle with distance 1 from the rear to the front wheel. Thus,
by the exercise, the front wheel must have a longer track. For more on the
geometry of bicycle tracks, see the survey of Robert Foote, Mark Levi,
and Serge Tabachnikov [32] and the references therein.

B Fundamental theorem of plane curves

6.2. Theorem. Let s — k(s) be a smooth real-valued function defined on
a real interval 1. Then there is a smooth unit-speed curve v: I — R2? with
signed curvature k(s). Moreover, v is uniquely defined up to a orientation-
preserving motion of the plane.

This theorem is a partial case of its 3-dimensional analog (5.14), but
we present a direct proof.

Proof. Fix s € I. Consider the function

By the fundamental theorem of calculus, we have ¢'(s) = k(s) for all s.
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Set T(s) = (cos[f(s)],sin[f(s)]), and let N(s) be its counterclockwise
rotation by angle 7; so N(s) = (—sin[f(s)], cos[f(s)]). Consider the curve

Since |y/| = |T| = 1, the curve 7 is unit-speed, and its Frenet frame is T, N.
Note that

(608[9(8)] sin[f(s)]’) =
=0'(s)-(—sin[0(s)], cos[0(s)]) =
= k(s)-N(s).

So, k(s) is the signed curvature of « at s.
This proves the existence; it remains to prove the uniqueness.
Assume y; and v, are two curves that satisfy the assumptions of the
theorem. Applying a rigid motion, we can assume that v1(sg) = Y2(so0),
and both curves have the same Frenet frame at so. Let us denote by
T1, N7 and T2, No the Frenet frames of 1 and 2, respectively. Both triples
i, T;, N; satisfy the following system of ordinary differential equations

!/
/Y'L = Ti7
A
T, = k-Ny,
N, = —k-T;.

Moreover, they have the same initial values at sg. By the uniqueness of
solutions of ordinary differential equations (0.29), we have y; = 2. [l

Suppose v: I — R? is a unit-speed curve. A continuous function
f:1 — R is called continuous argument of ~ if

7' (s) = (cos[f(s)], sin[6(s)])

for any s. The proof of the theorem implies the following.

6.3. Corollary. For any smooth curve unit-speed curve v: 1 — R? there
is a continuous argument 0: 1 — R. Moreover

where k denotes the signed curvature of ~y.
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C Total signed curvature

Let v: I — R2 be a smooth unit-speed plane curve. The total signed
curvature of v, denoted by ¥(vy), is defined as the integral

) W) = [ bls)-ds,

where k denotes the signed curvature of ~.
If T=[a,b], then

© U(y) = 6(b) — b(a),

where 6 is a continuous argument of vy (see 6.3).

If v is a piecewise smooth plane curve, then we define its total signed
curvature as the sum of the total signed curvatures of its arcs plus the
sum of the signed external angles at its joints; they are positive where ~
turns left, negative where « turns right, and 0 where 7 goes straight. It
is undefined if v turns exactly backwards; that is, if it has a cusp.

In other words, if 7y is a concatenation of smooth arcs 71, ..., V., then

V() =)+ + V() 01+ 401,

where 6; is the signed external angle at the joint between v; and ;4. If
v is closed, then the concatenation is cyclic, and

V) =¥(n) 4+ () + 01+ + O,

where 6, is the signed external angle at the joint between ~, and ~;.
Since | [ k(s)-ds| < [ |k(s)|-ds, we have

(53 [T (y)| < @(v)

for any smooth plane curve ; that is, the total signed curvature ¥ cannot
exceed the total curvature ® in absolute value. The equality holds if and
only if the signed curvature does not change the sign.

6.4. Exercise. A trochoid is a curve traced out by a point fixed to a wheel
as it rolls along a straight line. A family of trochoids v4: [0,2-7] — R?
(see the picture) can be parametrized as

Ya(t) = (t + a- sint, a- cost).

(a) Given a € R, find U(v,) if it is defined.
(b) Given a € R, find ®(v,).
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6.5. Proposition. Any simple closed smooth plane curve v has total
signed curvature £2-m; it is +2-7 if the region bounded by ~y lies on the
left from it and —2-7 otherwise.

Moreover, the same statement holds for any simple closed piecewise
smooth plane curve v if its total signed curvature is defined.

| |
njw
|
Wl
o

This proposition is called sometimes Umlaufsatz; it is a differential-
geometric analog of the theorem about the sum of the internal angles of

a polygon (0.13) which we use in the proof. A more conceptual proof was
given by Heinz Hopf [43], [44, p. 42].

Proof. Without loss of generality, we may assume that 7 is oriented in
such a way that the region bounded by ~ lies on its left. We can also
assume that v is unit-speed.

Consider a closed polygonal line p; ...p, inscribed in 7. We can as-
sume that the arcs between the vertices are sufficiently small so that the
polygonal line is simple, and each arc «; from p; to p;+1 has small total
absolute curvature, say ®(v;) < 7 for each i.

Assume p; = y(¢;). As usual, we use indexes modulo n; in particular,

DPnt1 = P1. Set
Wi = Dit1 — Di, Vi =7 (t:),
a; = L(Vi, W), Bi = £(Wi—1,Vs),
where «;, 5; € (—7,m) are signed angles — «; is positive if w; points to

the left from v;.
By O, the value

(6] U(y;) — o — Biva

is a multiple of 2-7. Since ®(v;) < 7, the
chord lemma (4.2) implies that ;| 43| <
m. By @, we have that |U(v;)| < @(vs);
therefore the value in @ vanishes. In other
words, for each ¢ we have

V(i) = a; + Big1-
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Note that
(7] bi=m—a;— B

is the internal angle of the polygonal line at p;; d; € (0,2-7) for each i.
Recall that the sum of the internal angles of an n-gon is (n — 2)-7 (see
0.13); that is,

h+-+d=Mn-2)m.

Therefore,
U(y)=V(y)+ -+ ¥() =
=(a1+B2)+ -+ (am+ b)) =
® =Bi+a)+ 4 (Bntan) =

=(r—01)+ -+ (=06, =
=nmt—(n—-2)7=
=2-7.

The case of piecewise smooth curves is done the same way; we need

to subdivide the arcs in the cyclic concatenation further to meet the re-
quirement above, and, instead of equation @, we have

0y =m—a; — B — 0;,

where 6; is the signed external angle of v at p;; it vanishes if the curve ~
is smooth at p;. Therefore, instead of equation @, we have

V() =¥) + -+ W) + 04+ 00 =
=1 +p)+ -+ (n+p)+b+-+0,=
=Br+ar+0) 4+ + (Bt an+0n)=
=(m=061)+ -+ (m—0n) =
=nmt—(n—2)7=

=2-7. O

6.6. Exercise. Draw a smooth closed plane curve v such that
(a) ¥(y)=0;
(b) ¥(vy) = 2(y) =10-m;
(¢c) U(vy)=2-7 and (y) = 4-.

6.7. Exercise. Let v: [a,b] — R? be a smooth plane curve with Frenet
frame T,N. Given a real parameter ¢, consider the curve ~y¢(t) = ~(t) +
+ ¢-N(t); it is called a parallel curve of v at signed distance £.

(a) Show that the parametrization e is a regular if £-k(t), # 1 for all t.
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(b) Set L(£) = length~,. Show that
(o) L(¢) = L(0) — £-U(y)

for all £ sufficiently close to 0.
(¢) Describe an example showing that formula @ may not hold for some
values £.

D Osculating circle

6.8. Proposition. Given a point p € R?, a unit vector T and a real
number k, there is a unique smooth unit-speed curve o: R — R? that
starts at p in the direction of T and signed curvature k.

Moreover, if k = 0, then it is a line 0(s) = p+s-T; if k # 0, then o
runs around a circle of radius ﬁ with center at p+ % ‘N, where T,N is an
oriented orthonormal frame.

Proof. Choose a coordinate system such that p is its origin and T points
in the direction of the z-axis. Therefore, N points in the direction of the
y-axis. Then

S

0(s) = /k~dt = ks

0

is a continuous argument of -y, see 6.3. Therefore,
o' (s) = (cos|k-s],sin[k-s]).

It remains to integrate the last identity. If & = 0, we get o(s) = (s,0)
which describes the line o(s) = p+ s-T.
If £ # 0, we get

o(s) = (% sin[k-s], %(1 — coslk-s]));

it is the circle of radius r = - centered at (0,+) = p + £-N. O

%]
6.9. Definition. Let v be a smooth unit-speed plane curve; denote by
k(s) the signed curvature of v at s.
The unit-speed curve os of constant signed curvature k(s) that starts
at v(s) in the direction v'(s) is called the osculating circle of v at s.
The center and radius of the osculating circle at a given point are
called the center of curvature and radius of curvature of the curve
at that point.



76 CHAPTER 6. SIGNED CURVATURE

Os The osculating circle might be a circle or a line.
In the latter case, the center of curvature is unde-
fined and the radius of curvature is infinite.

The osculating circle o, can be also defined as
the unique circle (or line) that has second-order
contact with « at s; that is, p(£) = o(£?), where
p(€) denotes the distance from (s + £) to os.

The following exercise is recommended to the reader familiar with the
notion of inversion.

6.10. Advanced exercise. Suppose vy is a smooth plane curve that does
not pass thru the origin. Let 4 be the inversion of v with respect to a
circle centered at the origin. Show that the osculating circle of 4 at s is
the inversion of the osculating circle of v at s.

E Spiral lemma

The following lemma was proved by Peter Tait [92] and later rediscovered
by Adolf Kneser [49].

6.11. Lemma. Assume -y is a smooth plane curve with strictly decreasing
positive signed curvature. Then the osculating circles of v are nested; that
is, if o5 denotes the osculating circle of v at s, then os, lies in the open
disc bounded by o, for any sp < s1.

The picture shows a curve v as in the theo-
rem and its osculating circles. They form a pecu-
liar foliation of the annulus; it meets the following
property: if a smooth function is constant on each
osculating circle, then it must be constant in the
annulus [33, Lecture 10]. Also, the curve 7 is tan-
gent to a circle of the foliation at each of its points.
However, it does not run along any of those circles.

Proof. Let T(s),N(s) be the Frenet frame, w(s), r(s) the center and
radius of curvature of 7. By 6.8, we have

w(s) = (s) +r(s)-N(s).

Since k > 0, we have that r(s)-k(s) = 1. Therefore, applying Frenet
formula @, we get that

w'(s) =7'(s)
T
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Since k(s) is decreasing, r(s) is increasing; therefore ' > 0. It follows
that |w’(s)| = r’(s) and w'(s) points in the direction of N(s).

Since N'(s) = —k(s)-T(s), the direction of w’(s) cannot be constant on
a nontrivial interval; in other words, the curve s — w(s) contains no line
segments.

In particular, [w(s1)—w(so)| < length(w|is,,s,])
for any sg < s1. Therefore,

lw(s1) — w(so0)| < length(w](sy,s,]) = 7(8)

s1
:/W%N%:
S0
s1

= [otsras-

=r(s1) — r(s0)-

In other words, the distance between the centers of o5, and o, is strictly
less than the difference between their radii, hence the result. [l

The curve s — w(s) is called the evolute of 7; it traces the centers of
curvature of the curve. The evolute of 7 can be written as

w(t) = A(6) + £ N
in the proof, we showed that (+)’-N is its velocity vector.

6.12. Exercise. Letw be the evolute of a smooth plane curve y. Suppose
v has positive signed curvature k and k' # 0 at all points. Find the Frenet
frame and curvature of w in terms of k and Frenet frame (T,N) of 7.

The following theorem states formally that if you drive on the plane
and turn the steering wheel to the left all the time, then you will not be
able to come back to the place you started.

6.13. Theorem. Assume~ is a smooth plane curve with positive strictly
monotone signed curvature. Then v is simple.

The same statement holds true without assuming positivity of curva-
ture; the proof requires only minor modifications.

Proof. Note that v(s) lies on the osculating circle o, of v at s. If s1 # s,
then by 6.11, o5, does not intersect o,,. Therefore, y(s1) # v(so), hence
the result. |

6.14. Advanced exercise. Show that a 3-dimensional analog of the
theorem does mot hold. That is, there are self-intersecting smooth space
curves with strictly monotone curvature.
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6.15. Exercise. Assume vy is a smooth plane curve with positive strictly
monotone signed curvature.

(a) Show that no line can be tangent to vy at two distinct points.

(b) Show that no circle can be tangent to ~y at three distinct points.

N Part (a) does not hold if we allow the curvature to

be negative; an example is shown on the picture.
6.16. Advanced exercise. Show that a smooth spherical curve with
nonvanishing torsion has no self-intersections.



Chapter 7

Supporting curves

When two plane curves touch each other without crossing, it is possible
to control the signed curvature of one of them in terms of the signed
curvature of the other. This will be proved and used to study the global
behavior of plane curves.

A Cooriented tangent curves

Suppose 1 and -2 are smooth plane curves. Recall that the curves =,
and 72 are tangent at the time parameters t; and ts if 1 (¢1) = Y2(t2) and
they share the tangent line at these time parameters. In this case, the
point p = v1(t1) = 72(t2) is called a point of tangency of the curves.
In this case, the velocity vectors vi(t1) and ~5(t2) are parallel. If

Y2 "2

Yah a2t

V‘ |
cooriented controriented

~v1(t1) and «5(t2) have the same direction, we say that the curves are
cooriented, if their directions are opposite, the curves are called coun-
teroriented.

If we reverse the parametrization of one of the curves, then cooriented
curves become counteroriented and vice versa; so we can always assume
the curves are cooriented at any given point of tangency.

79
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B Supporting curves

Let 1 and 2 be two smooth plane curves
that share a point

p="7(t1) = y2(t2);

we assume that p is not an endpoint for ~y;
nor ys. Suppose that there is € > 0 such
that the arc v2|{,—c,4< lies in a closed
plane region R with the arc v1[[, —c,¢,+) in its boundary, then we say that
71 locally supports v at the time parameters ¢; and t5. Furthermore,
if the curves on the picture are oriented according to the arrows, then ¢
supports 2 from the right at p (as well as 2 supports 1 from the left
at p).

Suppose 71 is a simple curve that cuts the plane into two closed regions,
one lies on the left and the other on the right from ;. We say that v;
globally supports v2 at point p = 75(t2) if 72 runs in one of these
closed regions, and p lies on ;.

Further, suppose 7s is a simple closed plane curve. By Jordan’s theo-
rem (0.12), y2 cuts from the plane two closed regions, one is bounded and
the other is unbounded. We say that a point p lies inside (respectively,
outside) 7, if p lies in the bounded region (respectively, unbounded) re-
gion. In this case, we say that v; supports 72 from the inside (from
the outside) if 71 supports 72 and lies inside o (respectively outside
V2)-

If 41 and 42 share a point p = v1(t1) = 72(t2) and are not tangent
at t; and to, then at time t2 the curve ~s crosses v; moving from one of
its sides to the other. It follows that ;1 cannot locally support 2 at the
time parameters ¢; and to. Whence we get the following.

7.1. Definition-Observation. Let v, and 72 be two smooth plane
curves. Suppose Y1 locally supports vo at time parameters t1 and to. Then
Y1 18 tangent to o at t1 and to.

In such a case, if the curves are cooriented, and the region R in the
definition of supporting curves lies on the right (left) from the arc of 71,
then we say that 1 supports vo from the left (respectively right).

We say that a smooth plane curve v has a vertex at s if the signed
curvature function is critical at s; that is, if £'(s), = 0. If in addition to
that, v is simple, we could say that the point p = y(s) is a vertex of .

7.2. Exercise. Assume the osculating circle o5 of a smooth plane curve
v at s locally supports v at p = ~(s). Show that p is a vertex of .
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C Supporting test

The following proposition resembles the second derivative test.

7.3. Proposition. Let v1 and v be two smooth plane curves.
Suppose y1 locally supports o from the left (right) at the time param-
eters t1 and ty. Then

k1(t1) = ko(ta) (respectively ki(t1) < ka(t2)),

where k1 and ko denote the signed curvature of 1 and -2, respectively.
A partial converse also holds. Namely, if v1 and 2 tangent and coori-
ented at the time parameters t1 and to, and

k1(t1) > ko(ta) (respectively ki(t1) < ka(t2)),

then 1 locally supports vo from the left (right) at the time parameters t1
and tg.

Proof. Without loss of generality, we can assume that ¢; = t5 = 0,
the shared point v;(0) = ~2(0) is the origin, and the velocity vectors
71(0), v3(0) point in the direction of z-axis. Then small arcs v1|[—c 4]
and 72|[—¢,4+] can be described as a graph y = fi(z) and y = fa(z) for
smooth functions f; and f2 such that f;(0) = 0 and f/(0) = 0. Note that
7(0) = k1(0), and f4(0) = k2(0) (see 3.6)
Clearly, 1 supports o from the left (right) if

fi(x) = fa(x) (respectively f1(z) < fa(z))

for all sufficiently small values of z. Applying the second derivative test
the the function f; — fo, we get the result.
The partial converse can be proved along the same lines. O

7.4. Advanced exercise. Suppose that two smooth unit-speed simple
plane curves vy and 1 are tangent and cooriented at the point p = ~(0) =
= 71(0). Assume ko(s) < k1(s) for any s. Show that o locally supports
v1 from the right at p.

Give an example of two simple curves vy and 1 satisfying the above
condition such that o is closed, but does not support y1 at p globally.

According to 3.14, for any closed smooth curve that runs in a unit disc,
the average of its absolute curvature is at least 1; in particular, there is
a point where the absolute curvature is at least 1. The following exercise
says that this statement also holds for loops.

7.5. Exercise. Assume a smooth plane loop v runs in a unit disc. Show
that there is a point on v with absolute curvature at least 1.
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7.6. Exercise. Assume a closed smooth plane curve v runs between two
parallel lines at distance 2 from each other. Show that there is a point on
v with absolute curvature at least 1.

Try to prove the same for a smooth plane loop.

7.7. Exercise. Assume a closed smooth plane curve v runs inside a
triangle /\ with inradius 1; that is, a unit circle is tangent to all three
sides of /\. Show that v has curvature at least 1 at some point.

The three exercises above are baby cases of 7.16, but try to find a
direct solution.

7.8. Exercise. Let F' be a plane figure bounded by
two circle arcs o1 and oy of signed curvature 1 that
run from x to y. Suppose o1 is shorter than os.
Assume a smooth arc v runs in F and has both
endpoints on o1. Show that the absolute curvature
of v is at least 1 at some parameter value.

D Convex curves

Recall that a plane curve is convex if it bounds a convex region.

7.9. Proposition. Suppose a simple closed smooth plane curve vy bounds
a figure F'. Then F' is convez if and only if the signed curvature of v does
not change the sign.

7.10. Lens lemma. Let v be a smooth simple plane curve that runs
from x to y. Assume vy runs strictly on the right side (left side) of the
oriented line xy; only its endpoints x and y lie on the line. Then v has a
point with positive (respectively negative) signed curvature.

The lemma fails for curves with self-
intersections. For example, the curve v on the
picture always turns right, so it has negative cur-
vature everywhere, but it lies on the right side

Y x of the line zy.

Proof. Choose points p and ¢ on the w

line xy so that the points p, z,y, q ap- p

pear in that order. We can assume

that p and ¢ lie sufficiently far from z

and vy, so the half-disc with diameter _¢ P

pq contains 7. Y r
Consider the smallest disc segment with chord [p, g] that contains .

Its arc o supports v at some point w = (o).




D. CONVEX CURVES 83

Let us parametrize o from p to q. Note that v and o are tangent and
cooriented at w. If not, then the arc of v from w to y would be trapped
in the curvilinear triangle zwp bounded by the line segment [p,x] and
the arcs of o, v. But this is impossible since y does not belong to this
triangle.

It follows that o supports v at tg
from the right. By 7.3,

k(w)y = ko > 0. O

Remark. Instead of taking the mini-
mal disc segment, one can take a point
w on v that maximizes the distance to
the line zy. The same argument shows
that the curvature at w is nonnega-
tive, which is slightly weaker than the v T
required positive curvature.

Proof of 7.9; only-if part. If F is convex, then every tangent line
of v supports . If a point moves along -, the figure F' has to stay on
one side from its tangent line; that is, we can assume that each tangent
line supports v on one side, say on the right. Since a line has vanishing
curvature, the supporting test (7.3) implies that k& > 0 at each point.

If part. Denote by K the convex hull of F. If F/ Y2
is not convex, then F' is a proper subset of K.
Therefore, the boundary 0K contains a line seg-
ment that is not a part of OF. In other words,
there is a line that supports v at two points,
say  and y. These points divide v in two arcs
1 and 79, both distinct from the line segment
[z, y].

One of the arcs v; or 72 is parametrized from = to y and the other
from y to z. Passing to a smaller arc if necessary we can ensure that only
its endpoints lie on the line. Applying the lens lemma, we get that the
arcs 1 and 72 contain points with signed curvatures of opposite signs. [

7.11. Exercise. Suppose 7 is a smooth simple closed plane curve of
diameter larger than 2. Show that v has a point with absolute curvature
less than 1.

7.12. Exercise. Let v be a simple
smooth plane arc with endpoints p and q. Y

Suppose that ~ has nonnegative signed O{Mm
q p
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curvature and |p — q| is the mazximal dis-
tance between points on ~y. Show that the
arc vy and its chord [p,q] bound a convex figure of the plane.

7.13. Exercise. Show that any simple smooth plane curve v with cur-
vature at least 1 has diameter at most 2.
Try to prove that v lies in a unit disc.

E Moon in a puddle

The following theorem is a slight generalization of the theorem proved by
Vladimir Tonin and German Pestov [45]. For convex curves, this result
was known earlier [10, §24].

7.14. Theorem. Assume vy is a simple smooth plane loop
with absolute curvature bounded by 1. Then it surrounds a
unit disc.

This theorem gives a simple but nontrivial example of
the so-called local to global theorems — based on some
local data (in this case, the curvature of a curve) we conclude a global
property (in this case, the existence of a unit disc surrounded by the
curve).
A straightforward approach would be to start
with a disc in the region bounded by the curve
and blow it up to maximize its radius. However,
as one may see from the spinner-like example on
the picture it does not always lead to a solution
— a closed plane curve of curvature at most 1
may surround a disc of radius smaller than 1 that
cannot be enlarged continuously.

7.15. Key lemma. Assume 7 is a simple smooth plane loop. Then
at one point of v (distinct from its base), its osculating circle globally
supports v from the inside.

First, let us show that the theorem follows from the lemma.

Proof of 7.14 modulo 7.15. Since v has absolute curvature at most 1,
each osculating circle has radius at least 1. According to the key lemma,
one of the osculating circles o globally supports v from the inside. In
particular, ¢ lies inside v, whence the result. [l

Proof of 7.15. Denote by F' the closed region surrounded by . We can
assume that F lies on the left from . Arguing by contradiction, assume
that the osculating circle at each point p € v does not lie in F'.
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Given a point p € v let us consider the maximal circle that lies com-
pletely in F' and tangent to v at p. This circle, say o, will be called the
incircle of F' at p; its curvature k, has to be larger than k(p). Indeed,
since o supports 7 from the left, by 7.3 we have k, > k(p)+; in the case
of equality, o is the osculating circle at p. The latter is impossible by our
assumption.

It follows that ¢ has to touch 7 at another point. Otherwise, we can
increase ¢ slightly while keeping it inside F'.

Indeed, since ks > k(p), by 7.3 we can choose a neighborhood U of
p such that after a slight increase of o, the intersection U No is still in F.
On the other hand, if ¢ does not touch v at another point, then after
some (maybe smaller) increase of o the complement o \ U is still in F.
That is, a slightly increased o is still in ' — a contradiction.

Choose a point p; on ~ that is distinct from its base point. Let o1 be
the incircle at p;. Denote by 1 an arc of v from p; to a first point ¢; on
01. Denote by 61 and 1 two arcs of o1 from p; to g1 such that the cyclic
concatenation of &1 and ; surrounds & .

Let p2 be the midpoint of ;. Denote by o2
the incircle at ps.

The circle o9 cannot intersect 1. Otherwise,
if o9 intersects 61 at some point s, then o5 has to
have two more common points with &1, say x and
y — one for each arc of o5 from ps to s. Therefore,
01 = 09 since these two circles have three common
points: s, x, and y. On the other hand, by con-
struction, py € o9 and ps ¢ 01 — a contradiction.

Recall that o9 has to touch v at another point. From above, it follows
that oo can only touch ;. Therefore we can choose an arc o C 77 that
runs from ps to a first point g2 on os. Since po is the midpoint of 1, we
have that

Two ovals pretend to
be circles.

(1) length vo < % length ;.

Repeating this construction recursively, we get an infinite sequence of
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arcs 71 O Y2 D ...; by @, we also get that
length~y, — 0 as n — oco.

Therefore, the intersection 73 Ny2 N ... contains a single point; denote it
by pec-

Let 0o be the incircle at poo; it has to touch v at another point, say
Goo- The same argument as above shows that g.o € v, for any n. It
follows that ¢oo = ps — a contradiction. [l

7.16. Exercise. Assume a closed smooth curve v lies in a figure F
bounded by a simple closed plane curve. Suppose R is the maximal radius
of discs that lie in F'. Show that the absolute curvature of v is at least %
at some parameter value.

F Four-vertex theorem

Recall that a vertex of a smooth curve is defined as a
critical point of its signed curvature; in particular, any
local minimum (or maximum) of the signed curvature is a
vertex. For example, every point of a circle is a vertex.

7.17. Theorem. Any smooth simple closed plane curve @
has at least four vertices.

Evidently, any closed smooth curve has at least two vertices — where
the minimum and the maximum of the curvature are attained. On the
picture the vertices are marked; the first curve has one self-intersection
and exactly two vertices; the second curve has exactly four vertices and
no self-intersections.

The four-vertex theorem was first proved by Syamadas Mukhopad-
hyaya [68] for convex curves. One of our favorite proofs was given by
Robert Osserman [71]. Our proof of the following stronger statement is
based on the key lemma in the previous section. For more on the subject,
see [76] and the references therein.

7.18. Theorem. Any smooth simple closed
plane curve is globally supported by its osculat-
ing circle at least at 4 distinct points; two from
the inside and two from the outside.

Proof of 7.17 modulo 7.18. It is sufficient to
show that if an osculating circle o at a point p
supports  locally, then p is a vertex.
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If not, then a small arc around p has monotone curvature. Applying
the spiral lemma (6.11) we get that the osculating circles at this arc are
nested. In particular, the curve « crosses o at p. Therefore o does not
support v locally at p. O

Proof of 7.18. According to the key lemma (7.15), there is a point p €
such that its osculating circle supports v from the inside. The curve ~
can be considered as a loop with the base at p. Therefore, the key lemma
implies the existence of another point ¢ € v with the same property.

It shows gives a pair osculating circles that support « from the inside;
it remains to find another pair.

In order to get the osculating circles supporting v from the outside,
one can repeat the proof of the key lemma taking instead of incircle the
circle (or line) of maximal signed curvature that supports the curve from
the outside, assuming that -y is oriented so that the region on the left from
it is bounded. |

Alternative end of proof. If one applies to v an inversion with respect
to a circle whose center lies inside 7, then the obtained curve ~; also has
two osculating circles that support v; from the inside. According to 6.10,
these osculating circles are inverses of the osculating circles of . Note
that the region lying inside  is mapped to the region outside =1, and the
other way around. Therefore, these two circles (or lines) correspond to
the osculating circles supporting + from the outside. O

7.19. Exercise. Assume that a smooth simple closed
plane curve v is contained in a square with side 2 and
surrounds a square with diagonal 2. Show that v contains
a point with curvature 1.

7.20. Exercise. Suppose a smooth simple plane loop bounds a region of
area a. Show that it has curvature \/m/a at some point.

7.21. Advanced exercise. Suppose v is a simple D2
closed smooth plane curve, and o is a circle. Assume

~ crosses o at the points p1,...,Dp2.n, and these points b
appear in the same cycle order on v and on o. Show P2.n

that v has at least 2-n vertices.
Construct an example of a simple closed smooth plane curve v with
only 4 wvertices that crosses a given circle at arbitrarily many points.

7.22. Advanced exercise. Let vy be a simple smooth plane curve with
absolute curvature bounded by 1. Show that v surrounds two disjoint open
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unit discs if and only if its diameter is at least 4; that is, |p — q| > 4 for
some points p,q € 7.

The following exercise is a version of the four-vertex theorem for space
curves without parallel tangents; they exist by 3.8.

7.23. Advanced exercise. Let v be a closed smooth space curve that
has no pair of points with parallel tangent lines. Assume the curvature of
v does not vanish at any point. Show that v has at least four points with
zero torsion.



Part 1I: Surfaces




Chapter 8

Definitions

A Topological surfaces

We will be most interested in smooth surfaces defined in the following
section. The following general definition will be used only a few times.

A connected subset ¥ in the Euclidean space R? is called a topo-
logical surface (more precisely an embedded topological surface
without boundary) if any point of p € ¥ admits a neighborhood W
in ¥ that can be parametrized by an open subset in the Euclidean plane;
that is, there is a homeomorphism U — W from an open set U C R?; see
Section 0B.

B Smooth surfaces

Recall that a function f of two variables x and y is called smooth if all its
partial derivatives % f are defined and are continuous in the domain
of definition of f.

A connected set ¥ C R3 is called a smooth surface! if it can be
described locally as a graph of a smooth function in an appropriate coor-
dinate system.

More precisely, for any point p € 3 one can choose a coordinate system
(z,y, z) and a neighborhood U 3 p such that the intersection W = U NX
is a graph z = f(z,y) of a smooth function f defined in an open domain
of the (z,y)-plane.

Examples. The simplest example of a smooth surface is the (z,y)-plane
Il = {(2,9,2) €ER® : z=0}. The plane II is a surface since it can be

1We use it as a shortcut for the more precise term smooth regular embedded
surface.

90
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described as the graph of the function f(z,y) = 0.
All other planes are smooth surfaces as well since one can choose
a coordinate system so that it becomes the (x,y)-plane. We may also
present a plane as a graph of a linear function f(z,y) = a-x + b-y+ ¢ for
some constants a, b, and ¢ (assuming the plane is not perpendicular to
the (x,y)-plane, in which case a different coordinate system is needed).
A more interesting example is the unit sphere

S*={(z,y,2) eR® : & + > +2°=1}.

This set is not a graph, but it is locally a graph — it can be covered by
the following 6 graphs:

z= fr(v,y) = £V/1 - 22 —y?,
y:gi(x72)::t\/1_$2—z2,
/1 —y2 — 22

where each function fi, f_, g+, g—, hy, and h_ is defined in an open
unit disc. Any point p € S? lies in one of these graphs therefore S? is a
smooth surface.

T = hi(yaz)

C Surfaces with boundary

A connected subset in a surface that is bounded by one or more piecewise
smooth curves is called a surface with boundary; such curves form
the boundary line of the surface.

When we say surface we usually mean a smooth surface without
boundary. If needed, one may use the term surface with possibly
nonempty boundary.

D Proper, closed, and open surfaces

If the surface ¥ is formed by a closed set in R3, then it is called proper.
For example, for any smooth function f defined on the whole plane, its
graph z = f(x,y) is a proper surface. The sphere S? gives another example
of a proper surface.

On the other hand, the open disc

{(:C,y,z)ERS ca? 4yt <1, 220}

is not a proper surface; this set is neither open nor closed in R3.
A compact surface without boundary is called closed (this term is
closely related to the closed curve, but has nothing to do with closed set).
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A proper noncompact surface without boundary is called open (again,
the term open curve is relevant, but open set is not).

For example, the paraboloid z = z2 +1%? is an open surface; the sphere
S? is a closed surface. Note that any proper surface without boundary is
either closed or open.

The following claim is a three-dimensional analog of the plane sepa-
ration theorem (1.12). It might look obvious, but the proof is nontrivial;
it uses the so-called Alexander’s duality [41]. We omit its proof; it
would take us far away from the main subject.

8.1. Claim. The complement of any proper topological surface without
boundary (or, equivalently any open or closed topological surface) has ex-
actly two connected components.

E Implicitly defined surfaces

8.2. Proposition. Let f: R® — R be a smooth function. Suppose 0 is
a regular value of f; that is, V,f # 0 at any point p such that f(p) = 0.
Then any connected component ¥ of the level set f(x,y, z) = 0 is a smooth
surface.

Proof. Fix p € X. Since V,f # 0 we have f,(p) # 0, fy(p) # 0,
or f,(p) # 0. We may assume that f,(p) # 0; otherwise, permute the
coordinates x,y, z.

The implicit function theorem (0.26) implies that a neighborhood of
p in ¥ is the graph z = h(z,y) of a smooth function h defined on an
open domain in R2. It remains to apply the definition of smooth surface
(Section 8B). O

8.3. Exercise. For which constants { is the level set % + y?> — 2% =/
a smooth surface?

F Local parametrizations

Let U be an open domain in R?, and s: U — R? be a smooth map. We
say that s is regular if its Jacobian matrix has maximal rank; in this
case, it means that the derivatives s, and s, are linearly independent at
any (u,v) € U; equivalently s, X s, # 0, where x denotes the vector
product.

8.4. Proposition. If s: U — R3 is a smooth regular embedding of an
open connected set U C R?, then its image X = s(U) is a smooth surface.
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Proof of 8.4. Let s(u,v) = (z(u,v),y(u,v), z(u,v)). Since s is regular,
its Jacobian matrix
Ty Ty
Jacs = | yu  yo

Ru  Rv

has rank two at any point (u,v) € U.

Choose a point p € ¥; by shifting the (z,y, 2) and (u,v) coordinate
systems, we may assume that p = (0,0,0) = s(0,0). Permuting the
coordinates x,y, z if necessary, we may assume that the matrix (5* 37 ) is
invertible at the origin. Note that this is the Jacobian matrix of the map
(u,v) = (2(u, v), y(u,v)).

The inverse function theorem (0.25) implies that there is a smooth
regular map w: (z,y) — (u,v) defined on an open set W > 0 in the
(z,y)-plane such that w(0,0) = (0,0) and s o w(z,y) = (z,y, f(z,y))
where f =z ow. That is, the subset s o w(W) C X is the graph of f.

Again, by the inverse function theorem, w(W) is an open subset of U.
Since s is an embedding, our graph is open in ¥; that is, there is an open
set V' C R? such that sow(W) =V N is a graph of smooth function.

Since p is arbitrary, we get that ¥ is a smooth surface. O

8.5. Exercise. Construct a smooth reqular injective map s: R? — R3
such that its image is not a surface.

If we have s and ¥ as in the proposition, then we say that s is a
smooth parametrization of the surface X.

Not all smooth surfaces can be described by such a parametrization;
for example, the sphere S? cannot. However, any smooth surface ¥ admits
a local parametrization at any point p € ¥; that is, p admits an open
neighborhood W C ¥ with a smooth regular parametrization s. In this
case, any point in W can be described by two parameters, usually denoted
by v and v, which are called local coordinates at p. The map s is called
a chart of 3.

If W is a graph z = h(z,y) of a smooth function h, then the map

s: (u,v) = (u, v, h(u,v))

is a chart. Indeed, s has an inverse (u,v,h(u,v)) — (u,v) which is
continuous; that is, s is an embedding. Further, s, = (1,0, h,), and
sy = (0,1,h,). Whence the partial derivatives s, and s, are linearly
independent; that is, s is a regular map.

8.6. Corollary. A connected set ¥ C R? is a smooth surface if and only
if a neighborhood of any point in 3 can be covered by a chart.
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A function g: ¥ — R defined on a smooth surface ¥ is said to be
smooth if for any chart s: U — X, the composition g o s is smooth; that
is, all partial derivatives %(9 o s) are defined and continuous in the
domain of definition.

8.7. Exercise. Let ¥ C R? be a smooth surface. Show that a function
g: X — R is smooth if and only if for any point p € ¥ there is a smooth
function h: N — R defined in a neighborhood N C R® of p such that the
equality g(q) = h(q) holds for g € XN N.

Construct a smooth surface ¥ and a smooth function g: ¥ — R that
cannot be extended to a smooth function h: R3 — R.

8.8. Exercise. Consider the following map

S(u’ U) = (1+12L.27fi-v2 ’ 1+121,;—)i-v2 ’ l—i-ug-i-'u2 )

Show that s is a chart of the unit sphere centered at (0,0,1); describe the
image of s.

Let v(t) = (z(t),y(t)) be a plane curve. Recall
that the surface of revolution of the curve ~
around the z-axis can be described as the image of
the map

(t,8) — (x(t),y(t)- coss,y(t)- sin s).

The parameters t and s are called latitude and
longitude respectively; for fixed ¢t or s the ob-
tained curves are called parallels or meridians
respectively. The parallels are formed by circles in the plane perpendicu-
lar to the axis of rotation. The curve + is called the generatrix of the
surface.

8.9. Exercise. Assume v is a simple closed smooth plane curve that
does not intersect the x-axis. Show that the surface of revolution around
the x-axis with generatriz v is a smooth surface.

G Global parametrizations

A surface can be described by an embedding from a known surface.
For example, consider the ellipsoid

@:{(x,y,z)€R3 : i—j—l—?—j—ki-j:l}
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for positive constants a, b, and c¢. By 8.2, © is a smooth surface. Indeed,
2
let h(z,y,2) = z—j + %+ z—z, then

Vh($,y72) = (%"Tu b%yv C%Z)

Therefore, Vh # 0 if h = 1; that is, 1 is a regular value of h. It remains
to observe that © is connected.

The surface © can be defined as the image of the map S? — R3,
defined as the restriction of the following map to the unit sphere S2:

((E, Y, Z) = (a-x, by7 C'Z)'

A map f: X = R? (or f: ¥ — R?) is smooth if each of its coordinate
functions is smooth. Further, a smooth map f: ¥ — R3 is called a
smooth parametrized surface ifit is an embedding, and for any chart
s: U — X, the composition fosis regular; that is, the two vectors %(fos)
and %( fos) are linearly independent. In this case, the image ©* = f(X)
is a smooth surface. The latter follows since for any chart s: U — ¥ the
composition fos: U — X* is a chart of ¥*.

The map f is called a diffeomorphism from ¥ to ¥*; the surfaces
Y and X* are said to be diffeomorphic if there is a diffeomorphism
f: X — ¥*. The following exercise implies that being diffeomorphic is an
equivalence relation for surfaces.

8.10. Exercise. Show that the inverse of a diffeomorphism is a diffeo-
morphism.

8.11. Advanced exercise. Show the following.

(a) Complements of n-point sets in the plane are diffeomorphic to each
other.

(b) Open convex subsets of the plane bounded by smooth closed curves
are diffeomorphic to each other.

(¢) Any pair of open convex subsets of the plane are diffeomorphic to
each other.

(d) Open star-shaped subsets of the plane are diffeomorphic to each
other.



Chapter 9

First-order structure

A Tangent plane

9.1. Definition. Let X2 be a smooth surface. A vector W is tangent to
3 at p if and only if there is a curve v that runs in ¥ and has W as a
velocity vector at p; that is, p = y(t) and W =+/(t) for some t.

9.2. Proposition and definition. Let X be a smooth surface and p €
€ .. Then the set of tangent vectors of ¥ at p forms a plane; this plane
is called the tangent plane of ¥ at p.

Moreover, if s: U — % is a local chart and p = s(ug,vg), then the
tangent plane of ¥ at p is spanned by vectors s,(uo,vo) and s,(ug,vg).

The tangent plane to X at p is usually denoted by T, or T,X. This
plane might be considered as a linear subspace of R? or as a parallel plane
passing thru p; the latter is sometimes called the affine tangent plane.
The affine tangent plane can be interpreted as the best approximation at p
of the surface ¥ by a plane. More precisely, it has first-order contact
with ¥ at p; that is, p(q) = o(|p — ¢|), where ¢ € X, and p(q) denotes the
distance from ¢ to T),.

An assignment of a tangent vector v, to each point p of the surface
> is called a tangent vector field if v, depends smoothly of p. More
precisely, for any chart s we have

Vs(u,v) = a(uv ’U)'Su + b(ua U)'SU

for smooth functions a and b defined in the domain s.

Proof. Fix a chart s at p. Assume 7 is a smooth curve that starts at p.
We can assume that v is covered by the chart; in particular, there are
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smooth functions ¢t — u(t) and ¢ — v(¢) such that

Applying the chain rule, we get
7' = sy + 5,0

that is, 7' is a linear combination of s, and s,.
The smooth functions ¢ — u(t) and ¢ — v(t) can be chosen arbitrarily.
Therefore any linear combination of s, and s, is a tangent vector at p. [

9.3. Exercise. Let f : R3 — R be a smooth function with 0 as a regular
value, and ¥ be a surface described as a connected component of the level
set f(x,y,2z) = 0. Show that the tangent plane T,X is perpendicular to
the gradient V, f at any point p € X.

9.4. Exercise. Let X be a smooth surface and p € ¥.. Choose (z,y, z)-
coordinates. Show that a neighborhood of p in ¥ is a graph z = f(x,y)
of a smooth function f defined on an open subset in the (x,y)-plane if
and only if the tangent plane T, is not vertical; that is, if T, is not
perpendicular to the (x,y)-plane.

9.5. Exercise. Show that if a smooth surface ¥ meets a plane 11 at a
single point p, then 11 is tangent to ¥ at p.

B Directional derivative

In this section, we extend the definition of directional derivative to smooth
functions defined on smooth surfaces. First, let us recall the standard
definition for the plane.

Given a point p € R?, a vector W € R? and a function f: R? — R,
consider the function h(t) = f(p + t-w). Then the directional derivative
of f at p along W is defined as

Dwf(p) = hl(o)'

Recall that a function f: ¥ — R is said to be smooth if for any chart
s: U — X, the composition f o s is smooth.

9.6. Proposition-Definition. Let f be a smooth function defined on
a smooth surface ¥. Suppose v is a smooth curve in 3 that starts at p
with velocity vector W € Ty; that is, v(0) = p, and 7' (0) = w. Then
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the derivative (f o~)'(0) depends only on f, p, and W; it is called the
directional derivative of f along W at p and is denoted by

Dwf, Dwf(p), or Dwf(p)s

— we may omit p and X if it is clear from the context.
Moreover, if (u,v) — s(u,v) is a local chart and W = a-s, + b-s, at
p, then
Dyf=a(fos)y+b(fos).

Our definition agrees with the standard definition of the directional
derivative if 3 is a plane. Indeed, in this case, v(t) = p+ W-t is a curve in
Y that starts at p with velocity vector w. For a general surface, the point
p + W-t might not lie on the surface, and the value f(p + w-t) might be
undefined. In this case, the standard definition does not work.

Proof. Without loss of generality, we may assume that p = s(0,0) and
the curve 7y is covered by the chart s; if not we can chop ~. In this case,

V(t) = s(u(t), v(t))
for smooth functions u, v defined in a neighborhood of 0 such that «(0) =
=v(0) =0.
Applying the chain rule, we get that

7'(0) = u/(0)-5u +v'(0)-s0

at (0,0). Since w = +/(0) and the vectors s,, s, are linearly independent,
we get that a = v/(0) and b = v'(0).
Applying the chain rule again, we get that

o (fo7)(0) = a-(f o s)u+b-(fos).

at (0,0).

Notice that the left-hand side in @ does not depend on the choice of
the chart s, and the right-hand side depends only on p, w, f, and s. It
follows that (f o~)’(0) depends only on p, w, and f.

The last statement follows from @. O

9.7. Advanced exercise. Let X and Y be vector fields on a smooth
surface ¥. Suppose that X, and Y, are linearly independent at some point
p € X. Construct two functions u and v in a neighborhood of p such that

Dyu > 0, Dyu =0, Dyv =0, Dyv > 0.

Conclude that there is a chart of ¥ at p such that X and Y are tangent
to its coordinate lines.
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C Tangent vectors as functionals

In this section, we introduce a more conceptual way to define tangent
vectors. We will not use this approach in the sequel, but it is better to
know about it.

A tangent vector w € T, to a smooth surface ¥ defines a linear func-
tional' Dy, that swallows a smooth function ¢ on ¥ and spits its direc-
tional derivative Dy¢. The functional D obeys the product rule:

o Dy (p-9) = (Dw)-1b(p) + ¢(p)- (Dw)).

It is not hard to show that the tangent vector w is completely de-
termined by the functional Dy,. Moreover, tangent vectors at p can be
defined as linear functionals on the space of smooth functions that satisfy
the product rule @.

This definition grabs the key algebraic property of tangent vectors. It
might be a less intuitive way to think about tangent vectors, but it is often
convenient to use in the proofs. For example, 9.6 becomes a tautology.

D Differential of map

Recall that a smooth map from a domain on the plane to space is defined
in 0G. Let ¥ be a smooth surface in R?. A map s: 3¢9 — R? is called
smooth if, for any chart w: U — g, the composition s o w defines a
smooth map U — R3.

Any smooth map s from a surface ¥y to R? can be described by
its coordinate functions s(p) = (z(p),y(p), z(p)). To take a directional
derivative of the map we should take the directional derivative of each of
its coordinate functions.

Dys := (Dwx, Dwy, Dyw2).

Assume s maps one smooth surface ¥y to another 1. Let py € X and
p1 = s(po). Choose a curve vy in 3¢ such that v9(0) = pp and ~;(0) = w.
Observe that v; = so g is a smooth curve in 3. Curve 7 lies in ¥; and
~1(0) = p1; hence its velocity vector ¥4 (0) is in Tp, X1. By the definition of
the directional derivative, we have Dy s = 41(0). Therefore, Dyws € Tp, 3
for any w € T,,.

By 9.6, W = Dy s defines a linear map T, 2o — T, 31; that is,

D.ws=cDys and Dyjws= Dys+ Dys

1Term functional is used for functions that take a function as an argument and
return a number.
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for any ¢ € R and v,w € T,,. The map d,,s: Tp,30 — T}, X1 defined
by

dpyS: W= Dys
is called the differential of s at py.

The differential dp,, s can be described by a 2x2-matrix M in orthonor-
mal bases of Tj, ¥ and T, ¥1. Set jac, s = |det M]|; this value does not
depend on the choice of orthonormal bases in T,, %o and T), %;.2

Let r: ¥1 — X5 be another smooth map between smooth surfaces ¥,
and Yo, then

dpo (T ° S) = dplT © deS,

and therefore,
(3] jac,, (ros) = jac, r-jac,, s.

The constructions above can be applied to a chart s; in this case, the
surface ¥ is an open domain in R2. Then, the value jac, s can be found
using the following formulas:

jacs =8y X Sy| =

= \/<su, Su) (Sus Su) — (Su, Sp)? =
— \/det((Jacs) T Jacs]

where Jac s denotes the Jacobian matrix of s; see Section 0G.

E Surface integral and area

Let ¥ be a smooth surface, and h: ¥ — R be a smooth function. Let us
define the integral of h along a Borel set R C 3; most of the time we will
apply this definition to surfaces with boundary.

Recall that jac, s is defined in the previous section. Assume there is
a chart (u,v) — s(u,v) of ¥ defined on an open set U C R? such that
R C s(U). In this case, set

o //h = // ho s(u,v)-jac, ) s-du-dv.
R

s—H(R)

2The value jac, s has the following geometric meaning: if Rg is a region in Ty,
and R1 = (dp,s)(Ro) is its image, then

area R = jacp0 s- area Ryg.

This identity will play a key role in the definition of surface area.
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By the substitution rule (0.27), the right-hand side in @ does not
depend on the choice of s. That is, if s;: U; — X is another chart such
that s1(U1) D R, then

// hos(u,v)-jac, ) s-du-dv = // ho si1(u,v)- jac, ) s1-du-dv.

sy YR)

In other words, the defining identity @ makes sense.

A general region R can be subdivided into regions Rj, Rg... such
that each R; lies in the image of a chart. After that one could define the
integral along R as the sum

4/;1;:4/;1%2/%...

In case R is compact or h > 0, it is straightforward to check that the
value [[ . h does not depend on the choice of such subdivision.
The area of a region R in a smooth surface ¥ is defined as the surface

integral
area R = / / 1.
R

The following proposition is the substitution rule for surface integral.

9.8. Area formula. Suppose s: Yo — X1 is a diffeomorphism between
a smooth surfaces. Consider a region R C ¢ and a smooth function
f: X1 = R. Assume that either R is compact or f is non-negative. Then

//(fos)-jacs: / f.
R s(R)

In particular, if f =1, we have
//jacs = area[s(R)].
R

Proof. Follows from © and the definition of surface integral. O

Let ¥ and X5 be two smooth surfaces. A map f: X1 — X is called
length-nonincreasing if, for any curve v in ¥ we have length~y >
> length(fo~). The following theorem provides a more natural definition
of area. Despite its intuitive statement, the proof is well beyond the scope
of our book; it is based on a generalization of the area formula that works
for Lipschitz maps [29, 3.2.3].

9.9. Theorem. The area functional satisfies the following properties:
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(a) Sigma-aditivity: Let Ry, Ro,... be a sequence of disjoint Borel sets
in a smooth surface. Then

area(R; UR2U...) =areaRy +areaRy + ...

(b) Monotonicity: Let f: X1 — o be length-nonincreasing map between
two smooth surfaces. Suppose that Ry C 31 and Ro C Yo are Borel
sets such that f(Ry) D Ra. Then

area R, > area Rs.

(¢) Unit square has unit area.
Moreover, the area functional is uniquely defined by these properties
on all Borel sets.

Remark. The notion of the area of a surface is closely related to the
length of a curve. However, to define length we use a different idea — it
was defined as the least upper bound on the lengths of inscribed polygonal
lines. It turns out that an analogous definition does not work even for very
simple surfaces. The latter is shown by a classical example — Schwarz’s
boot. This example and different approaches to the notion of the area are
discussed in a popular article by Vladimir Dubrovsky [26].

F Normal vector and orientation

A unit vector that is normal to T, is usually denoted by v(p); it is uniquely
defined up to sign.

A surface ¥ is called oriented if it is equipped with a unit normal
vector field v or normal filed; that is, a continuous map p — v(p) such
that v(p) L T, and |v(p)] = 1 for any p. The choice of the field v is
called the orientation of ¥. A surface X is called orientable if it can
be oriented. Each orientable surface admits two orientations: v and —v.

Let X be a smooth oriented surface with unit normal field v. The map
v: Y — S? defined by p — v(p) is called the spherical map or Gauss
map.

For surfaces, the spherical map plays es-
sentially the same role as the tangent indi-
catrix for curves.

The Mobius strip on the picture gives an
example of a nonorientable surface — there
is no choice of a normal vector field that is
continuous along the middle of the strip (it
changes the sign if you try to go around).




G. SECTIONS 103

Each surface is locally orientable. In fact, each chart s(u,v) admits

an orientation
Su X Sp

p=_—-""7
[$0 X 4]

Indeed, the vectors s, and s, are tangent vectors at p; since they are lin-
early independent, their vector product does not vanish, and it is perpen-
dicular to the tangent plane. Evidently, (u,v) — v(u,v) is a continuous
map. Therefore, v is a unit normal field.

9.10. Exercise. Suppose a smooth surface ¥ has constant unit normal
vector vy. Show that X lies in a plane perpendicular to vg.

9.11. Exercise. Let 0 be a regular value of a smooth function h : R® —
R. Show that a connected component of the level set h(x,y,z) =0 is an
oriented surface.

Recall that any proper surface ¥ without boundary in the Euclidean
space divides it into two connected components (8.1). Therefore, we can
choose the unit normal field on ¥ that points into one of the components
of the complement; so, we obtain the following.

9.12. Observation. Any smooth proper surface without boundary in
the Euclidean space is orientable.

In particular, the Mobius strip does not lie on a proper smooth surface
without boundary.

G Sections

9.13. Lemma. Let ¥ be a smooth surface. Suppose f: ¥ — R is
a smooth function. Then for any constant ro there is an arbitrarily
close value r such that each connected component of the level set L, =
{x eER?: f(z) = r} s a smooth curve.

Proof. The surface ¥ can be covered by a countable set of charts s;: U; —
— Y. The composition f os; is a smooth function for any . By Sard’s
lemma (0.24), r is a regular value of each f o s; for almost all r.

Fix such a value r sufficiently close to g, and consider the level set
L, described by the equation f(x,y,z) = r. Any point on L, lies in the
image of one of the charts. From above, it admits a neighborhood which
is a smooth curve; hence the result. [l

9.14. Advanced exercise. LetII be the (z,y)-plane and A C II be any
closed subset. Construct an open smooth surface 3 such that NI = A.
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The exercise above says that plane sections of a smooth surface might
look complicated. The following corollary makes it possible to perturb
the plane so that the section becomes nice.

9.15. Corollary. Let ¥ be a smooth surface. Then for any plane 11
there 1s a parallel plane 1T* that lies arbitrarily close to 11 and such that
the intersection ¥ N II* is a union of disjoint smooth curves.



Chapter 10

Curvatures

In the previous chapter, we learned that the tangent plane to any smooth
surface has first-order contact with it. This means that up to first order,
all surfaces locally look the same at a given point. This is not the case
for second-order approximations, and this is the subject of this chapter.

A Tangent-normal coordinates

Fix a point p in a smooth oriented surface ¥; let v be its normal field.
Consider a coordinate system (z, y, z) with origin at p such that the (x, y)-
plane coincides with T,, and the z-axis points in the direction of the
normal vector v(p). Such coordinates are called tangent-normal co-
ordinates. By 9.4, we can present ¥ locally at p as a graph z = f(z,y)
of a smooth function. Note that

f(0,0) =0, f2(0,0) =0, £,(0,0) = 0.

The first equality holds since p = (0, 0,0) lies on the graph, and the other
two mean that the tangent plane at p is horizontal.

Set
l= fxx(ovo)a
m = f2y(0,0) = f4z(0,0),
n= fyy(ovo)'

The Taylor series for f at (0,0) up to the
second-order term can be then written as

flz,y) = %(6-172 +2-m-z-y +n-y?) + o(z® + y?).

105
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The values £, m, and n are completely determined by this equation. The
graph of Taylor polynomial

is called osculating paraboloid. It has second-order contact with

> at p.
Note that
l-a? + 2-m-:v-y+n-y2 = <Mp (.795)7 (Z)>7
where
_ L m _ fzz(oao) fzy(0a0)>
° My = (m n) - (fyx(ovo) fyy(0,0) )"

is the so-called Hessian matrix of f at (0,0).

B Principal curvatures

The tangent-normal coordinates give an almost canonically depend on
the point p; it is unique up to a rotation of the (z, y)-plane. Rotating the
(x,y)-plane results in rewriting the Hessian matrix M), in the new basis.

Since the matrix M, = (£ ™) is symmetric, by the spectral theorem

(0.19) it is diagonalizable by orthogonal matrices. That is, by rotating
the (z,y)-plane we can assume that m = 0. In this case,

(k1 O
(5 0)
the diagonal components k1 and ko of M, are called the principal cur-
vatures of 3 at p; they might also be denoted as k1(p) and ka(p), or

k1(p)s and ka(p)y; if we need to emphasize that we compute them at the
point p for the surface ¥. We will assume

k1 < ko

unless indicated otherwise.
If z = f(z,y) is a local graph representation of ¥ in these coordinates,
then
flz,y) = %(kl 22 4 ko -y?) + o(2? + y?).

The principal curvatures can be also defined as the eigenvalues of the
Hessian matrix M),. The eigendirections of M), are called the principal
directions of ¥ at p. If k1(p) # k2(p), then p has exactly two principal
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directions, which are perpendicular to each other; if k1 (p) = k2(p), then
all tangent directions at p are principal.

If we reverse the orientation of X, then the principal curvatures switch
their signs and indexes: k; converts into —ky and ko into —k;.

A smooth curve on a surface ¥ that always runs in the principal di-
rections is called a line of curvature of ¥. If k1 (p) # ka(p), then there
is a chart (u,v) — s(u,v) at p with coordinate lines formed by lines of
curvature (it follows from 9.7). Since principal directions are orthogonal
we have s, L s,.

10.1. Exercise. Assume a smooth surface % is mirror-symmetric with
respect to a plane II. Suppose ¥ and II intersect along a smooth curve .
Show that -y is a line of curvature of X.

C DMore curvatures

Let p be a point on an oriented smooth surface . Recall that ki (p) and
ka(p) denote the principal curvatures at p.
The product

K(p) = ki(p)-k2(p)

is called the Gauss curvature at p. We may denote it by K, K(p), or
K (p)s if we need to specify the point and the surface.

Since the determinant is equal to the product of the eigenvalues, we
get

K =0-n—m?,

where M, = (£ ™) is the Hessian matrix.

Reversing the orientation of ¥ does not change the Gauss curvature.
In particular, the Gauss curvature is well-defined for nonoriented surfaces.

10.2. Exercise. Show that any surface with positive Gauss curvature is
orientable.

The sum
H(p) = ki(p) + k2(p)

is called the mean curvature! at p. We may also denote it by H(p)s.
The mean curvature can be also interpreted as the trace of the Hessian
matrix M, = (f, ™); that is,

H=/{+n.

ISome authors define it as %(kl (p) + k2(p)) — the mean value of the principal

curvatures. It suits the name better, but it is not as convenient when it comes to
computations.
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Reversing the orientation of ¥ changes the sign of the mean curvature.
A surface with vanishing mean curvature is called minimal.

10.3. Exercise. Let ¥ be an oriented surface, and let Xy be a scaled
copy of X with factor A > 0; that is, X\ consists of the points \-x with
x € X. Show that

KA p)s, =% K(p)s and H(\p)s, = +-H(p)s

for anyp € X.

D Shape operator

In the following definitions, we use the notion of directional derivative
and differential defined in 9B and 9D.

Let p be a point on a smooth surface ¥ with orientation defined by
the unit normal field v. Given W € T, the shape operator? of W is
defined by

Shapep W = —Dyv.

Equivalently, the shape operator can be defined by
(2] Shape = —dv,

where dv denotes the differential of the spherical map v: ¥ — S?; that is,
dyv(v) = (Dyv)(p).

Recall that dyv is a linear map T,X — T,,)S?. Note that T,%
coincides with Tl,(p)S2 — both of them are normal subspaces to v(p).
Therefore, Shape, is indeed a linear operator T;, — T} (the latter also
will follow from 10.4).

For a point p € X, the shape operator of a tangent vector w € T,
will be denoted by Shapew if it is clear from the context which base
point p and which surface we are working with; otherwise, we may use
the notations

Shape, (W) or Shape,(W)s

as the situation requires.

2The following bilinear forms on a tangent plane
I(v,w) = (v,w), II(v,w) = (Shapev,w), III(v,w) = (ShapeV, Shape w)

are called the first, second, and third fundamental forms, respectively. His-
torically, these forms were introduced before the shape operator, but we will not touch
them.
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10.4. Theorem. Suppose (u,v) — s(u,v) is a smooth map to a smooth
surface ¥ with unit normal field v. Then

(Shape(sy), $u) = (Suu, V), (Shape(sy), $u) = (Suv, V),
(Shape(sy), Sv) = (Suw, V), (Shape(sy), $4) = (Syv, V),
(Shape(s,),v) =0, (Shape(s,),v) =0

for any (u,v).
Proof. We will use the shortcut v = v(u,v) for v(s(u,v)), so
(3] Shape(s,) = —Ds, v = —vy, Shape(s,) = —Ds, v = —1.
Note that v is a unit vector orthogonal to s, and s,; therefore
(v, 8u) =0, (v, 8y) =0, (v,vy = 1.

Taking partial derivatives of these two identities we get

<Vuu Su> + <V7 Suu> = 07 <V'uu Su> + <V7 Su'u> =Y,
<Vua Sv> + <I/7 Suv> = 07 <V'uu S'u> + <V7 Sv'u> =Y,
2-(vy,v) =0, 2-(vy,v) = 0.
It remains to plug in the expressions from ©. O

10.5. Exercise. Show that the shape operator is self-adjoint; that is,
(Shape U, v) = (U, Shape V)

for any U, v € T).

Let us denote by I, J and K the standard basis in the R3. Recall
that the components ¢, m, and n of the Hessian matrix are defined in
Section 10A.

10.6. Corollary. Let z = f(x,y) be a local representation of a smooth
surface ¥ in the tangent-normal coordinates at p. Suppose that its Hessian

matriz at p is (£ ™). Then

Shapel = £¢-14+m-J, ShapeJ = m-1+ n-J,
for the standard basis 1,J,K. That is, the multiplication by the Hessian
matriz describes its shape operator.

This corollary illustrates the close relationship between the curvatures
of a surface and its shape operator; the principal curvatures of ¥ at p are
the eigenvalues of Shape,,, the principal directions are the eigendirections
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of Shape,,, the Gaussian curvature is the determinant of Shape,,, and the
mean curvature is the trace of Shape,,.

Since the Hessian matrix is symmetric, the corollary also implies that
Shape is self-adjoint which gives a way to solve 10.5.

Proof. Note that s: (u,v) — (u,v, f(u,v)) is a chart of ¥ at p. Further-
more,

$4(0,0) =1, $,(0,0) =7, v(0,0) = K,
$uu(0,0) = £-K, Sup(0,0) = m-K, $u0(0,0) = n-K.
It remains to apply 10.4. O

10.7. Corollary. Let X be a smooth surface with orientation defined by
a unit normal field v. Suppose the spherical map v: ¥ — S? is injective.
Then

/ |K| = area[v(X)].

P

Proof. Choose an orthonormal basis of T, consisting of principal direc-
tions, so the shape operator can be expressed by the matrix (ko1 koz ).

Since Shape,, = —d,v, 10.6 implies that
jac, v = [det(g ) =K ()]
By the area formula (9.8), the statement follows. O

10.8. Exercise. Let X be a smooth surface with orientation defined by
a unit normal field v. Suppose the principal curvatures of X are 1 at all
points.
(a) Show that Shape,(W) =W for anyp € ¥ and W € T,X.
(b) Show that ¢ = p + v(p) is constant; that is, the point q does not
depend on p € . Conclude that ¥ is a subset of the unit sphere
centered at q.

10.9. Advanced exercise. Let X be a smooth surface with orientation
defined by a unit normal field v, and let Zy C ¥ be a connected set with
vanishing shape operator. Show that Zy lies in a plane.

We define the angle between two oriented surfaces at a point of their
intersection p as the angle between their normal vectors at p.

10.10. Exercise. Assume two smooth oriented surfaces X1 and X in-
tersect at constant angle along a smooth curve v. Show that if v is a
curvature line in X1, then it is also a curvature line in .
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Conclude that if a smooth surface ¥ intersects a plane or sphere along
a smooth curve 7y at a constant angle, then v is a curvature line of X.

10.11. Exercise. Let ¥ be a closed smooth surface with orientation de-
fined by a unit normal field v.
(a) Show that if t is sufficiently close to zero, then the set

Yy={p+tv(ip) :pel}

is a smooth surface.
(b) Show that for all t sufficiently close to zero we have

areaEt:areaE—t-//H+t2-//K,
b3l b))

where H and K denote mean and Gauss curvature of X.

10.12. Advanced exercise. Let ¥ be a smooth oriented surface pa-

rametrized by a coordinate rectangle as (u,v) — s(u,v). Set U = ‘z“‘,

V= Iz_ZI" denote by v(u,v) the normal unit vector at s(u,v).

Suppose U and V are principal directions at each point; let 0 and k =
= k(u,v) be their principal curvatures. Assume k does not vanish and
|su| =1 on some u-coordinate line.

(a) Show that v(u,v), U(u,v), and v(u,v) form an orthonormal frame
for any (u,v).

(b) Show that v(u,v), U(u,v), and V(u,v) depend only on v. Conclude
that u-coordinate lines are line segments.

(¢) Show that s, is proportional to s, at all points. Use it to show that
|su| =1 at all points.

(d) Show that for any fixed vy the value m depends linearly on u.

This exercise is the key part in the proof of the following theorem:
Any open surface with vanishing Gauss curvature is cylindrical; that
is, the surface is swept out by a family of parallel lines. Exercises 9.7 and
18.15 illustrate other parts of this proof. The mentioned theorem was
originally proved by Aleksey Pogorelov [82, IT §3 Thm 2| in more general
settings; it was rediscovered couple of times after that [40, 64].
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Curves 1n a surface

A Darboux frame

Suppose v is a smooth curve in a smooth
oriented surface . As usual, we denote
by v the unit normal field on ¥. Without
loss of generality, we may assume that ~ is
unit-speed; in this case, T(s) = 7/(s) is its
tangent indicatrix. Further we will use the
shortcut notation v(s) = v(y(s)).

The unit vectors T(s) and v(s) are or-
thogonal. Therefore there is a unique unit
vector p(s) such that T(s), u(s),v(s) is an
oriented orthonormal basis; it is called the Darboux frame of v in X.

Since T L v(s), the vector u(s) is tangent to ¥ at y(s). In fact,
p(s) is a counterclockwise rotation of T(s) by the angle 7 in the tangent
plane T.(5). This vector can also be defined as the vector product pu(s) :=
= v(s) x T(s).

Since « is unit-speed, we have that v L ' (see 3.1). Therefore, the
acceleration of v can be written as a linear combination of p and v; that
is

3

V"(5) = kg(s)-pu(s) + kn(s)-v(s).

The values ky(s) and k,,(s) are called geodesic and normal curvatures
of v at s, respectively. Since the frame T(s), u(s),v(s) is orthonormal,
these curvatures can be also written as the following scalar products:

kg(s) = (7"(s), n(s)) = kn(s) = (7"(s), v(5)) =
= (1'(s), u(s)), = (1'(s), v(s)).

112
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Since 0 = (T(s),v(s)) we have that

= (T(s),v(s)) =
= (1'(s), v(s))
= kn(s) + (T(s

!/

+(1(s), V/(s)) =

) T(s)V >

Applying the definition of the shape operator, we get the following.

11.1. Proposition. Assume ~y is a smooth unit-speed curve in a smooth
surface ¥.. Let p = v(so) and Vv =7'(sg). Then

kn(s0) = (Shape,(V), V),

where ky, denotes the normal curvature of v at so, and Shape,, is the shape
operator at p.

According to the proposition, the normal curvature of a smooth curve
in ¥ is completely determined by the velocity vector v. For that reason,
the normal curvature is also denoted by k., and

ky = (Shape,,(v), V)

for any unit vector v in T,

B Euler’s formula

Let p be a point on a smooth surface . Assume we choose tangent-
normal coordinates at p so that the Hessian matrix is diagonalized, then

we have »)
kl P 0 )
M =
3 < 0 ka(p)
Consider a vector W = a-1+b-J in the (x, y)-plane. Then by 10.6, we have

(Shape W, W) = a®-k1(p) + b*-ka(p).

If W is unit, then a? 4+ b?> = 1 which implies the following.

11.2. Observation. For any point p on an oriented smooth surface ¥,
the principal curvatures ki(p) and ka(p) are respectively the minimum
and mazimum of the normal curvatures at p. Moreover, if 6 is the angle
between a unit vector W € T}, and the first principal direction at p, then

kw(p) = k1 (p)-(cos 0)* + kz(p)- (sin 0)*.

The last identity is called Euler’s formula.
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11.3. Exercise. Let p be a point on a smooth surface. Show that the sum
of the normal curvatures for any pair of orthogonal tangent directions, at
p is H(p) — the mean curvature at p.

11.4. Exercise. Let p be a point on a smooth surface. Show that
%-H(p)2 — %K(p) s the average value squared normal curvatures at p;
that is, the average value of k2, for all unit vectors W € T,,.

11.5. Meusnier’s theorem. Let v be a smooth curve on a smooth
oriented surface . Let p = v(to), V. = 7'(to), and a = L(v(p),N(to));
that is, a is the angle between the normal vector to X2 at p and the normal
vector in the Frenet frame of v at tog. Then

K(to)- cosa = ky(to);

here k(to) and ky(tg) are the curvature and the normal curvature of v at
to, respectively.

Proof. Since v = T = kN, we get that

- COS v. O

11.6. Exercise. Let X be a smooth surface, p € ¥, and v € T, X a unit
vector. Assume that the normal curvature ky(p) does not vanish.
Show that the osculating circles at p of smooth curves in X that run

in the direction vV sweep out a sphere S with center at p+ % -v and radius

_ 1
r = &l

11.7. Exercise. Let v(s) = (x(s),y(s)) be a smooth unit-speed simple
plane curve in the upper half-plane, and ¥ be the surface of revolution
around the x-axis with generatriz . Assume that x’' # 0.
(a) Show that the parallels and meridians are lines of curvature on 3.
(b) Show that
) =)
y(s) |2/ (s)|

are the principal curvatures of 3 at (x(s),y(s),0) in the direction of
the corresponding parallel and meridian, respectively.

(c) Show that ¥ has Gauss curvature —1 at all points if and only if y
satisfies the differential equation y"” = y.
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The case y = e~ in (¢) is shown; this is the

so-called pseudosphere.
11.8. Exercise. Show that the catenoid defined
implicitly by the equation

(ch2)? = 22 4 ¢/?

is a minimal surface.

11.9. Exercise. Show that the helicoid defined by the following para-
metrization
s(u,v) = (u-sinwv, u- cosv,v)

is a minimal surface.

11.10. Exercise. Let ¥ be the sur-
face of revolution around the x-axis
with generatrizy = a-sinx for a con-
stant a > 0 and x € (0,7). Show that the Gauss curvature of ¥ does not
exceed 1.

11.11. Exercise. Let f: (a,b) = R be a smooth positive function and ¥
be a surface of revolution of the graph y = f(x) around x-azis. Suppose
Y has vanishing Gauss curvature. Show that f is a linear function; that
is f(x) = c-x + d for some constants ¢ and d.

C Lagunov’s fishbowl

The following question is a 3-dimensional analog of the moon in a puddle
problem (7.15).

11.12. Question. Assume a set V C R? is bounded by a closed surface
> with principal curvatures bounded in absolute value by 1. Is it true that
V' contains a ball of radius 17

11.13. Exercise. Show that Question 11.12 has an affirmative answer
if V is a body of revolution.

Later (see 12.7) we will show that the answer is “yes” for convex sets.
Now we are going to show by an example that the answer is “no” in the
general case; it was constructed by Vladimir Lagunov [54].

Construction. Let us start with a body of revolution V; whose cross-
section is shown on the next picture. The boundary curve of the cross-
section consists of 6 long horizontal line segments included in 3 simple
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closed smooth curves. (To make the curves smooth, one has to use cutoffs
and mollifiers from Section OF.) The boundary of V4 has 3 components,
each of which is a smooth sphere.

|
T
|
|
|
|
SN
|
|
|
|
NN

We assume that the curves have curvature at most 1. Moreover, except
for the almost horizontal parts, the curves have absolute curvature close
to 1 all the time. The only thick part in V; is the place where all three
boundary components come close together; the remaining part of V; is
assumed to be very thin. It could be arranged that the radius r of the
maximal ball in V; is just a bit above ro = % — 1. (The small black disc

on the picture has radius r2, assuming that the three big circles are unit.)
In particular, we may assume that r < %.

Exercise 11.7 gives formulas for the principal curva-
tures of the boundary of V;; which imply that both prin-
cipal curvatures are at most 1 in absolute value.

It remains to modify V; to make its boundary con-
nected without increasing the bounds on its principal cur-
vatures and without allowing larger balls inside.
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Each sphere in the boundary contains two flat discs;
they come into three pairs closely lying to each other. Let us drill thru
two of such pairs and reconnect the holes by a body of revolution whose
axis is shifted but stays parallel to the axis of V;. Denote the obtained
body by Va; its cross-section is shown on the picture.

Let us repeat the operation for the other two pairs of discs. Denote
the obtained body by V3.

Note that the boundary of V3 is connected. Assuming that the holes
are large, its boundary can be made so that its principal curvatures are

still at most 1; the latter can be proved in the same way as for V. O
The bound 7y = % — 1 is optimal; this and more was proved by

Vladimir Lagunov and Abram Fet [53, 55, 56].

The surface of V3 in Lagunov’s fishbowl has genus 2; that is, it can be
parametrized by a sphere with two handles.

Indeed, the boundary of V; con-

sists of three smooth spheres.

When we drill, we make four oy @ @ @
holes — two spheres get one hole
in each, and one sphere gets two
holes. We reconnect two spheres 0V m
with a tube and obtain one sphere.
By connecting the two holes of the
other sphere with a tube we get a 0V3
torus; it is on the left side in the

picture of V5. That is, the bound-
ary of V5 is formed by one sphere and one torus.

To construct V3 from V5, we make a torus from the remaining sphere
and connect it to the other torus by a tube. This way we get a sphere
with two handles.

11.14. Exercise. Modify Lagunov’s construction to make the boundary
surface a sphere with 4 handles.
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Supporting surfaces

A Definitions

We say two smooth surfaces 31 and Y5 are tangent at a point p € 31 MN39
if they share the tangent plane at this point. If the surfaces are oriented,
we say they are cooriented if they have a common unit normal vector
at p. If their normal vectors at p point in opposite directions, we say the
surfaces are counteroriented.

If there is a neighborhood U of p such that ¥; N U lies on one side
from ¥y in U, then we say that 35 locally supports ¥; at p. If this
happens, then 3; and >3 have to be tangent at p, and after adjusting the
orientation of one of them, we can assume they are cooriented.

Now, suppose 1 and Yo are cooriented at p. Let us describe 7 and
35 locally at p in tangent-normal coordinates as the graphs of functions
f1 and f3 respectively. 35 locally supports 31 at p if and only if either

fl('rvy) 2 fQ(Ivy) or fl('rvy) < fQ(Ivy)

holds for all (x,y) sufficiently close to the origin. In the former case, we
say 2o locally supports ¥; from the outside, and in the latter we say
Yo locally supports ¥; from the inside.

12.1. Proposition. Let X1 and X5 be smooth oriented surfaces. Assume
31 locally supports Yo from the inside at the point p (equivalently 3o
locally supports X1 from the outside). Then

kl(p)El 2 kl(p)22 and kQ(p)El 2 kQ(p)Ez'

12.2. Exercise. Construct two surfaces 31 and Xo that have a common
point p with a common unit normal vector that do not support each other,

but ky (p)El > k1 (p)22 and kQ(p)El > kQ(p)Ez'

118
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Proof of 12.1. We can assume that ¥; and X5 are graphs z = f1(z,y)
and z = fo(z,y) in common tangent-normal coordinates at p, so we have
12 fa

Choose a common tangent unit vector w € T,¥; = T},3. Consider
the plane II passing thru p and spanned by the normal vector v, and W.
Let 71 and 72 be the curves of intersection of ¥; and X5 with II.

Let us orient II so that the common normal vector v, for both surfaces
at p points to the left from w. Further, let us parametrize both curves
so that they are running in the direction of W at p and are therefore
cooriented. In this case, the curve ~; supports the curve 5 from the
right.

By 7.3, we have the following inequality Vp
for the normal curvatures of 31 and ¥, at p It 72
in the direction of w: M‘Z 7
W
o Fn(P), > b (p)s,- Y

According to 11.2,
ki(p)s, = min { kw(p)s; },

where w € T}, and |[w| = 1. Fix w
such that

Similarly, by 11.2,
ka(p)s; = max{kw(p)s, },

where w € T), and |[w| = 1. Fix w
such that

k2(p)s, = kw(p)s,-

By @, By @,
k1 (p)El = kW(p)El 2 k2(p)22 = W(p)22 <
> min { kv(p)s, } < max { ky(p)s, } =
= k1(p)s,- = k2(p)=,
Both times we assume that v € Tj, and |v| = 1. O

12.3. Corollary. Let 31 and Yo be oriented smooth surfaces. Assume
Y1 locally supports Yo from the inside at the point p. Then:

(a) H(p)s, = H(p)s,;

(b) If 3} (p)zz > 0, then K(p)zl > K(p)zz'

Proof; (a). The statement follows from 12.1 since H = k1 + ko.
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(b). Since k2(p)s, = k1(p)s,, and ki(p)s, = 0, we get that all the prin-
cipal curvatures k1(p)s,, k1(p)s,, k2(p)s,, and ka(p)s, are nonnegative.
By 12.1, it implies that

> k1(p)s, k2(p)s, = K(p)s,- O

12.4. Exercise. Show that any closed surface in a unit ball has a point
with Gauss curvature at least 1. Conclude that any closed surface has a
point with strictly positive Gauss curvature.

12.5. Exercise. Show that any closed surface that lies at distance at
most 1 from a straight line has a point with Gauss curvature at least 1.

B Convex surfaces

A surface that bounds a convex region is called convex.

12.6. Exercise. Show that the Gauss curvature of any conver smooth
surface is nonnegative at each point.

12.7. Advanced exercise. Assume R is a convex body in R® bounded
by a surface with principal curvatures at most 1. Show that R contains a
unit ball.

Recall that a region R in the Euclidean space is called strictly con-
vex if, for any two points z,y € R, any point z between z and y lies in
the interior of R.

For example, any open convex set is strictly convex. The cube (as
well as any convex polyhedron) gives an example of a non-strictly convex
set. Evidently, a closed convex region is strictly convez if and only if its
boundary does not contain a line segment.

12.8. Lemma. Let z = f(x,y) be the local description of a smooth
surface X in tangent-normal coordinates at a point p € 3. Assume both
principal curvatures of X are positive at p. Then the function f is strictly
convex in a neighborhood of the origin and has a local minimum at the
origin.

In particular, the tangent plane T, locally supports 3 from the outside
at p.

Proof. Since both principal curvatures are positive, by 10.6, we have

D2,£(0,0) = (Shape, (W), W) > ki(p) > 0
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for any unit tangent vector w € T, (in our coordinates, W is horizontal).
By continuity of the function (x,y,wW) — D2 f(x,y), we have that
D2 f(x,y) > 0if W # 0 and (=, y) lies in a sufficiently small neighborhood
of the origin. This property implies that f is a strictly convex function in
a neighborhood of the origin in the (x,y)-plane (see 0.28).
Finally, since V f(0,0) = 0, and f is strictly convex in a neighborhood
of the origin, f has a strict local minimum at the origin. (|

12.9. Exercise. Let ¥ be a smooth surface (without boundary) with
positive Gauss curvature. Show that any connected component of the in-
tersection of ¥ with a plane is either a single point or a smooth plane
curve whose signed curvature has constant sign.

C Convexity test

12.10. Theorem. Suppose X is an open or closed smooth surface with
positive Gauss curvature. Then X bounds a strictly convex region.

In the proof we will have to use that the surface is connected (by the
definition); otherwise, a pair of spheres would give a counterexample. It
is true that any closed smooth surface with nonnegative Gauss curvature
bounds a convex region, but the proof requires more work [36, 39, 84].

The same holds for surfaces with possible self-intersections. This was
proved by James Stoker [88], but he attributed the result to Jacques
Hadamard who proved a closely relevant statement [39, § 23].

From the next proof, one can also extract the following statement: any
closed connected locally convex region in the Euclidean space is convex.

Proof. Since the Gauss curvature is positive, we can assume that the
principal curvatures are positive at any point. Denote by R the region
bounded by ¥ that lies on the side of v; that is, v points inside R at any
point of X. (The region R exists by 8.1.)

Let us show that R is locally strictly convex; that is, for any
point p € 3, the intersection of R with a small ball centered at p is
strictly convex.

Indeed, suppose z = f(z,y) is a local description of ¥ in the tangent-
normal coordinates at p. By 12.8, f is strictly convex in a neighborhood
of the origin. In particular, the intersection of a small ball centered at p
with the epigraph z > f(x,y) is strictly convex.

Since 3 is connected, so is R; moreover, any two points in the interior
of R can be connected by a polygonal line in the interior of R.

Assume the interior of R is not convex; that is, there are points x,y €
R, and a point z between x and y that does not lie in the interior of R.
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Consider a polygonal line § from x to y in the interior of R. Let yo be
the first point on 8 such that the chord [z, yo] touches %, say at zg.

Since R is locally strictly convex, RN
N B(zp,¢€) is strictly convex for all suffi-
ciently small € > 0. On the other hand,
zo lies between two points in the intersec-
tion [, yo] N B(29,¢). Since [z,yo] C R, we
arrived to a contradiction.

Therefore, the interior of R is a convex
set. The region R is the closure of its inte-
rior, therefore R is convex as well.

Since R is locally strictly convex, its boundary Y contains no line
segments. Therefore, R is strictly convex. [l

12.11. Exercise. Assume a closed surface ¥ surrounds a unit circle.
Show that there is a point p € X with K(p) < 1.

12.12. Exercise. Let ¥ be a closed convexr smooth surface of diameter
at least 7; that is, there is a pair of points p,q € ¥ such that |p — q| > .
Show that ¥ has a point with Gauss curvature at most 1.

D DMore convexity

12.13. Theorem. Suppose ¥ is a closed smooth convex surface. Then

it 15 a smooth sphere; that is, 3 admits a smooth reqular parametrization
by S2.

12.14. Proof-guided exercise. Assume a con-
ver compact region R contains the origin in its
interior and is bounded by a smooth surface X.
(a) Show that any half-line that starts at the ori-
gin intersects ¥ at a single point; that is,
there is a positive function p: S — R such
that X consists of the points ¢ = p(§)-& for
£e s
(b) Show that p: S* — R is a smooth function. Conclude that &
= p(€)-€ is a smooth regular parametrization S? — .

12.15. Theorem. Suppose Y is an open smooth surface bounds a strictly
convez closed region. Then there is a coordinate system in which X is the
graph z = f(z,y) of a convex function f defined on a convex open region 2
of the (z,y)-plane. Moreover, f(Xn,yn) = 00 a8 (Tn,Yn) = (Too,Yoo) €
€ 00.
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12.16. Proof-guided exercise. Assume a
strictly convex closed noncompact region R con-
tains the origin in its interior and is bounded by
a smooth surface 3.

(a) Show that R contains a half-line £.

(b) Show that any line m parallel to ¢ intersects
> at most at one point.

(¢) Consider an (x,y, z)-coordinate system such
that the z-axis points in the direction of £.
Show that the projection of ¥ to the (x,y)
plane is an open convex set; denote it by Q.

(d) Conclude that ¥ is a graph z = f(x,y) of a
convex function f defined on Q.

(e) Prove the last statement in 12.15.

12.17. Exercise. Show that any open surface ¥ with positive Gauss
curvature is a topological plane; that is, there is an embedding R? — R?
with tmage Y.

Try to show that ¥ is a smooth plane; that is, the embedding f can be
made smooth and regular.

12.18. Exercise. Show that any open smooth surface 3 with positive
Gauss curvature lies inside an infinite circular cone. In other words,
there is an (x,y, z)-coordinate system in which ¥ lies in the region z >

> m-+/22 + y2 for a positive constant m.

12.19. Exercise. Assume X is a smooth convex surface with positive
Gauss curvature and v: ¥ — S? is its spherical map.

(a) Show that if ¥ is closed, then | (b) Show that if X is open, then
v: Y — S% is a bijection. v: Y = S? maps ¥ bijectively
Conclude that into a subset of a hemisphere.

Conclude that

/Z/K_M. /E/ngw,




Chapter 13

Saddle surfaces

A Definitions

A surface is called saddle if its Gauss curvature at each point is nonpos-
itive; in other words, the principal curvatures at each point have opposite
signs or at least one of them is zero.

If the Gauss curvature is negative at
each point, then the surface is said to be
strictly saddle; equivalently, this means
that the principal curvatures have opposite
signs at each point. In this case, the tan-
gent plane cannot support the surface even
locally — moving along the surface in the
principal directions at a given point, one
goes above and below the tangent plane.

13.1. Exercise. Let f: R — R be a smooth positive function. Show that
the surface of revolution of the graph y = f(x) around the x-axis is saddle
if and only if f is convex; that is, if f"(x) > 0 for any x.

A surface ¥ is called ruled if, for every point p € X, there is a line
¢, C ¥ passing thru p.

13.2. Exercise. Show that any ruled surface is saddle.
13.3. Exercise. Let X be an open strictly saddle surface and f: R® = R

be a smooth convex function. Show that the restriction of f to ¥ does not
have a point of local mazimum.

A tangent direction on a smooth surface with vanishing normal cur-
vature is called asymptotic. A smooth curve that always runs in an
asymptotic direction is called an asymptotic line.

124
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Recall that a set R in the plane is called star-shaped if there is a
point p € R such that for any « € R the line segment [p, 2] belongs to R.

13.4. Advanced exercise. Let vy be a closed smooth asymptotic line in
the graph z = f(x,y) of a smooth function f. Assume the graph is strictly
saddle in a neighborhood of v. Show that the region in the (x,y)-plane
bounded by the projection 7 of v cannot be star-shaped.

13.5. Advanced exercise. Let X be a smooth surface and p € . As-
sume K(p) < 0. Show that there is a neighborhood Q of p in X such that
the intersection of Q1 with the tangent plane T, is a union of two smooth
curves intersecting transversally at p; that is, their velocity vectors
at p are linearly independent.

B Hats

A closed surface cannot be saddle. Indeed, suppose X is a closed surface.
Consider the smallest sphere that surrounds ¥. The sphere supports X
at some point, and at this point, the principal curvatures must have the
same sign. The following more general statement is proved using the same
idea.

13.6. Lemma. Assume X is a compact
saddle surface, and its boundary line lies ? II
in a closed convex region R. Then the
entire surface ¥ lies in R.

]
i

l
0

I
\\ v.

Remark. In the case of strictly saddle sur-
face, the lemma can be deduced from 13.3.

|

(

|

——

Proof. Arguing by contradiction, assume
there is a point p € ¥ that does not lie
in R. Let II be a plane that separates p from R; it exists by 0.18. Denote
by ¥’ the part of ¥ that lies with p on the same side of II.

Since X is compact, it is surrounded by a sphere; let o be the circle of
intersection of this sphere and II. Consider the smallest spherical dome
Yo with boundary o that surrounds X'.

Yo supports X at some point g. Without loss of generality, we may
assume that ¥y and X are cooriented at ¢, and ¥ has positive principal
curvatures. In this case, ¥y supports X from the outside. By 12.3, we
have K(¢)x, > K(q)s, > 0, a contradiction. O

13.7. Exercise. Construct a proper saddle surface that does not lie in
the convex hull of its boundary line. (By 13.6 it cannot be compact.)
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13.8. Exercise. Let A be a compact smooth saddle surface with boundary
and p € A. Assume the boundary curve of A lies in the unit sphere
centered at p. Show that if A is a topological disc, then length(0A) > 2-7.

Show that the statement does not hold without assuming that A is a
topological disc.

Remark. In fact, area A > 7; that is, the unit plane disc has the minimal
possible area. This follows from the exercise by applying the so-called
coarea formula.

13.9. Exercise. Show that an open saddle surface cannot lie inside an
infinite circular cone.

A topological disc A in a surface X is called a hat of 3 if its boundary
line OA lies in a plane IT and A \ A lies strictly on one side of II.

13.10. Proposition. A smooth surface ¥ is saddle if and only if it has
no hats.

A saddle surface can contain a closed plane curve. For example, the
hyperboloid x2? + 2 — 22 = 1 contains the unit circle in the (x,%)-plane.
However, according to the proposition (as well as the lemma), a plane
curve cannot bound a topological disc (as well as any compact set) in a
saddle surface.

Proof. Since a plane is convex, the only-if part follows from 13.6; it
remains to prove the if part.

Assume Y is not saddle; that is, it has a point p with strictly positive
Gauss curvature; or equivalently, the principal curvatures k1 (p) and ko (p)
have the same sign. From now on we assume 0 < k1(p) < k2(p), the other
case being analogous.

Let z = f(z,y) be a graph representation of ¥ in tangent-normal
coordinates at p. Consider the set F. in the (z,y)-plane defined by the
inequality f(z,y) < e. By 12.8, f is convex in a small neighborhood of
(0,0). Therefore, F; is convex, for sufficiently small € > 0. In particular,
F_ is a topological disc.

The map (x,y) — (z,y, f(z,y)) defines a homeomorphism from F;. to

Ao ={(z,y,f(z,y) €R® : f(z,y) <e};

so A. is a topological disc for any small € > 0. The boundary line of A,
lies on the plane z = ¢, and the entire disc lies below it; that is, A. is a
hat of 3. O

The following exercise shows that A, is in fact a smooth disc. This
can be used to prove a slightly stronger version of 13.10; namely in the
definition of hats one can assume that the disc is smooth.
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13.11. Exercise. Let f: R? — R be a smooth strictly convex func-
tion with a minimum at the origin. Show that the set F. in the graph
z = f(x,y) defined by the inequality f(x,y) < € is a smooth disc for
any € > 0; that is, there is a diffeomorphism F. to the unit disc A =
={(z,y) eER* : 2 + 9> < 1}.

13.12. Exercise. Let L: R? — R3 be an affine transformation; that
is, a bijection R® — R3 that sends any plane to a plane. Show that for
any saddle surface ¥ the image L(X) is also a saddle surface.

C Saddle graphs

The following theorem was proved by Sergei Bernstein [§].

13.13. Theorem. Let f: R? — R be a smooth function. Assume its
graph z = f(x,y) is a strictly saddle surface in R®. Then f is not bounded;
that is, there is no constant C such that | f(x,y)| < C for any (z,y) € R

The theorem states that a saddle graph cannot lie between two hori-
zontal planes; combining this with 13.12, we get that saddle graphs can-
not lie between two parallel planes. The following exercise shows that the
theorem does not hold for saddle surfaces that are not graphs.

13.14. Exercise. Construct an open strictly saddle surface that lies be-
tween two parallel planes.

Since exp(z — y?) > 0, the following exercise shows that there are
strictly saddle graphs with functions bounded on one side; that is, both
(upper and lower) bounds are needed in the proof of the theorem.

13.15. Exercise. Show that the graph z = exp(z—y?) is strictly saddle.

The following exercise leads to a stronger version of Bernstein’s theo-
rem.

13.16. Advanced exercise. Let ¥ be an open smooth strictly saddle
surface in R3. Assume there is a compact subset K C ¥ such that the
complement X\ K is the graph z = f(x,y) of a smooth function defined in
an open domain of the (x,y)-plane. Show that the surface X is a graph.

The following lemma gives an analogue of 13.8, and will be used in
the proof of Theorem 13.13.

13.17. Lemma. There is no proper strictly saddle smooth surface that
has its boundary line in a plane 11 and lies at a bounded distance from a
line contained in I1.
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Proof. By 13.12, the statement can be reformulated in the following way:
There is no proper strictly saddle smooth surface with its boundary line
in the (x,y)-plane and contained in a region of the form:

R:{(:v,y,z)ER3:nggr,ogygr}.

Assume the contrary, let ¥ be such a surface. Consider the projection
$ of ¥ to the (z, z)-plane. It lies in the upper half-plane and below the
line z = r.

Consider the open upper half-plane H = { (r,2) €ER? : 2>0 } Let
O be the connected component of the complement H \ 3 that contains all
the points above the line z = r.

The set O is convex. If not, then there is a line segment [p, g| for some
p,q € © that cuts from ¥ a compact piece. Consider the plane II thru

[p, q] that is perpendicular to the (x, z)-plane. II cuts from ¥ a compact
region A. By a general position argument (see 9.13), we can assume that
A is a compact surface with its boundary line in II, and the remaining
part of A lies strictly on one side from II. Since the plane II is convex,
this statement contradicts 13.6.

Summarizing, © is an open convex set of H that contains all points
above z = r. By convexity, together with any point w, the set © con-
tains all points on the half-lines that start as w and point up; that is, in
directions with positive z-coordinate. In other words, with any point w,
the set © contains all points with larger z-coordinates. Since © is open it

can be described by an inequality z > rg. It follows that the plane z = rg
supports X at some point (in fact at many points). By 12.1, the latter is
impossible — a contradiction. O
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Proof of 13.13. Denote by ¥ the graph z = f(z,y). Assume the
contrary; that is, > lies between two planes z = +C.

The function f cannot be constant. It follows that the tangent plane
T, at some point p € ¥ is not horizontal.

Denote by X7 the part of ¥ that lies above T,,. Note that X* has at
least two connected components which are approaching p from both sides
in the principal direction with positive principal curvature. Otherwise,
there is a curve that runs in ¥ and approaches p from both sides. This
curve cuts a topological disc, say A, from ¥ with the boundary line above
or on T, and some points strictly below T,; the latter contradicts 13.6.
Summarizing, ¥ has at least two connected components.

s

The surface ¥ seen from above.

Let z = h(z,y) = a-x + b-y + ¢ be the equation of T,. Notice that
Xt ={(z,y, f(z,y)) € X : h(z,y) < f(z,y) }, hence it contains the con-
nected set

R_ ={(:E,y,f(w,y)) eX: h(xvy) < _C}

and is disjoint from

R+:{(a:,y,f(x,y)) SO h(I,y)>C}

Whence one of the connected components, say Ear, lies in the strip

RQZ{($,y,f($,y)) ex: |h($,y)| <C}

This set lies at a bounded distance from the line of intersection of T, with
the (z,y)-plane.

Let us move T, slightly upward and cut from EBL the piece above the
obtained plane, say iar . By the general position argument (9.13), we can
assume that 28‘ is a surface with a smooth boundary line; by construction
the boundary line lies in the plane. The obtained surface isr still lies at
a bounded distance to a line. The latter is impossible by 13.17. (|
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D Remarks

Bernstein’s theorem and the lemma in its proof do not hold for nonstrictly
saddle surfaces; counterexamples can be found among cylindrical surfaces
over smooth curves; see the end of 10D. In fact, it can be shown that
these are the only counterexamples; a proof is based on the same idea,
but it is more technical.

By 13.10, saddle surfaces can be defined as smooth surfaces without
hats. This definition can be used for arbitrary surfaces, not necessarily
smooth. Some results, for example, Bernstein’s characterization of saddle
graphs, can be extended to these generalized saddle surfaces. However,
this class of surfaces is far from being understood; see [4, Chapter 4] and
the references therein.
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Chapter 14

Shortest paths

A Intrinsic geometry

Geometry of surfaces is divided into intrinsic and extrinsic. We say that
something is intrinsic if it can be checked or measired within the sur-
face; for example, lengths of curves on the surface or angles between
them. Otherwise, if the definition of something essentially uses the am-
bient space, then this something is called extrinsic; examples include
normal curvature.

The mean curvature, as well as the Gauss curvature, are defined via
principal curvatures, which are extrinsic. Later (18.16) it will be shown
that remarkably the Gauss curvature is intrinsic — it can be calculated via
measurements within the surface. The mean curvature is not intrinsic; for
example, the intrinsic geometry of the plane is not distinguishable from
the intrinsic geometry of the graph z = (z + y)?. However, the mean
curvature of the former vanishes at all points, while the mean curvature
of the latter does not vanish, say at the origin.

The following exercise should help you get in the right mood; it might
look like a tedious problem in calculus, but it actually is an amusing
problem in geometry.

14.1. Exercise. A cowboy stands at the bottom
of a frictionless ice-mountain formed by a cone
with a circular base with the angle of inclination 6.
He throws up his lasso which slips neatly over the
tip of the cone, pulls it tight, and tries to climb.

What is the critical angle 8 at which the cow-
boy cannot climb the ice-mountain?

132
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B Definition

Let p and ¢ be two points on a surface 3. Recall that |p — ¢|s denotes
the induced length distance from p to g; that is, the greatest lower bound
of the lengths of paths in ¥ from p to q.

A path ~ from p to ¢ in ¥ that minimizes the length is called a short-
est path from p to ¢q. The image of such a shortest path will be denoted
by [p, q] or [p, ¢]s. If we write [p, ¢]s, we are assuming that such a shortest
path exists, and we have chosen one of them. In general, there might be
no shortest path between two given points, and there might be many of
them; this is shown in the following two examples.

.‘{"‘l‘?‘\\\
)

Nonuniqueness. There are plenty of shortest paths
between the poles of a round sphere — each meridian
is a shortest path. The latter follows from 2.22.

2L

Nonexistence. Let ¥ be the (z,y)-plane with the

origin removed. Consider two points p = (1,0,0)
and ¢ = (—1,0,0) in X. Let us show that there is no
shortest path from p to q in X. Se

Note that |p — ¢|x = 2. Indeed, given ¢ > 0, Jo="" o TT=ap
consider the point s. = (0,£,0). The polygonal path
ps.q lies in ¥, and its length 2-4/1 + €2 approaches 2 as ¢ — 0. It follows
that |p — q|s < 2. Since |p — q|s = |p — q|rs = 2, we get [p— ¢|s = 2.

It follows that a shortest path from p to ¢, if it exists, must have
length 2. By the triangle inequality, any curve of length 2 from p to ¢
must run along the line segment [p, ¢]; in particular, it must pass thru the
origin. Since the origin does not lie in X, there is no shortest path from
pto qin X.

14.2. Proposition. Any two points in a proper smooth surface (possibly
with boundary) can be joined by a shortest path.

Proof. Choose two points p and ¢ in a proper smooth surface ¥. Set
t=|p—gqls.
Since ¥ is smooth, the points p and ¢ can be joined by a piecewise
smooth path in X. Since any such path is rectifiable, ¢ has to be finite.
By the definition of induced length-metric (Section 2G), there is a
sequence of paths 7, from p to ¢ in X such that

length~y, - ¢ as n — co.

Without loss of generality, we may assume that length~y, < ¢+ 1 for
any n, and each -, is parametrized proportional to its arc-length. In
particular, each path v, : [0,1] — X is (£ + 1)-Lipschitz; that is,

[y(to) = v(t1)] < (€+1)-[to — ta]
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for any to,t1 € [0, 1].

The image of v, lies in the closed ball B[p, ¢ + 1] for any n. It fol-
lows that the coordinate functions of all ,, are uniformly equicontinuous
and uniformly bounded. By the Arzeld—Ascoli theorem (0.23), there is
a convergent subsequence of v, and its limit, say yso: [0,1] — R3, is
continuous; that is, 7., is a path. Evidently, v, runs from p to ¢; in
particular

length v, > 2.

Since ¥ is a closed set, 7o lies in 3.
Since length is semicontinuous (2.9), we get length v, < ¢. Therefore,
length v, = ¢; equivalently, v, is a shortest path from p to q. O

C Nearest-point projection

The following statement belongs to convex geometry, but we present its
proof since it plays a significant role in the sequel.

14.3. Lemma. Let R be a closed convex set in R3. Then for every point
p € R3 there is a unique point p € R that minimizes the distance to R;
that is, |p — p| < |p — x| for any point x € R.

Moreover, the map p — D is short; that is,

1) lp—al>p—dl
for any pair of points p,q € R3.

The map p — p is called the nearest-point projection; it maps
the Euclidean space onto R. If p € R, then p = p. In particular p = p for
any point p.

Proof. Fix a point p, and set
{=inf{|lp—=z|:z€R}.

Choose a sequence x,, € R such that |p — x,| = £ as n — oo.

Without loss of generality, we can assume that all the points z,, lie in
a ball of radius £ + 1 centered at p. Therefore, we can pass to a partial
limit p of x,; that is, p is a limit of a subsequence of z,. Since R is
closed, p € R. By construction

lp—p|l = lim [p—z,| ="
n—oo

Hence, the existence follows.
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D Assume there are two distinct points p,p’ € R that
minimize the distance to p. Since R is convex, their
midpoint m = %(ﬁ + p') lies in R. Since |p — p| =
= |p — p'| = ¢, the triangle [ppp’] is isosceles; therefore
the triangle [ppm] has a right angle at m. Since a leg of
a right triangle is shorter than its hypotenuse, we have

, _|p—m]| < £, a contradiction.
P moP It remains to prove @. We can assume that p # ¢;
otherwise, there is nothing to prove.
If £[pf] < %, then |p — x| < |p — p| for a point = € [p,q] close to p.
Since [p, g] C K, the latter is impossible.
Therefore, £[p7] > & or p = p. In both
cases, the orthogonal projection of p to the line |
pq lies behind p, or coincides with p. The same |
way we show that the orthogonal projection
of ¢ to the line pq lies behind ¢, or coincides
with ¢q. This implies that the orthogonal pro-
jection of the line segment [p, ¢] contains [p, g|.
Whence @ follows. O

D Shortest paths on convex surfaces

14.4. Theorem. Assume a surface 2 bounds a closed convex region R,
and p,q € X. Denote by W the outer closed region of ¥; in other words,
W is the union of ¥ and the complement of R. Then

lengthy > |p — q|s

for any path ~ in W from p to q. Moreover, if v does not lie in 3, then
the inequality s strict.

Proof. Let 4 be the nearest-point projection of v to R. The projection
7 lies in ¥ and connects p to g; therefore,

lengthy > [p — qls.
To prove the first statement, it remains to show that
(2] length v > length 4.

Consider a polygonal line py . .. p, inscribed in 4. Let pg ... p, be the
corresponding polygonal line inscribed in «y; that is p; = v(¢;) if p; = J(¢;).
By 14.3, |p; — pi—1| = |pi — pi—1| for any i. Therefore,

lengthpg...pn = lengthpg...Dy.
Applying the definition of length, we get @.
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It remains to prove the second statement.
Suppose there is a point w = (t1) ¢ %; note
that w ¢ R. Then there is a plane II that cuts
w from X; see 0.18).

The curve v must intersect II at two points:
one point before ¢; and one after. Let a =
= v(tp) and b = y(t2) be these points. The arc
of v from a to b is strictly longer that |a — bl;
indeed its length is at least |a — w| + |w — b],
and |a — w| + |w — b > |a — b| since w ¢ [a, b].

Remove from v the arc from a to b, and replace it with the line segment
[a,b]. Denote the obtained curve by 71, then

length v > length ;.
Since y; runs in W, we get

lengthy, > |p — ¢|s.

Hence the second statement follows. O

14.5. Exercise. Suppose X is an open or closed smooth surface with
positive Gauss curvature, and v is the unit normal field on ¥. Show that

Ip — q
Ip—qls <20t —
lv(p) +v(g)

for any two points p,q € .

14.6. Exercise. Suppose ¥ is a closed smooth sur- VNG |
face that bounds a convex region R in R® and II is a

plane that cuts a hat A from 3. Assume the reflection

of the interior of A across 11 lies in the interior of R.

Show that A is convex with respect to the intrinsic

metric of ¥; that is, if both endpoints of a shortest path in ¥ lie in A,
then the entire path lies in A.

Let us define the intrinsic diameter of a closed surface X as the
least upper bound of the lengths of shortest paths in the surface.

14.7. Exercise. Assume a closed smooth surface 2 with positive Gauss
curvature lies in a unit ball B.

(a) Show that the intrinsic diameter of ¥ cannot exceed .

(b) Show that the area of ¥ cannot exceed 4-.
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(zeodesics

A Definition

A smooth curve 7 in a smooth surface is called a geodesic if, for any ¢,
the acceleration 7" () is perpendicular to the tangent plane T. ).

15.1. Exercise. Show that the helix y(t) := (cost,sint,t) is a geodesic
on the cylindrical surface x2 +y* = 1.

Geodesics can be understood as the trajectories of particles that slide
on X without friction and external forces. Indeed, since there is no fric-
tion, the force that keeps the particle on ¥ must be perpendicular to X.
Therefore, by Newton’s second law of motion, we get that the acceleration
7" is perpendicular to T, ).

From a physics point of view, the following lemma is a corollary of the
law of conservation of energy.

15.2. Lemma. Let v be a geodesic in a smooth surface Xi. Then |v'| is
constant. Moreover, for any A € R, the curve yx(t) := y(A\-t) is a geodesic
as well.

In other words, any geodesic has a constant speed, and multiplying its
parameter by a constant yields another geodesic.

Proof. Since ¥/(t) is a tangent vector at y(¢), we have that v/ () L +/(¢),
or equivalently (v",~') = 0 for any t. Hence (v',7) = 2-(v",7) = 0.
That is, |[7/|> = (v, *y ') is constant.

The second part follows since 74 (t) = A%-y" (At). O

The statement in the following exercise is called Clairaut’s rela-
tion; it can be obtained from the conservation of angular momentum.
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15.3. Exercise. Let v be a geodesic on a smooth surface of revolution.
Suppose r(t) denotes the distance from (t) to the axis of rotation and
0(t) — the angle between ' (t) and the latitudinal circle thru (t).

Show that the value r(t)- cosO(t) is constant.

Recall that an asymptotic line is a curve in the surface with van-
ishing normal curvature.

15.4. Exercise. Assume a curve 7 is a geodesic and, at the same time,
an asymptotic line of a smooth surface. Show that v is a straight-line
segment.

15.5. Exercise. Assume a smooth surface ¥ is mirror-symmetric with
respect to a plane II. Suppose ¥ and 11 intersect along a smooth curve .
Show that v, parametrized by arc-length, is a geodesic on X.

B Existence and uniqueness

The following proposition says that the motion without friction and ex-
ternal forces depends smoothly on its initial data. The formulation uses
the smoothness of the map w, which spits a point in R? for a point p
on the surface ¥, a tangent vector v at p, and a real parameter ¢t. In
a chart s on X, the point p is described by a pair of coordinates (u,v),
and the vector v can be expressed as the sum a-s, + b-s,. Therefore, in
local coordinates, w is defined by the mapping (u,v,a,b,t) — w(p, v,t)
from a subset of R® to R3, to which the usual definition of smoothness
applies. Now, the map (p, v,t) — w(p, v, t) is considered to be smooth if
it is described by a smooth mapping (u,v,a,b,t) — w(p, V,t) in any local
coordinates on 3.

15.6. Proposition. Let X be a smooth surface without boundary. Given
a tangent vector V to ¥ at a point p, there is a unique geodesic v: 1 — %
defined on a maximal open interval 1 5 0 that starts at p with velocity vec-
tor v; that is, v(0) = p and +'(0) = v. Moreover, we have the following.
(a) The map w: (p,Vv,t) — v(t) is smooth, and it has an open domain
of definition'.
(b) If ¥ is proper, then I = R; that is, v is defined on the entire real
line.

A surface that satisfies the conclusion of (b) for any tangent vector v
is said to be geodesically complete. So part (b) says that any proper

1That is, if w is defined for a triple p € &, v € Tp, and t € R, then it is also defined
for any triple ¢ € £, u € Tp, and s € R, where ¢, U, and s are sufficiently close to p,
v, and t, respectively.
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surface without boundary is geodesically complete. This is a part of the
Hopf-Rinow theorem [42].

In the proof, we will rewrite the definition of a geodesic using a differ-
ential equation and then apply Theorems 0.30 and 0.29.

15.7. Lemma. Let f be a smooth function defined on an open domain
in R2. A smooth curve t — ~(t) = (z(t),y(t),2(t)) is a geodesic in the

graph z = f(x,y) if and only if z(t) = f(x(t),y(t)) for any t and the
functions t — x(t) and t — y(t) satisfy a system of differential equations

x/I = g(x7y’ Il7yl)7
y" =h(z,y,2",y),

where g and h are smooth functions of four variables uniquely determined

by f.

Proof. The first condition z(t) = f(«(¢),y(¢)) simply means that ~(t)
lies on the graph z = f(z,y).

In the following calculations, we often omit the arguments; in other
words, we may use shortcuts z = z(t), f = f(z,y) = f(x(t),y(t)), and so
on.

First, let us express z” in terms of f, z, and y.

= fay) =
0 = (fod + fyy)) =
= fmm'(l'/)z + fac'x” + 2'fmy'$/'y/ + fuu(y/)Q + fy'y”'
The condition
V() L Ty

means that 7" is perpendicular to the two basis vectors in T ; that is,

(7", sz)

("5 8y)

where s(z,y) := (z,y, f(x,y)), * = z(t), and y = y(t). Observe that
/1

sy = (1,0, fy) and s, = (0,1, f,). Since v = (2”,y", 2""), we can rewrite
our system as

0,
0,

2 e =0,
y" + fy-2" =0.

It remains to plug in @ for 2/, combine the similar terms, and simplify. [

Proof of 15.6. Let z = f(x,y) be a description of ¥ in tangent-normal
coordinates at p. By Lemma 15.7, the condition ”(t) L T, can be
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written as a system of second-order differential equations. From 0.30 and
0.29 we get the existence and uniqueness of a geodesic v in an interval
(—¢,¢) for some € > 0.

Let us extend the geodesic v to a maximal open interval I. Suppose
there is another geodesic v; with the same initial data that is defined on
a maximal open interval I;. Suppose 1 splits from ~ at some ty > 0;
that is, 71 and v coincides on the interval [0,%p), but they are different
on any interval [0,y + 0) with 6 > 0. By continuity, v1 (o) = (o), and
v (to) = 7'(to). Applying 0.30 and 0.29 again, we get that v, coincides
with ~ in a small neighborhood of ¢y — a contradiction.

The same argument shows that v; cannot split from v at o < 0. It
follows that v; = ~y; in particular, I; = L.

If 3 is the graph of a smooth function, then part (a) follows from 0.30,
0.29, and the lemma. In this case, the mapping

W(pa v, t) = %U)(p, v, t)

is also smooth. Note that W(p, v,t9) € T, is the velocity vector of the
geodesic v: t — w(p,V,t) at time to.

In the general case, suppose w(p,V,b) is defined for b > 0; that is,
the geodesic v: t — w(p, v,t) is defined on the interval [0, b]. Then there
exists a partition 0 = tg < t1 < --- < t, = b of the interval [0, b] such that
each geodesic segment 7|, _, +,) is covered by a chart defined by some
tangent-normal coordinates. Set p; = y(¢;) and v; = v/(¢;), so pg = p
and vo = V. Since |, _, s, lies in a graph, by the previous reasoning,
we conclude that for each ¢, the mappings w and W are defined and
smooth in a neighborhood of the triples (p;—1, Vi—1,%; — t;—1). Note that
pi = U}(pifl,\/ifl,ti — tifl) and V; = W(pifl,\/ifl,ti — tifl) for each 3.
Since the composition of smooth mappings is smooth, the mapping w is
smoothly defined in a neighborhood of the triple (p, v, b).

The case b < 0 is similar; so, we have obtained the general case in (a).

Assume (b) does not hold; that is, the maximal interval I is a proper
subset of R. Without loss of generality, we may assume that b = supl <
< oo. (If not, switch the direction of ~.)

By 15.2, |7/] is constant; in particular, ¢ — ~y(¢) is a uniformly contin-
uous function. Therefore, the limit point ¢ = lim;_,;, y(¢) is defined. Since
3 is a proper surface, ¢ € X.

Applying the argument above in a tangent-normal coordinate chart at
q, we conclude that v can be extended as a geodesic beyond g. Therefore,
I is not maximal — a contradiction. |

15.8. Exercise. Let X be a smooth torus of revolution; that is, a surface
of revolution whose generatrix is a smooth closed curve. Show that any
closed geodesic on % is noncontractible.
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(In other words, if s: R? — X is the natural bi-periodic parametri-
zation of ¥, then there is no closed curve v in R? such that so~ is a
geodesic.)

C Exponential map

Let ¥ be a smooth surface and p € ¥. Given a tangent vector v € T,
consider a geodesic vy in X that starts at p with initial velocity v; that
is, 7(0) = p and +/(0) = v.

Let us define the exponential map? at p by

exp,: V= (1)

By 15.6, this map is smooth, and it is defined in a neighborhood of zero
in the tangent plane T); moreover, if ¥ is proper, then exp,, is defined on
the entire plane T),.

The exponential map is defined on the tangent plane (or an open
subset of it), which is a smooth surface, and its target is another smooth
surface. We can identify the plane T, with its tangent plane TT}, so the
differential do(exp,): vV + Dy exp, maps T, to itself. Furthermore, by
Lemma 15.2, this differential is the identity map; that is, do exp, (V) = v
for any v € T,,.

Summarizing, we get the following statement:

15.9. Observation. Let X be a smooth surface and p € . Then:

(a) The exponential map exp, is smooth, and its domain Dom(exp,)
contains a neighborhood of the origin in T,. Moreover, if ¥ is
proper, then Dom(exp,) = T,

(b) The differential do(exp,): T, — T, is the identity map.

It is easy to check that Dom(expp) is star-shaped in T,; the latter
means that if v € Dom(exp,,), then A\-v € Dom(exp,) for any 0 < A < 1.

D Injectivity radius

Theinjectivity radius of ¥ at p (briefly inj(p)) is defined as least upper
bound on radii 7, > 0 such that the exponential map exp,, is defined on
the open ball By, := B(0,7,)T,, and the restriction exp,, |p, is a smooth
regular parametrization of a neighborhood of p in X.

15.10. Proposition. Injectivity radius is positive at any point on a
smooth surface ¥ (without boundary). Moreover, it is locally bounded

2Explaining the reason for this term, would take us far away from the subject.
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away from zero; that is, for any p € X there is € > 0 such that if
Ip — qls < & for some q € X, then inj(q) > e.

In fact, it is true that the function inj: 3 — (0, 00] is continuous [37,
5.4]. The proof of the proposition uses 15.9 and the inverse function
theorem (0.25).

Proof. Let z = f(x,y) be a local graph representation of ¥ in tangent-
normal coordinates at p. In this case, the (z,y)-plane coincides with the
tangent plane T),.

Denote by h the composition of exp, with the projection (z,y,2) —
— (z,y). By 15.9, the differential dyph is the identity; in other words, the
Jacobian matrix of h at 0 is the identity. Applying the inverse function
theorem (0.25) we get the first part of the proposition.

The proof of second part is similar, but more technical.

Denote by h, the composition of exp, with the orthogonal projection
(x,y,2) — (z,y). Consider the chart s: (u,v) — (u,v, f(u,v)). Let

m: (u,v,a,b) — hqe(V),

where ¢ = s(u,v) and Vv = a-s,+b-s,. By 15.6, m is a smooth map defined
in a neighborhood of 0. Passing to a smaller neighborhood of 0, we can
assume that first and second partial derivatives of m are bounded. Form
above, the Jacobian matrix of (a,b) — m(0,0,a,b) at 0 is the identity.
It follows that for small fixed v and v the Jacobian matrix of (a,b) —
— m(u,v,a,b) at 0 is close to identity. In particular, we can apply the
second part of the inverse function theorem (0.25) to the map (a,b) —
— m(u,v,a,b) for small fixed u and v, hence the result. O

The proof of the following statement will be indicated in 18.5.

15.11. Proposition. Let p be a point on a smooth surface ¥ (without
boundary). If exp, is injective in B, = B(0,7)T,, then the restriction
exp,, |B, is a diffeomorphism between B, and its image in ¥.

In other words, inj(p) can be defined as the least upper bound on r
such that exp,, is injective in the ball B(0,7)r,.

E Shortest paths are geodesics

15.12. Proposition. Let X be a smooth surface. Then any shortest path
v in X parametrized proportional to its arc-length is a geodesic in . In
particular, v is a smooth curve.

A local converse also holds: any point p in ¥ has a neighborhood U
such that any geodesic that lies entirely in U is a shortest path.
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In particular, a sufficiently short arc of any geodesic is a shortest path.
A geodesic that is also a shortest path is called minimizing. As one can
see from the following exercise, geodesics might fail to be minimizing.

15.13. Exercise. Let X be the cylindrical surface described by the equa-
tion x® + y?> = 1. Show that the heliz ~v: [0,2-7] — X defined by y(t) :=
:= (cost,sint, t) is a geodesic, but not a shortest path on X.

A formal proof of the proposition will be given in Section 18B. The
following informal physical explanation might be sufficiently convincing.
In fact, if one assumes that v is smooth, then it is easy to convert this
explanation into a rigorous proof.

Informal explanation. Let us think about a shortest path v as a stable
position of a stretched elastic thread that is forced to lie on a frictionless
surface. Since it is frictionless, the force density N = N(t) that keeps v
in the surface must be proportional to the normal vector to the surface
at y(t).

Denote the tension by 7 the tension in the thread. It has to be the
same at all points; otherwise, the thread would move back or forth, and
it would not be stable.

We can assume that v has unit speed; in this case, the net force from
tension along the arc 4,1 is 7-(7'(t1) — 7'(to)). Hence, the density of
the net force from tension at tg is

V' (t1) — ' (to)

R Ry

= T"}/”(to).
By Newton’s second law of motion, F + N = 0; hence 7" (t) L T,»X. O

15.14. Corollary. Let p be a point on a smooth surface X3, and r <
< inj(p). Then the exponential map exp,, defines a diffeomorphism from
B(0,r)1, to B(p,7)s.

Proof. By 15.11, the restriction of exp, to B, = B(0,7)t, is a diffeo-
morphism to its image exp,(Bp) C X.

Evidently, B(p,r)s D exp,(By). By 15.12, B(p,7)s C exp,(B,),
hence the result. |

By the corollary, the restriction exp, | B(0,)1, admits an inverse map
called logarithmic; it is denoted by

log,: B(p,7)s — B(0,7)T,,.

According to the proposition above, any shortest path parametrized
by its arc-length is a smooth curve. This observation helps to solve the
following two exercises:
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15.15. Exercise. Show that if two shortest paths have two distinct com-
mon points p and q, then either p and q are the endpoints of both shortest
paths, or both shortest paths share a common arc from p to q.

Show by an example that nonoverlapping geodesics can cross each other
an arbitrary number of times.

15.16. Exercise. Assume a smooth surface 3 is mirror-symmetric with
respect to a plane II. Show that no shortest path in ¥ can cross I1 more
than once.

In other words, if you travel along a shortest path, then you change
sides of IT at most once.

15.17. Advanced exercise. Let ¥ be a
smooth closed strictly convex surface in R3
and y: [0,£] = X be a unit-speed minimizing
geodesic. Set p=~v(0), ¢ =~(¢), and

p° =(s) = 5:7'(s).

Show that for any s € (0,£), one cannot
see q from p®; that is, the line segment [p®, q|
intersects ¥ at a point distinct from q.

Show that the statement does not hold without assuming that v is min-
1Mizing.

15.18. Exercise. Let ¥ be a smooth closed surface. Suppose that for
any p,q € X the distance |p — q|x depends only on the distance |p — q|gs.
Show that 3 is a round sphere.

F Liberman’s lemma

A version of the following lemma was used by Joseph Liberman [62].

15.19. Lemma. Let f be a smooth locally convex function defined on
an open subset of the plane. Suppose t — ~(t) = (x(t),y(t), z(t)) is a
unit-speed geodesic on the graph z = f(x,y). Then t — z(t) is a convex
function; that is, 2" (t) = 0 for any t.

Proof. Choose the orientation on the graph so that the unit normal
vector v always points up; that is, v has a positive z-coordinate at each
point. Let us use the shortcut v(¢) for v(y(¢)).

Since 7 is a geodesic, we have v"(t) L T, or equivalently the accel-
eration 7" (¢) is proportional to v(t) for any ¢. Furthermore,

,Y// — k'V,
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where k = k(t) is the normal curvature of the graph at v(¢) in the direction
of v/(t).
Therefore,

(2] 2" = k- cosb,

where 6 = 0(t) denotes the angle between v(t) and the z-axis.

Since v points up, we have 6(t) < 7, or equivalently cos > 0.

Since f is convex, the tangent plane supports the graph from below at
any point; in particular, k(t) > 0 for any ¢. It follows that the right-hand
side in @ is nonnegative; whence the statement follows. O

15.20. Exercise. Let X be the graph of a locally convex function defined
on an open subset of the plane. Show that ¥ has no closed geodesics.

15.21. Exercise. Assume v is a unit-speed geodesic on a smooth convex
surface 3, and a point p lies in the interior of the conver set bounded
by 3. Set p(t) = |p —~v(t)]?. Show that p"(t) < 2 for any t.

G Total curvature of geodesics

Recall that ®(+y) denotes the total curvature of the curve ~; see 3E.

15.22. Exercise. Let v be a geodesic on an oriented smooth surface %
with unit normal field v. Show that length(v o) = ®(y).

15.23. Theorem. Assume X is the graph of a convex (-Lipschitz func-
tion f defined on an open set in the (x,y)-plane. Then the total curvature
of any geodesic in ¥ is at most 2-£.

This theorem was first proved by Vladimir Usov [96].

Proof. Let ¢t — ~(t) = (z(t),y(t), z(t)) be a unit-speed geodesic on .
According to Liberman’s lemma (15.19), the function ¢ — z(t) is convex.
Since the slope of f is at most ¢, we have

Y4
V1402

for any t. We can assume that v is defined on the interval [a,b]. Then

12'()] <

b
(3] /z”(t)dt =2'(b) — Z'(a) < 2-
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Also, note that 2" is the projection of v to the z-axis. The slope of
the tangent plane T ;)% cannot be greater than ¢ for any ¢. Because »"
is perpendicular to that plane, we have that

V(O < 2"(6)-V1+ £,

By ©, we get that

< 24

By the following exercise, the estimate in the theorem is optimal.

15.24. Exercise. Let & be the graph z = {-\/x? + y? with the origin
removed. Show that any both-side-infinite geodesic v in ¥ has total cur-
vature exactly 2-£.

15.25. Exercise. Assume f is a smooth convex %—Lipschz’tz function
defined on the (x,y)-plane. Show that any geodesic v on the graph z =
= f(z,y) is simple; that is, it has no self-intersections.

Construct a convex 2-Lipschitz function defined on the plane with a
nonsimple geodesic 7y in its graph.

15.26. Theorem. Suppose a smooth surface ¥ bounds a convex set K.
Assume B(0,e) C K C B(0,1). Then the total curvatures of any shortest
path in ¥ can be bounded in terms of €.

15.27. Proof-guided exercise. Let
Y. be as in the theorem, and ~y be a unit-
speed shortest path in 3. Denote by v(t)
the unit normal vector at ~(t) that points
outside X; denote by 6(t) the angle be-
tween v(t) and the direction from the
origin to y(t). Set p(t) = |y(t)|?; denote
by k(t) the curvature of v at t.
(a) Show that cos[f(t)] = e for any t.

b) Show that |p'(t)| < 2 for any t.
( p
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(¢) Show that
p(t) =2 = 2:k(t)- cos 6(t)- [y (1))

for any t.
(d) Use the nearest-point projection from the unit sphere to ¥ to show
that
length~y < .

(e) Conclude that ®(y) < 100/€2.

Remark. The obtained estimate tends to infinity as € — 0, but there is also
an estimate that does not depend on ¢; this is a result by Nina Lebedeva
and the first author [59]. Aleksei Pogorelov proposed the hypothesis that
there exists a bound on the length of the spherical image of a shortest path
[81]. According to 15.22, this hypothesis is stronger, but counterexamples
have been found for all of its possible variations [67, 72, 96, 98].



Chapter 16

Parallel transport

A Parallel tangent fields

Let 3 be a smooth surface and 7: [a,b] — ¥ be a smooth curve. A smooth
vector-valued function ¢ — v(t) € R3 is called a tangent field along
if the vector v(t) lies in the tangent plane T., ;)X for each .

A tangent field v on + is called parallel if v/(¢) L T, for any t.

In general, the family of tangent planes T, ;)X is not parallel. There-
fore, one cannot expect to have a truly parallel field with v/(¢) = 0. The
condition V'(t) L T, means that the family is as parallel as possible —
it rotates together with the tangent plane but does not rotate inside the
plane.

By the definition of geodesic, the velocity field v(¢) = +/(t) of any
geodesic +y is parallel on ~.

16.1. Exercise. Let ¥ be a smooth surface and let v: [a,b] — 3 be a
smooth curve. Suppose V(t), W(t) are parallel vector fields along ~.

(a) Show that |V(t)| is constant.

(b) Show that the angle 6(t) = L(v(t),w(t)) is constant.

B Parallel transport

16.2. Proposition-Definition. Let v: [a,b] — X be a piecewise smooth
curve on a smooth surface 3. Assume p = v(a) and ¢ = v(b).

Given a tangent vector W € T), there is a unique parallel field wW(t)
along v such that w(a) = w.

The vector w(b) € Ty is called the parallel transport of wW(a)
along v in 3.

148
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The parallel transport along v will be denoted by ¢,; so we can write
W(b) = ty(W(a)) or W(b) = 1, (W(a))s if we need to emphasize that v lies
on the surface ¥. From Exercise 16.1, it follows that parallel transport
ty: Tp — T4 is an isometry. In general, the parallel transport ¢y : T) —
— T depends on the choice of +; that is, for another curve 7; connecting
p to ¢ in X, the parallel transports ¢,, and ¢, might be different.

Sketch of proof. Assume 7 is smooth and lies in a local chart (u,v) —
s(u,v) of 35 so v(t) = s(u(t),v(t)) for smooth functions ¢ — wu(t) and
t — v(t). Set

U(t) = su(u(t),v(t), V(t) = su(u(t),v(t)), and v(t)=v(y(t))

The conditions W(t) € Ty and W'(t) L T, can be written as a
system of equations:

(w(t),v(t)) =0,
(W'(#),u(t)) =0
(W'(t),v(t)) =0.
Rewriting this system in components of U, v, W, and v produces a system
of ordinary differential equations on the components of W. Applying 0.29,
we get a solution w(t). By 16.1, |w| is constant; therefore 0.29 implies
that w is defined on the whole interval [a, b].

If v is only piecewise smooth or not covered by one chart we can
subdivide it into smooth arcs 71, . .., 7, such that each ~; lies in one chart.
Applying the statement consecutively to each -; proves it for ~. O

Suppose 71 and o are two smooth curves in two smooth surfaces
¥; and ¥5. Denote by v;: &; — S? the Gauss maps of ¥; and Xy, If
vy 0o 1(t) = v 0 o(t) for any ¢, then we say that the curves v, and o
have identical normals in 3; and X5, respectively.

In this case, the tangent plane T, ()X is parallel to T, ;)32 for any .
Therefore we can identify T, ;)31 with T.,;)X2. In particular, if v(t) is
a tangent vector field along 77, then it is also a tangent vector field along
¥2. Moreover, V/(t) L T, X1 is equivalent to V/(t) L T, Xs; that is,
if v(t) is parallel along ~1, then it is also parallel along ~s.

The discussion above leads to the following observation that will play
a key role in the sequel.

16.3. Observation. Let vy, and vy be two smooth curves in two smooth
surfaces 31 and ¥o. Suppose v1 and 7o have identical normals (as the
curves in ¥y and X, respectively). Then the parallel transports v, and
Ly, are identical.

16.4. Exercise. Let ¥ and X5 be two surfaces with a common curve 7.
Suppose X1 bounds a region that contains Y. Show that the parallel



150 CHAPTER 16. PARALLEL TRANSPORT

translation along v in X1 coincides with the parallel translation along ~
m 22.

C Bike wheel and projections

Here we give two interpretations of parallel transport; they might help to
build the right intuition, but will not help in writing rigorous proofs. The
first is an experiment with a bike wheel suggested by Mark Levi [61]. The
second one uses orthogonal projections of tangent planes.

Suppose 7: [a,b] = ¥ is a smooth arc in a smooth surface 3. Think
of walking along v and carrying a perfectly balanced bike wheel so that
you keep the wheel’s axis normal to ¥ and touch only its axis. If the
wheel is not spinning at the starting point p = y(a), then it will not be
spinning after stopping at ¢ = ~(b). Indeed, by pushing the axis one
cannot produce torque to spin the wheel. Then the map that sends the
initial position of the wheel to the final position is the parallel transport ¢ .

AL

=

By the way, physical intuition should tell you that moving the axis of
the wheel without changing its direction does not change the direction of
the wheel’s spokes; this is essentially the statement of Observation 16.3.

On a more formal level, one can choose a partition a = tg < ... <
< t, = b of [a,b] and consider the sequence of orthogonal projections
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it T,y = Ty, For a fine partition, the composition
pno--rop: Ty =T,

gives an approximation of ¢,.

Each ¢; does not increase the magnitude of a vector and neither the
composition. It is straightforward to see that if the partition is sufficiently
fine, then the above composition is almost an isometry. Therefore, the
limit ¢ is an isometry T, — T}

16.5. Exercise. Construct a loop v in S? such that the parallel transport
Ly 15 not the identity map.

D Total geodesic curvature

Recall that geodesic curvature is defined in Section 11A. It is denoted by
kg, and it measures how much a curve vy on an oriented surface diverges
from being a geodesic; it is positive where  turns left and negative where
v turns right. In particular, geodesics have vanishing geodesic curvature.

Suppose X is a smooth oriented surface, and v: I — X is a smooth
unit-speed curve. The total geodesic curvature of 7 is defined by the
integral

U(y) = /kg(t)-dt.

I

If ¥ is a plane, then the geodesic curvature of = coincides with its
signed curvature (see Section 6C). In particular, its total geodesic curva-
ture is equal to its total signed curvature. For that reason, we use the
same notation ¥(v); if we need to emphasize that we consider v as a curve
in 3, we write U(v)x.

If v is a piecewise smooth curve in ¥, then its total geodesic cur-
vature is defined as the sum of all total geodesic curvatures of its arcs plus
the sum of the signed exterior angles of v at the joints. More precisely, if
v is a concatenation of smooth curves 71, ..., 7., then

U(y) =)+ -+ V() + 01+ + 00,

where 6; is the signed external angle at the joint between v; and v;41; it
is positive if v turns left and negative if v turns right, it is undefined if v
turns to the opposite direction. If v is closed, then

W) = W)+ W) + O+ O,

where 6,, is the signed external angle at the joint ~,, and ;.
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If each arc «y; in the concatenation is a minimizing geodesic, then ~ is
called a broken geodesic. In this case, ¥(v;) = 0 for each i. Therefore
the total geodesic curvature of ~ is the sum of its signed external angles.

16.6. Proposition. Assume 7 is a closed broken geodesic in a smooth
oriented surface ¥ that starts and ends at the point p. Then the parallel
transport v: T, — T, is a clockwise rotation of the plane T, by the
angle U(7).

Moreover, the same statement holds true for smooth closed curves and
piecewise smooth curves.

Proof. Assume ~ is a cyclic concatenation of geodesics 71,...,7,. Fix
a tangent vector v at p, and extend it to a parallel vector field along ~.
Since T;(t) = 7.(t) is parallel along ~;, the oriented angle ¢; from T; to v
stays constant along each ~;.

Suppose 6; denotes the external angle at the joint
between 7; and 7;+1. Then

Yiv1 =i —b6; (mod 2-7).

Therefore, after going over all vertices we get that

Ont1—p1=—b6—---—0,=-U(y) (mod2-m).

Hence, the first statement follows.
For a smooth unit-speed curve v: [a,b] — X, the proof is analogous.
Denote by ¢(t) is the signed angle from T(t) to v(t). Let us show that

(1] o' (t) + ky(t) =0

Recall that ;1 = p(t) denotes the counterclockwise rotation of T = T(t)
by angle 7 in T, ). Denote by W = w(t) the counterclockwise rotation
of v.=v(t) by angle 5 in T, ;. Then

T =cosp-V—singp-w,
W =sine-v 4 cosp-w.

The vector fields v and w are parallel along v; that is, V/(¢), w'(¢) L
L Tt Therefore, (V' ) = (W, u) = 0. It follows that

kg = <TI7M> =
= —(sin? ¢ + cos? )¢’

/

:—SO,

It proves @.
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By © we get that

In the case when = is a piecewise smooth curve, the result follows from
a straightforward combination of the above two cases. [l



Chapter 17

(Gauss—Bonnet formula

A Formulation

The following theorem was proved by Carl Friedrich Gauss [35] for geode-
sic triangles; Pierre Bonnet and Jacques Binet independently generalized
the statement for arbitrary curves.

17.1. Theorem. Let A be a topological disc in a smooth oriented surface
3 bounded by a piecewise smooth curve OA. Suppose OA is oriented so

that A lies on its left. Then

° o)+ [[ K =2m,
A

where K denotes the Gauss curvature.

In this chapter, we give an informal proof of this formula in a leading
special case. A formal computational proof will be given in Section 18E.
Before going into the proofs, we suggest solving the following exercises
using the Gauss—Bonnet formula.

17.2. Exercise. Assume v is a simple closed curve with constant geode-
sic curvature 1 in a smooth closed surface ¥ with positive Gauss curvature.
Show that length vy < 2-m; that is, v is shorter than the unit circle.

17.3. Exercise. Suppose that a disc A lies in a graph z = f(x,y) of a
smooth function, the boundary of A lies in the (x,y)-plane and A meets

this plane at fix angle . Show that [[ , K = 2-m-(1 — cosa).

17.4. Exercise. Let v be a simple closed geodesic on a smooth closed
surface 3 with positive Gauss curvature. Denote by v the spherical map

154
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on %. Show that the curve a = v o~y divides the sphere into two regions
of equal area.
Conclude that length a > 2-7.

17.5. Exercise. Lety be a closed geodesic possibly with self-intersections

on a smooth closed surface ¥ with positive Gauss curvature. Suppose R

is one of the regions that v cuts from ¥. Show that ffRK < 2.
Conclude that any two closed geodesics on ¥ have a common point.

17.6. Exercise. Let X be a closed smooth surface with positive Gauss
curvature. Show that in a single coordinate chart, a closed geodesic in ¥
cannot look like one of the curves on the following pictures.

(easy) (tricky) (hopeless)

The following exercise optimizes 15.25.

17.7. Exercise. Suppose f: R? — R is a \/3-Lipschitz smooth convex
function. Show that any geodesic in the graph z = f(x,y) has no self-
intersections.

A surface X is called simply-connected if any simple closed curve in
3> bounds a disc. Equivalently, any closed curve in 3 can be continuously
deformed into a trivial curve; that is, a curve that stands at one point
all the time.

Planes and spheres are examples of simply-connected surfaces; tori
and the cylinders are not simply-connected.

17.8. Exercise. Suppose ¥ is a simply-connected open surface with non-
positive Gauss curvature.
(a) Show that any two points in ¥ are connected by a unique geodesic.
In particular, geodesics in ¥ do not have self-intersections.
(b) Conclude that for any point p € ¥, the exponential map exp,, is a
diffeomorphism from the tangent plane T), to X. In particular, ¥ is
diffeomorphic to the plane.

B Additivity

Let A be a topological disc in a smooth oriented surface > bounded by a
simple piecewise smooth curve OA. As before we suppose JA is oriented
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in such a way that A lies on its left. Set

2} GB(A) = \I/(@A)+//K—2-7r,
A

where K denotes the Gauss curvature. The Gauss—Bonnet formula can
be written as

and GB stands for Gauss—Bonnet.

17.9. Lemma. Suppose the disc A is sub- v
divided into two discs A1 and As by a curve
6. Then

GB(A) = GB(A,) + GB(A,).

Proof. Let us subdivide A into two curves y; and o that share end-
points with §, so that A; is bounded by the arc ~; and § for i =1, 2.

Denote by ©1, @2, 11, and 1 the angles between ¢ and +; marked on
the picture. Suppose the arcs 1, 2, and ¢ are oriented as on the picture.
Then

V(0A) = U(y1) = V(y2) + (7 — 91 — p2) + (T — Y1 — Pa),

U(0A;) = (71) - ‘1/(5) + (7 = 1) + (7 — 1),
W(0A;) = + (7 = p2) + (7 — 92),

J]x= //K+//K

It remains to plug in the results in the formulas for GB(A), GB(A;), and
GB(Ay). O

C Spherical case

If ¥ is a plane, then its Gauss curvature vanishes; therefore the Gauss—
Bonnet formula @ can be written as

V(OA) = 2-m,

and it follows from 6.5. In other words, GB(A) = 0 for any plane disc A
with piecewise smooth boundary.

If ¥ is the unit sphere, then K = 1; in this case, Theorem 17.1 can be
formulated in the following way:
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17.10. Proposition. Let P be a spherical polygon bounded by a simple
closed broken geodesic OP. Assume OP is oriented such that P lies on
the left of OP. Then

GB(P) = U(OP) + area P — 2.7 = 0.

Moreover, the same formula holds for any spherical region bounded by
a piecewise smooth simple closed curve.

This proposition will be used in the next section.

Sketch of proof. Suppose a spherical triangle A has angles a, 8, and ~.
According to 0.17,
areaA=a+ 08+y—m.

Recall that OA is oriented so that A lies on its left. Then its oriented
external angles are 7 — o, m — 3, and w — «y. Therefore,

V(OA)=31m—a—F-—1.

It follows that ¥(0A) + area A = 2.7 or, equivalently, GB(A) = 0.
We can subdivide a given spherical polygon P into triangles by cutting
a polygon in two along a broken geodesic on each step. By the additivity
lemma (17.9),
GB(P)=0

for any spherical polygon P.

The second statement can be proved by approximation. One has to
show that the total geodesic curvature of a piecewise smooth simple curve
can be approximated by the total geodesic curvature of inscribed broken
geodesics. We omit the detailed proof, but it close to 4.11. [l

17.11. Exercise. Let vy be a simple piecewise smooth loop on on the unit
sphere S%. Assume ~ divides S? in two regions of equal area. Denote by
p the base point of v. Show that the parallel transport v, : T,S* — T,S?
is the identity map.

D Intuitive proof

In this section, we prove a special case of the Gauss—Bonnet formula. This
case is leading — the general case can be proved similarly, using the signed
area counted with multiplicity, but will do something else 18E.

Proof of 17.1 for open and closed surfaces with positive Gauss
curvature. Let v: ¥ — S? be the spherical map. By 10.7, we have

e GB(A) = U(9A) + area[v(A)] — 2-7.
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Choose a loop « that runs along A so that A lies on the left from
it; suppose that p € QA is its base. Consider the parallel translation
to: Tp = T)p along . According to 16.6, ¢, is the clockwise rotation by
angle U(a)s.

Set f = voa. By 16.3, we have v, = tg, where 3 is considered as a
curve in the unit sphere.

Further, ¢g is a clockwise rotation by angle ¥(5)s2. By 17.10

GB(v(A)) = ¥ (B)s2 + area[v(A)] — 2-w = 0.

Therefore, 14 is a counterclockwise rotation by area[v(A))

Summarizing, the clockwise rotation by ¥(«)y is identical to a coun-
terclockwise rotation by area[v(A)]. The rotations are identical if the
angles are equal modulo 2-7. Therefore,

(4] GB(A) = ¥(0A)s + area[v(A)] — 2w = 2-n-7w

for an integer n.

It remains to show that n = 0. By 6.5, this is so for a topological disc
in a plane. One can think of a general disc A as the result of a continuous
deformation of a plane disc. The integer n cannot change during the
process since the left hand side in @ is continuous along the deformation;
whence n = 0 for the result of the deformation. O

E Simple geodesic

The following theorem provides an interesting application of the Gauss—
Bonnet formula; it is proved by Stephan Cohn-Vossen [23, Satz 9].

17.12. Theorem. Any open smooth surface with positive Gauss curva-
ture has a simple two-sided infinite geodesic.

Proof. Let ¥ be an open surface with positive Gauss curvature and v a
two-sided infinite geodesic in X.

If v has a self-intersection, then it contains a simple loop; that is, for
some closed interval [a, b], the restriction £ = ][, 5 is a simple loop.

By 12.16, X is parametrized by an open convex region 2 in the plane.
By Jordan’s theorem (0.12), £ bounds a topological disc in ¥; denote it
by A. If ¢ is the internal angle at the base of the loop, then by the

Gauss—Bonnet formula,
/ / K=m+ .
A
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Recall that

(5) //K<2-7T;
b))

see 12.19b. Therefore, 0 < ¢ < 7; that is, 4 has no concave simple loops.
Assume v has two simple loops, say ¢ and ¢5 that bound discs A; and
A,, respectively. Then the discs A; and A, have to overlap; otherwise,
the curvature of 3 would exceed 2-7 contradicting @.
It follows that after leaving Aq, the geodesic v has to enter it again
before creating another simple loop. Consider the moment when v enters

D (i

A7 again; two possible scenarios are shown in the picture. On the left
picture, we get two nonoverlapping discs which, as we know, is impossible.
The right picture is impossible as well — in this case, we get a concave
simple loop.

It follows that -y contains only one simple loop. This loop cuts a disc
from ¥ and goes around it either clockwise or counterclockwise. This way
we divide all the self-intersecting geodesics on ¥ into two types which we
call clockwise and counterclockwise.

The geodesic t — 7(t) is clockwise if and only if the same geodesic
traveled backwards t — ~y(—t) is counterclockwise. Let us shoot a unit-
speed geodesic in each direction from a given point p = «(0). This gives a
one-parameter family of geodesics v5 for s € [0, 7] connecting the geodesic
t— y(t) with ¢t — v(—t); that is, y0(t) = v(¢), and v, (¢) = y(—1).

The subset of values s € [0, 7] such that 75 is right (or left) is open in
[0, 7]. That is, if 75 is right, then so is 74 for all ¢ sufficiently close to s.!

Since [0, 7] is connected, it cannot be subdivided into two open sets.
It follows that for some s, the geodesic v, is neither clockwise nor coun-
terclockwise; that is, s has no self-intersections. O

17.13. Exercise. Let X be an open smooth surface with
positive Gauss curvature. Suppose «: [0,1] = X is a smooth
loop such that o/ (0)+o'(1) = 0. Show that there is a simple
two-sided infinite geodesic vy that is tangent to «.

nformally speaking, this means that self-intersection cannot suddenly disappear.
Try to convince yourself of this.
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F General domains

The following generalization of the Gauss—Bonnet formula is due to Walther
von Dyck [27].

17.14. Theorem. Let A be a compact domain on a smooth surface. As-
sume A is bounded by a finite (possibly empty) collection of closed piece-
wise smooth curves ¥i,...,vn. Suppose that each ~y; is oriented in such a
way that A lies on its left. Then

o //KzZ’ﬂ-x—‘lf(%)—'“—‘l’(%)
A

for an integer x = x(A).
Moreover, if a graph with v vertices and e edges embedded in A subdi-
vides it into f discs and contains all v;, then x =v —e + f.

The number x = x(A) is called the Euler characteristic of A. The
value y does not depend on the choice of the subdivision since the re-
maining terms in @ do not. Formula @ is deduced from the standard
Gauss—Bonnet (17.1). The argument is similar to 17.9, but the combina-
torics gets trickier.

Before reading the proof, try to modify the
argument in 17.9 to derive the formula for the
subdivision of the annulus A on the picture; its
graph has 4 vertices and 6 edges (one of them
is a loop) and it subdivides A into two discs
Ap and Aj. Therefore, x(4) =4—-6+2=0
and

/ K =-U(7)— V(7).

A

Proof. Suppose that a graph with v vertices and e edges subdivides A
into f discs Aq,...,Ay. Lets us apply the Gauss—Bonnet formula for each
disc, and sum up the results:

/A/K:Z/KJFMJFZ/K:ZJ(-W_\I](@AD_-“_\Il(aAf)'

It remains to show that
QO U(y)+ - +Y(y) —V(OA) —--- —T(0Ay) =2-7-(v—e).

To prove this identity, we compute the left-hand side adding up the con-
tributions of each edge and each vertex separately.
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Choose an edge o of the graph. If ¢ is not part of some ~;, then it
appears twice in the boundary of the discs, say in dA; and 9A;. In the
latter case, we may assume that A; lies on the left from o and A; is on
its right, so o contributes ¥ (o) to ¥(9A,) and —¥ (o) to ¥(0A;); hence
o contributes nothing to the left-hand side of @. It might happen that
i = j (as for one of the edges on the picture above); in this case, we have
one disc on both sides of o, but still, it contributes nothing to @. If ¢ is
part of some ~;, then it also appears once in the boundary of some disc,
say in 0A;. We may assume that both A and A; lie on the left from o,
so it contributes ¥(o) to both ¥(y;) and ¥(JA;). These contributions
cancel each other on the left-hand side of @.

Summarizing, the contributions to the left-hand side of @ that come
from the total geodesic curvatures of edges cancel out.

Let us now handle the external angles at the vertices. Choose a vertex
p. Denote by d the degree of p; that is, the number of edges that end
at p.

Suppose p lies in the interior of A. Denote by
d1,...,04 the internal angles at p of the discs containing
p as a vertex. Let ¢, = m — d; be the corresponding
external angles. Then p contributes —p; — -+ — g4 to
the sum. Note that §; + - -+ dg = 2-7; so p contributes

—p1——pa=(01+ - +6q) —dm=(2-d)m,

to the left-hand side of @.
If p lies on the boundary of A, then it is a vertex of
d — 1 internal angles 61,...,04-1, and @; = ™ — §; are  ~ P

the corresponding external angles. Note that %%25\
1 3
0
01+ +0g_1=m—80, 2

where 6 € (—m,7) denotes the external angle of A at p. And again, p

contributes
9—2% =(2—-d)n

to the left-hand side of @.

Summarizing, suppose pi,...,p, are the vertices of the graph, and
di,...,d, are their corresponding degrees. Then the total contribution
from external angles to the left-hand side of @ is

5} 20em — (dy + -+ dy) .

Since the edges contributed nothing, the left-hand side of @ equals @.

It remains to observe that d; +--- 4+ d, = 2-e. Indeed, dy + --- + d,
is the total number of ends of all edges in the graph, and each of e edges
has exactly two ends. This finishes the proof of @ and G. O
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17.15. Exercise. Find the integral of the Gauss curvature on each of
the following surfaces:

(a) A torus. (¢) A pair of pants with geodesic
boundary components.

(b) A Mébius band with geodesic
boundary. (d) A sphere with two handles.

S

(e) A cylider such that its boundary curves have flat neighborhoods.




Chapter 18

Semigeodesic charts

This chapter contains computational proofs of several statements dis-
cussed above. They include the alternative definition of injectivity radius
(15.11), that shortest paths are geodesics (15.12), and the Gauss—Bonnet
formula (17.1). In addition, we discuss intrinsic isometries between sur-
faces and prove Gauss’ remarkable theorem, stating that Gauss curvature
s an intrinsic invariant.

A Polar coordinates

The property of the exponential map in 15.10 can be used to define polar
coordinates in a smooth surface.

Namely, let p be a point on a smooth surface ¥ and let (r,0) € RsoxS!
be polar coordinates on the tangent plane T,. If v € T, has coordinates
(r,0), then we say that s(r,)) = exp,V is the point in ¥ with polar
coordinates (r, ).

There might be many or no geodesics from p to a given point x; so,
the point & might be expressed in polar coordinates in multiple ways or
it might have no polar coordinates. However, from Proposition 15.10, we
get the following.

18.1. Observation. Let (r,0) — s(r,0) describe polar coordinates with
respect to a point p in a smooth surface . Then there is ro > 0 such that
s 1s regular at any pair (r,0) with 0 < r < rg.

Moreover, if 0 < 71,72 < 1q, then s(r1,01) = s(r2,02) if and only if
rr=ro=0o0rr; =ry and 01 = 03 + 2-n-m for an integer n.

Further we will always assume that polar coordinates on a surface are
defined for r < rg; therefore, they behave in the usual way.

163
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The following statement will play an important role in the formal proof
that shortest paths are geodesics; see Section 18B.

18.2. Gauss lemma. Let (r,0) — s(r,0) be polar coordinates with re-

spect to a point p in a smooth surface. Then sy L s, for any r and 6.

Proof. Fix 6 € S!'. By the definition of the exponential map, the curve
~v(t) = s(t,0) is a unit-speed geodesic that starts at p.
(i) Since 7 has unit speed, we have |s,.| = |7'| = 1. In particular,

%(sr, sp)y = 0.
(ii) Since 7 is a geodesic, we have s,.(r,0) =~"(r) L T,y. Therefore
(sg, 8rr) = 0.
It follows that

%(897&) = (Sgr, Sr) + (So5577) =
(1]

Since s(0,0) = p for any 6, we have s4(0,0) = 0; in particular,
(sg,sr) = 0if r = 0. By @, the value (sp,s,) does not depend on r
for fixed #. Therefore

(sg,8r) =0

for any r and 6. O

B Shortest paths are geodesics:
a formal proof

In this section, we use the construction of polar coordinates and the Gauss
lemma (18.2) to prove Proposition 15.12.

Proof of 15.12. Let v: [0,] — X be a shortest path parametrized by
arc-length, and p = ~(0). Suppose ¢ = length v is sufficiently small, so
can be described in the polar coordinates at p; say as y(t) = s(r(¢), 0(t))
for functions ¢t — 6(t) and t — r(t) with 7(0) = 0.

By the chain rule, we have

(2] v =50-0" + 5.1

whenever the left-hand side is defined and ¢ > 0. By the Gauss lemma
18.2, sg L s,, and by definition of polar coordinates, |s,.| = 1. Therefore,
@ implies

© (O] = 7' (1)
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for any t > 0 where +/(¢) is defined.
Since v parametrized by arc-length, we have

[y(t2) = ()] < [t2 =t

In particular, v is Lipschitz. Therefore, by Rademacher’s theorem (0.21)
the derivative ~' is defined almost everywhere. By 2.6a, we have that

4
lengthy = [ /(0)]-d >
0
4
> /T’(t)-dt =
0
= r().

By the construction of polar coordinates, there is a geodesic of length
r(¢) from p = v(0) to ¢ = y(¢). Since v is a shortest path, we get that
r(¢) = ¢, and, moreover, r(t) = t for any t. This equality holds if and
only if we have equality in @ for almost all ¢. The latter implies that - is
a geodesic.

It remains to prove the partial converse.

Fix a point p € X. Let € > 0 be as in 15.10. Assume a geodesic 7y of
length less than e from p to ¢ does not minimize the length between its
endpoints. Then there is a shortest path from p to ¢, which is distinct
from ~, and becomes a geodesic when it is parametrized by its arc-length.
That is, there are two geodesics from p to g of length smaller than €. In
other words, there are two vectors v,w € T, such that |v| < e, |[W| <,
and ¢ = exp, V = exp, W. But according to 15.10, the exponential map
T, — X is injective in the e-neighborhood of zero — a contradiction. [

C Gauss curvature

Let s be a smooth map from a (possibly unbounded) coordinate rectangle
in the (u,v)-plane to a smooth surface . The map s is called semi-
geodesic if, for any fixed v, the map u — s(u,v) is a unit-speed geodesic
and s, L s, for any (u,v).

According to the Gauss lemma (18.2), the polar coordinates on ¥ are
described by a semigeodesic map.

Let v = v(u, v) be the unit vector normal to ¥ at s(u,v). For each pair
(u,v), consider an orthonormal frame v, U = s,, and v = v X U. Recall
that since the vector s,(u,v) is tangent to ¥ at s(u,v), we get s, L U
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and s, L v. Therefore, we have that s, = b-v for a smooth function
(u,v) = b(u,v).!

18.3. Proposition. Suppose (u,v) — s(u,v) is a semigeodesic map to
a smooth surface ¥ and v, U, V, and b are as above. Then

b-K + byy = 0,

where K = K (u,v) is the Gauss curvature of ¥ at s(u,v).
Moreover,

(Uy,U) = (Uy, V) = (U,,U) =0, and (Uy,V) = by.

The proof is lengthy but straightforward.

Proof. Let ¢ = ¢(u,v), m = m(u,v), and n = n(u,v) be the components
of the matrix describing the shape operator in the frame U, v; that is,

(4] ShapeU = ¢-U+m-v, Shapev=m-U+n-Vv.
Recall that (see Section 10C)
K =/{(n—m?
The proposition follows from the identities

® Uy, =0V, Uy,= by V+bmv,
Ve =m-V, Vy = —by-U+bn-uv.

Indeed

b-K =b-({-n—m?) =

= (Uy, Vo) = (Uy, Vo) = (by ©)
= (£ (Uus V) = (e V)) = (25 (U0, V) = (U V)) =
=0 — byy. (by ©)

It remains to prove the four identities in @.

Derivation of U, = £-v. Since the frame v, U, and V is orthonormal, this
vector identity can be rewritten as the following three scalar identities:

(Uy,U) =0, (U, V) =0, (U,,v)=0"L

1For a fixed value vg, the vector field s, = b-v describes the difference between ~o
and an infinitesimally close geodesic v1: u — s(u,v1). The fields with this property
are called Jacobi fields along ~o.
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Since u + s(u,v) is a geodesic we have that U, = suu(u,v) L Ty w)-
Hence, the first two identities follow. Now,

<Uu7 > <Suu7 > (by 104)
= (Shape sy, 8y) = (since U = sy,)
= (Shapeu, U) = (by @)
=/

Derivation of U, = by,-V + b-m-v. This vector identity can be rewritten
as the following three scalar identities:

(6] (Up,U) =0, (Uy,V)=by, (Uy,v)=0bm.

Since (U,U) = 1, we get 0 = %(U,U) = 2-(Uy, U); hence the first
identity in @ follows. Further,

<U'U7 > <Svu7 > = (since Sy = bV)
= (ga(bv),v) =
=by (V,V) + b (Vy, V) = (since (v,v) =1 and
= by; 0=2(v,v) =2:(vy,V))

hence the second identity in @ follows. Finally,

<va > <5uv7 > (by 104)
= (Shape sy, $y) = (since U = s, and s, = b-V)
= (Shapeu,b-v) = (by @)
=bm
Derivation of Vo, = m-v and V, = —by-U +b-n-v. Recall that v=r x U.
Therefore,
(7] Vi = Vy X U4V X Uy, Vo =V X U4V X U,.

The expressions for U, and U, in @ are proved already. Further,

—v, = Shape s, = —v, = Shape s, =
= ShapeU = = b- ShapeVv =
={-U+m-V, =b-(m-U+n-v),
It remains to plug into @ the expressions for U,, Uy, v, and v,,. O

A chart (u,v) — s(u,v), as well as the corrsponding local coordinates,
will be called semigeodesic if the map (u,v) — s(u,v) is semigeodesic.
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Note that the function b = b(u, v) for a semigeodesic chart s has a constant
sign. Therefore, by changing the sign of v, we can (and always will)
assume that b > 0; in other words, b = |s,].

18.4. Exercise. Show that any point p in a smooth surface ¥ can be
covered by a semigeodesic chart.

18.5. Exercise. Let p be a point on a smooth surface 3. Assume exp,
is injective in the ball B = B(0,70)T,. Suppose the semigeodesic map
(r,0) — s(r,8) describes polar coordinates with respect to p, and the func-
tion (r,0) — b(r,0) is as above.
Prove the following statements:

(a) b(r,0) does not change its sign for 0 < r < rg.

(b) b(r,0) #0 if 0 <r <mp.

(¢) Apply (a) and (b) to prove 15.11.

A chart (u,v) — s(u,v) is called orthogonal if s, L s, for any (u,v).
For example, any semigeodesic chart is orthogonal.
A solution of the following exercise is similar to 18.3.

18.6. Exercise. Let (u,v) — s(u,v) be an orthogonal chart of a smooth
surface . Denote by K = K (u,v) the Gauss curvature of ¥ at s(u,v).
Set

a = a(u,v) = |sy], b= b(u,v) := s/,
U = U(u,v) := 2, vV =V(u,v) = 3.
Let v = v(u,v) be the unit normal vector at s(u,v).

(a) Show that

Uu:—%~av-v—|—a~€~u, Vy = %~aU-U—|—a~m~V

Uy = %-bu-v—l—b-m-l/, VU:—%-bu-U—i—b-n-l/,
where £ = L(u,v), m = m(u,v), and n = n(u,v) be the components
of the matrixz describing the shape operator in the frame U, V.

(b) Show that
1 0 (by 0 ray
K—‘m'(%<;)+a(7)>-

18.7. Exercise. Suppose (u,v) — s(u,v) is a conformal chart; that
is, there is a function (u,v) — b(u,v) such that b = |s,| = |s,| and
Su L sy for any (u,v). (The function b is called a conformal factor of
the chart.)
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Use 18.6 to show that

A(lnb)

K == —T,

where /\ denotes the Laplacian; that is, A\ = 88_;2+66_v227 and K = K (u,v)
is the Gauss curvature of X at s(u,v).

It is useful to know that any point on a smooth surface can be covered
by a conformal chart; the corresponding coordinates are usually referred
to as isothermal.

D Rotation of a vector field

Let v: [0,1] — X be a simple loop on a smooth oriented surface X. Sup-
pose U is a field of unit tangent vectors on ¥ defined in a neighborhood
of 7. Denote by v the field obtained from U by a counterclockwise rota-
tion by 7 of the tangent plane at each point; it could also be defined by
V := v X U, where v is the normal field on ¥. Then the rotation of U
around <y is defined as the integral

1
rot, U:= [ (U'(t),Vv(t))-dt.
/

18.8. Lemma. Suppose v: [0,1] — X is a simple loop with the base at
a point p in a smooth oriented surface 2, and U is a field of tangent unit
vectors to 3 defined in a neighborhood of v. Then the parallel transport
ty: Tp — Ty is a clockwise rotation by the angle rot, U.

In particular, rotations of different vector fields around v may only
differ by a multiple of 2-7.

Proof. As above, set V.= v x U. Denote by U(t) and v(¢) the vectors at
~(t) of the fields U and v, respectively.

Let t — X(t) € Ty be the parallel vector field along v with X(0) =
=1U(0), and Y:=v X X.

Note that there is a continuous function ¢ — ¢(t) such that U(¢) is a
counterclockwise rotation of x(0) by angle ¢(t). Since X(0) = u(0), we
can and will assume that ¢(0) = 0. Then

U=cosp-X+sinp-yY
V= —sing-X+4cospY
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It follows that

(U, vy = ¢ ((sin ©)?-(X,X) + (cosp)?- (v, Y>> =y

Therefore,

Observe that

o 1, (x(0)) = x(1),

o X(0) =u(0) = u(1),

o U(1) is a counterclockwise rotation of x(1) by the angle (1) =

=roty U,

It follows that X(1) is a clockwise rotation of X(0) by angle rot, U, and
the result follows.

The last statement follows from 16.6. |

The following lemma will play a key role in the proof of the Gauss—
Bonnet formula.

18.9. Lemma. Let (u,v) — s(u,v) be a semigeodesic chart on a smooth
surface ¥. Suppose a simple loop v bounds a disc A that is covered com-

pletely by s. Then
rot.YU—l—//K:O,
A

where U = s, and K denotes the Gauss curvature of .

The calculations below use the so-called Green formula, which can
be formulated the following way.

Let D be a compact region in the (u,v)-coordinate plane that is bounded
by a piecewise smooth simple closed path a:t — (u(t),v(t)). Suppose «
is oriented in such a way that D lies on its left. Then

1
// Pu)dudo = [ (Prdut Qudv) = O/Pu—i-Qv

o

for any two smooth functions P and @ defined on D.
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The Green and Gauss—Bonnet formulas are similar — they relate the
integral along a disc and its boundary curve. So it shouldn’t be surprising
that one helps to prove another.

Proof. Let U, v, and b be as in Section 18C. Let us write « in the
(u, v)-coordinates: v(t) = s(u(t),v(t)). Then

rot, U= [(U,V)-dt = (by the chain rule)

= | [(Uy, V)t + (Uy, V)-0']-dt = (by 18.3)
= /bu-v’-dt = / by -dv = (by the Green formula)
0 s—lory
= // by -du-dv = (Su L sy = jacs = |sy|"|sy] = b)
s71(A)

:Z/buTu: (by 18.3)
:—K/K.

E Gauss—Bonnet formula: a formal proof

Recall that the Gauss—Bonnet formula can be written as GB(A) = 0,
where

GB(A) := U(0A) + //K — 2.,
A

A is a topological disc in a smooth oriented surface, bounded by a piece-
wise smooth curve JA that is oriented in such a way that A lies on its
left.

Proof of the Gauss—Bonnet formula (17.1). Assume A is covered
by a semigeodesic chart. From 16.6, 18.8, and 18.9 we get

(8] GB(A) =2n-m,

where n = n(A) is an integer.
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By 18.4, any point can be covered by a semigeodesic chart. Therefore,
applying the additivity of GB (17.9) finite number of times, we get @ for
any disc A in ¥. More precisely, we can cut A by a smooth curve that
runs from boundary to boundary and repeat such subdivision recursively
for the obtained discs; see the picture. After several such steps, every

small disc is covered by a semigeodesic chart. In particular, ® holds for
each small disc. Then applying 17.9 several times we get @ for the original
disc.

It remains to show that n = 0. Assume A lies in a local graph real-
ization z = f(x,y) of ¥. Consider the one-parameter family ¥; of graphs
z =1t f(x,y); denote by A, the corresponding disc in ¥;, so A; = A and
Ay is its projection onto the (z,y)-plane. The function h: t — GB(A,) is
continuous. By @, h(t) is an integer multiple of 2-7 for any ¢. It follows
that A is a constant function. Therefore,

GB(A) = GB(Ag) = 0;

the last equality follows from 6.5.
We proved that

o GB(A)=0
if A lies in a graph z = f(x,y) for some (z,y, z)-coordinate system. Any
point of ¥ has a neighborhood that can be covered by such a graph.

Therefore, applying Lemma 17.9 the same way as above, we get that ©
holds for any disc A in X. O

F Rauch comparison

The following proposition is a special case of the so-called Rauch com-
parison theorem.

18.10. Proposition. Suppose p is a point on a smooth surface ¥ and
r <inj(p). Given a curve % in the r-neighborhood of 0 in T), set

7 =exp,oy or, equivalently log, oy =7%;

note that v is a curve in 3.
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(a) If ¥ has nonpositive Gauss curvature, then the logarithmic map log,,
is length nonexpanding in the r-neighborhood of p in X; that is,

length v > length v

for any curve v in the open ball B(p,r)s.

(b) If ¥ has nonnegative Gauss curvature, then the exponential map
exp, is length nonexpanding in the r-neighborhood of 0 in Typ; that
18,

length v < length ¥
for any curve 7 in the open ball B(0,7)r,.

Proof. Suppose (r(t),6(t)) are the polar coordinates of F(¢t) and s as
in 18A. Note that ~(t) = s(r(t),0(t)); that is, (r(t),0(t)) are the polar
coordinates of () with respect to p on X.

Let us show that (0,0) = 0, and b,.(0,0) = 1 for any §. We may
assume that # = 0. Choose the standard basis v, w in T,; so v points in
the direction of curve ¢t — s(¢,0). Note that?

b(r,0) = r+|(Dw expp)(r-v)|.

In particular, 5(0,0) = 0. By 15.9, [(Dwexp,)(0)] = 1. In partic-
ular, |[(Dwexp,)(r-v)| # 0 for any small r. Therefore, the function
7+ |(Dwexp,)(r-v)| is differentiable at = 0. Taking the partial deriva-
tive of the expression for b(r,0), we get b.(0,0) = 1.

Set b(r,0) := |sg|. By 18.3

byr = —K-b.

If K > 0, then r — b(r,0) is concave and if K < 0, then r — b(r, ) is
convex for any fixed 6. Since b(0,6) = 0, and b,.(0,0) = 1,

® b(r,0) =zr if K <O

b(r,0) <r if K>0.

Without loss of generality, we may assume that ¥: [a,b] — T}, is pa-
rametrized by arc-length; in particular, it is a Lipschitz curve. Note that

b
length 5 — / N O OO

Applying 18.2, we get

b
length~y = / \/r’(t)2 + b(r(t),0(t))%-0'(t)2-dt.

Now, both statements (a) and (b) follow from @. O
2Recall that (Dw exp,,)(r-v) := h/(0), where h(t) = exp,,(r-v-+t-w); see Section 9B.
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G Intrinsic isometries

Let ¥ and ¥* be two smooth surfaces. A map f: ¥ — ¥* is called
length-preserving if, for any curve ~ in 3, the curve v* = f o~y in X*
has the same length. If in addition f is smooth and bijective, then it is
called an intrinsic isometry.

An example of a length-preserving map can be obtained by wrapping
a plane into a cylinder with the map s: R? — R3 given by s(z,y) =
= (cosz,sinz, y).

18.11. Exercise. Show that an intrinsic isometry between smooth sur-
faces maps geodesics to geodesics.

18.12. Exercise. Suppose the Gauss curvature of a smooth surface %
vanishes. Show that X is locally flat; that is, a neighborhood of any point
in X admits an intrinsic isometry to an open domain in the Euclidean
plane.

18.13. Exercise. Suppose a smooth surface ¥ has Gauss curvature equal
to 1 at every point. Show that a neighborhood of any point in X admits
an intrinsic isometry to an open domain in the unit sphere.

18.14. Exercise. Given a > 0, show that there is a smooth unit-speed
curve (t) = (z(t),y(t)) with y(t) = a-cost and y > 0. Describe its
interval of definition.

Let 3, be the surface of revolution of v around the x-azis. Show that

AT

the surface ¥, has a unit Gauss curvature at each point.

Use 18.13 to conclude that any small round disc A in S® admits a
smooth length-preserving deformation; that is, there is a one-parameter
family A; of surfaces with boundary, such that Ay = A and Ay is not
congruent to Ao fort # 0.3

3In fact, any disc in S? admits a smooth length preserving deformation. However,
if the disc is larger than half-sphere, then the proof requires more; it can be obtained
as a corollary of two deep results of Alexandr Alexandrov: the gluing theorem and the
theorem on the existence of a convex surface with an abstractly given metric [81, p.
44].
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The following exercise illustrates the final step in the proof that any
open surface with vanishing Gauss curvature a cylindrical surface. See
the discussion after 10.12.

18.15. Advanced exercise. Suppose (u,v) — f(u,v) describes an in-
trinsic isometry from the plane with standard (u,v)-coordinates to a sur-
face ¥ in R, Assume that f maps v-awis to the z-axis isometrically. Show
that ¥ is a cylindrical surface; more precisely, is a union of a family of
lines parallel to the z-axis.

H The remarkable theorem

18.16. Theorem. Suppose f: ¥ — ¥* is an intrinsic isometry between
two smooth surfaces; p € ¥ and p* = f(p) € ¥*. Then

K(p)s = K(p")s-;

that is, the Gauss curvature of ¥ at p is the same as the Gauss curvature
of ¥* at p*.

Recall that the Gauss curvature is defined as a product of principal
curvatures which might be different at the points p and p*; however,
according to the theorem, their products are the same. In other words,
the Gaussian curvature is an intrinsic invariant. This theorem was proved
by Carl Friedrich Gauss [35] who justifiably called it remarkable (The-
orema Egregium).

In fact, the Gauss curvature can be found intrinsically, by measuring
the lengths of curves in the surface. For example, the Gauss curvature
K(p) appears in the following formula for the circumference ¢(r) of a
geodesic circle centered at p in a surface:

c(r) =2-mr —Z-K(p)r® + o(r®).

The theorem implies, for example, that there is no smooth length-
preserving map that sends an open region in the unit sphere to the plane.*
This follows since the Gauss curvature of the plane is zero and the unit
sphere has Gauss curvature 1. In particular, any geographic map has to
have distortions.

Proof. Choose a chart (u,v) — s(u,v) on %, and set s* = f os. Note
that s* is a chart of ¥*, and

* 0k * 0k * %

<Su7 Su> = <Su7 Su>7 <Su7 SU> = <Su7 Sv>7 <Sv7 SU> = <Sv7 Sv>

4Smoothness is essential — there are plenty of non-smooth length-preserving maps
from the sphere to the plane; see [75] and the references therein.
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at any (u,v). Indeed, since f preserves the lengths of the coordinate lines
it s(t,v) and v: t — s(u,t), we get the first and the third identities.
Now, since f preserves the lengths of the curves v: ¢ — s(t,c —t) for any
constant ¢, the first and the third identities imply the second one.

By 15.12, if s is a semigeodesic chart, then so is s*. It remains to
apply 18.3 and 18.4. [l



Chapter 19

Comparison theorems

The comparison theorems provide a powerful means of applying Euclidean
intuition in differential geometry.

A Triangles and hinges

Recall that a shortest path between points x and y in a surface X is
denoted by [z,y] or [x,y]s, and |z —y|x denotes the intrinsic distance
from x to y in X.

A geodesic triangle in a surface ¥ is defined as a triple of points
x,y,2z € ¥ with a choice of minimizing geodesics [z,y]s, [y, 2]s, and
[z, z]s. The points z, y, z are called the vertices of the triangle, the min-
imizing geodesics [x,y], [y, 2], and [z, z] are called its sides; the triangle
itself is denoted by [zyz], or [zyz]s; the latter notation is used if we need
to emphasize that the triangle lies on the surface 3.

A triangle [Z§Z] in the plane R? is called a model triangle of the
triangle [zyz] if its corresponding sides are equal; that is,

T =gl =l —yls, |92 =ly—2ls, -2 =2 -2ls.

In this case, we write [#7Z] = Axyz.

A pair of minimizing geodesics [z, y] and [z, 2] starting from one point
x is called a hinge and is denoted by [zY]. The angle between these
geodesics at x is denoted by A[x¥]. The corresponding angle £[Z g] in
a model triangle [Zj%] = Axyz is denoted by £(x¥); it is called model
angle of the triangle [zyz] at x.

By side-side-side congruence condition, the model triangle [¥
uniquely defined up to congruence. Therefore, the model angle § =

Z] is

Yz
£(xY)

177
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is uniquely defined as well. By the cosine rule, we have

j a?+b2—¢2
cos = —
2-a-b

where a = | — y|s, b= |z — 2|, and ¢ = |y — z|x.

19.1. Exercise. Let [x,ynzn] be a sequence of triangles in a smooth
Surfafe . ~S€t ap = |xn - yn|2; b, = |xn - Zn|2; and ¢, = |yn - Zn|2:
and 0,, = £(xn ¥"). Suppose the sequences a, and b, are bounded away
from zero; that is, a,, > € and b, > ¢ for a fired ¢ > 0 and any n. Show
that

(an +bp —cn) =0 — 0, -

as n — o0

B Formulations

Part (a) of the following theorem is called the Cartan—-Hadamard the-
orem; it was proved by Hans von Mangoldt [63] and generalized by Elie
Cartan [16] and Jacques Hadamard [39]. Part (b) is called the Topono-
gov comparison theorem and sometimes the Alexandrov compar-
ison theorem; it was proved by Paolo Pizzetti [80], rediscovered by
Alexandr Alexandrov [2], and generalized by Victor Toponogov [94].

Recall that a surface X is called simply-connected if any simple
closed curve in ¥ bounds a disc.

19.2. Comparison theorems.
(a) If 3 is an open simply-connected smooth surface with nonpositive
Gauss curvature, then

La¥] < L(xY)

for any geodesic triangle [xyz] in X.
(b) If ¥ is a closed (or open) smooth surface with nonnegative Gauss
curvature, then

LY > 4(xY)
for any geodesic triangle [xyz].

The proofs of parts (a) and (b) will be given in sections 19D and 19E,
respectively.

19.3. Exercise. Show that the conclusion in 19.2a does not hold in
the hyperboloid { (r,9y,2) ER3 : 2?2 + 9% — 22 =1 } In particular, 19.2a
does not hold without assuming that ¥ is simply-connected.
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Let us compare the Gauss—Bonnet formula with the comparison the-
orems. Suppose a disc A is bounded by a geodesic triangle [zryz] with
internal angles «, 8, and . Then the Gauss—Bonnet implies that

a+ﬁ+7—7r://K;
A

in particular, both sides of the equation have the same sign. It follows
that

o if Ky >0, then a + 8+ v > 7, and

o if Ky, <0, thena+ 8+v < 7.

Now set & = £[z¥], B = £[yZ], and 4 =
= L[z3]. Note that &, 8,4 € [0,7]. Since the
angles of any plane triangle add up =, from the
comparison theorems, we get that

o if Ky, >0, then d—i—B—i—ﬁ}w, and

o if K5, <0, then & + 8+ 4 < .

Now we see that despite the Gauss—Bonnet formula and the compari-
son theorems are closely related, this relationship is not straightforward.

For example, suppose K > 0. Then the Gauss—Bonnet formula does
not forbid the internal angles «, [, and ~ to be simultaneously close to
2-m. But & = a if a < 7, and otherwise @ = m — «; that is,

& =min{a, 2.1 —a}, Bzmin{ﬁ,?w—ﬁ}, 4 =min{ 7,27 — v }.
Therefore, if a;, 8, and ~ are each close to 2-m, then &, B, and 4 are close
to 0. The latter is impossible by the comparison theorem.

19.4. Exercise. Let p and q be points on a closed convex surface
that lie at a mazimal intrinsic distance from each other; that is, for any
z,y € ¥ we have |p — q|s = |v —y|s. Show that L[xb] > % for any point
z e X\ {p,q}.

19.5. Exercise. Let ¥ be a closed (or open) surface with nonnegative
Gauss curvature. Show that

Lph+LpY+4L(p2) <2

for any four distinct points p,x,y, z in 2.

C Local comparisons

The following local theorem is the first step in the proof of the comparison
theorems (19.2); it will be deduced follows from the Rauch comparison
(18.10).
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19.6. Theorem. The comparison theorem (19.2) holds in a small neigh-
borhood of any point.
Moreover, let 2 be a smooth surface without boundary. Then for any
p € X there is r > 0 such that if |p — z|s < r, then inj(z)x > r, and the
following statements hold:
(a) If ¥ has nonpositive Gauss curvature, then

Lz Y] < L(xY)

z

for any geodesic triangle [xyz] in B(p, 7)s.
(b) If = has nonnegative Gauss curvature, then

LlzY] > L(xY)
for any geodesic triangle [xyz] in B(p, 7)s.
Proof. The existence of r > 0 follows from 15.10. Let [zyz] be a geodesic
triangle in B(p, 7).

Since r < inj(x)s, we can choose v,w € T, such that

Yy =exp,V, z = €exXp, W,
VlT, = |z —yls, Wit, = |z —z]s,  L[0y]r, = L[z ¥]s;
in particular, [v|, [W| < 3.

(a). Consider a minimizing geodesic v joining y to z. Since |x —y|s, |z —

—z|x < %, the triangle inequality implies that + lies in the r-neighborhood

of z. In particular, log, o is defined, and the curve ¥ := log, oy lies in

an r-neighborhood of zero in T,. Note that 4 connects v to w in T,,.
By Rauch comparison (18.10a), we have

length 4 < length ~.
Since |v — W, < length# and length~ = |y — z|s, we get
V= Wlr, <[y —z[s.

By angle monotonicity (0.15), we get

hence the result.

(b). Consider the line segment 4 joining v to W in the tangent plane T,
and set v := exp, oy. By Rauch comparison (18.10b), we have

length vy > length .



D. NONPOSITIVE CURVATURE 181

Since |V — W|r, = length¥ and length~y > |y — z|s, we get
V=Wlr, =y —z[s.
By the angle monotonicity (0.15), we obtain
£0Y]r, > L(xd),

hence the result. O

D Nonpositive curvature

Proof of 19.2a. Sine ¥ is simply-connected, 17.8 implies that
inj(p)s = oo

for any p € ¥. Therefore, 19.6a implies 19.2a. O

E Nonnegative curvature

We will prove 19.2b, first assuming that ¥ is compact. The general case
requires only minor modifications; they are indicated in Exercise 19.9 at
the end of the section. The proof is taken from [5], and it is close to the
proof found independently by Urs Lang and Viktor Schroeder [58].

Proof of 19.2b in the compact case. Assume X is compact. From the
local theorem (19.6), we get that there is ¢ > 0 such that the inequality

Lzh] > £L(xh).
holds for any hinge [z 7] with |z —p|s + |z —¢|s < e. The following lemma
states that in this case, the same holds true for any hinge [x g] such that
|z — pls + |z — qls < 2-e. Applying the key lemma (19.7) a few times
we get that the comparison holds for an arbitrary hinge, which proves
19.2b. O

19.7. Key lemma. Let X be an open or closed smooth surface. Assume
the comparison

o LlzY] > L(xY)

holds for any hinge [x Y] with |x—y|s+|z—z|s < §-£. Then the comparison
O holds for any hinge [x Y] with |x — y|z + |x — 2|z < L.
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Given a hinge [z 7] consider a triangle in the
plane with angle £[z?] and two adjacent sides
|z — plz and |z — g|s. Let us denote by Y[z?]
the third side of this triangle; it will be called
the model side of the hinge.

The next computational exercise plays a role

in the following proof.

19.8. Exercise. Suppose hinges [x}] and [x}] have a common side [z, p]
and [x,y] C [z, q]. Show that

[z —pl+]e—q = Y[z§] _|z—p|l+|z—yl - V]

Yy
lz — q| h |z — y|

Proof. By the angle monotonicity (0.15), we have
P> L(xh) <= TP >p-ds.
Therefore, it is sufficient to prove that

2} Y[z > |p—qls,

assuming that |z — p|s + |z — ¢|x < L.
Let us produce a new hinge [z’ ?] for a given hinge [z /] such that

2U<p—zls+|z—qls <L

Assume |z — ¢q|s > |x — p|s; otherwise, switch

the roles of p and ¢ in the construction. Take q
a2’ € [z, q] such that
(3] lp—zlg+3 |z —allg =24
~!
z
Choose a geodesic [2/,p], and consider the hinge > L[z P
[z D] formed by [2',p] and [2', ¢] C [, q].
By the triangle i lit h ~
y the triangle inequality, we have # L[x7)
O p—zlstlz—ds>lp—2[c+]' —qls.
Let us show that
(5) Y[zh] > ‘?[x”q’] p

By ©, we have that

lp—zls + |z —2[s <

wWInN WIN
~

lp—2|s + ]2’ —2)s <
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Therefore, the assumption imply that
(6] LxP] > L(xP) and L[2'P] > L(2'P).

Consider the model triangle [#7'p] = Aza'p. Take § on the extension
of [, #'] beyond ' such that |Z — |z = |x — ¢g|x, and therefore |#' — §|x =
=2’ —qls.

From O, we get

Therefore,

Y[z ] > |p — q|ge-

Further, since £[z' L] + £[z'?] = 7, the inequalities in @ imply

m—L(&'P) > 7 — L[z’ B] > L' B].

Therefore,
P — qlre = Y[z' ]
and @ follows.

Set xg = x; apply inductively the above construction to get a sequence
of hinges [z, }] with 2,11 = 7;,. By ©® and @, both sequences

Sn:\?[xng] and 7, = |p_xn|2+|xn_Q|Z

are nonincreasing.
The sequence might terminate at x,, only if r,, < %-f . In this case, by
the assumptions of the lemma, we have

sn = Y[z ] = Ip—¢|s.

Since the sequence s, is nonincreasing, we get

Y[zh] =s0 = s 2> |p— qls;

whence @ follows.
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It remains to prove @ if the sequence x,, does not terminate. By @,
we have

(7] |=Tn — ,Tn_1|z; 2 ﬁf

By @, |z, —p|, |zn—g| < £ for any n. In case x,,+1 € [xn, q], apply 19.8 for

Tn41

the hinges [z, 2] and [, %, |. By O, [p— 41| < Y[z, ,""']. Therefore,
(8] Tn — Sp < 100-(ry, — Tpy1)

In the case x, 1 € [zn, p], inequality © follows if one applies 19.8 for the

hinges [z, £] and [z, g"*'].

The sequences 1, and s, are nonincreasing and nonnegative; so, they
have to converge. In particular, (r,, — r,41) — 0 as n — oco. Therefore,
O implies that

lim s, = lim 7,.
n— o0 n— o0

By the triangle inequality, 7, > |p—¢|x for any n. Since s,, is nonincreas-

ing, we get

Y[egl=s0> lim s, = lim r, > [p—qls
n—oo n—oo

which finishes the proof of @. O

19.9. Exercise. Let ¥ be an open surface with nonnegative Gauss cur-
vature. Given p € ¥, denote by R, (the comparison radius at p) the
mazimal value (possibly o) such that the comparison

Llz?] > £L(z?)

holds for any hinge [x}] with |p — z|s + | — y|s < R,.

(a) Show that for any compact subset K C X, there is € > 0 such that
R, > ¢ for anyp € K.

(b) Use part (a) to show that there is a point p € ¥ such that
Rq > (1 - ﬁ)'va

for any q € B(p,100-R))x.

(¢) Ezplain how to use (b) to extend the proof of 19.2b (page 181) to
open surfaces. (That is, to show that R, = co for any p € X.)
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F Alexandrov’s lemma

A reformulation of the following lemma (19.12) will be used in the next
section to produce a few equivalent reformulations of the comparison the-
orems.

19.10. Lemma. Consider two quadrangles in the Euclidean plane pryz
and p'x'y' 2" with equal correspondmg sides. Assume the sides [2',y'] and
[y, 2'] extend each other; that is, y' lies on the line segment [z, 2']. Then
the following expressions have the same signs:

() Ip =yl =1p" = ¥'l;

(ii) Llxh) — L[z }];

(iir) ™ — L[y f] — L[y %]

Proof. Take a point Z on the extension of [z,y] beyond y so that |y —
—z| = |y — 2| (and therefore |z — z| = |z’ — 2'|).

b

By the angle monotonicity (0.15), the following expressions have the
same sign:

@) lp—yl=Ip" =¥

(i) Llzy) — £’ V) = Lo Z] - L[ 2);
(iii) Ip—ZI ' = 2| =1Ip—2z—|p—zl;
(iv) £lyZ) - £lyz).

The statement follows since

Ly 2+ 4y s =n and Ly +£[y%] =

G Reformulations

For any triangle [xyz] in a surface X, and its model triangle [ZgZ], there
is a natural map p — p that isometrically sends the geodesics [z, y], [y, 2],
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[z, 2] to the line segments [Z,7], [, 2], [Z,Z], respectively. The triangle
[xyz] is called fat (thin) if the inequality

lp—dqls 2 1p—dlre (or, respectively, |p—qls <[P — qlr2)
holds for any two points p and ¢ on the sides of [zyz].

19.11. Proposition. Let X be an open or closed smooth surface. Then
the following three conditions are equivalent:
(a) For any geodesic triangle [xyz] in X we have

z

(b) For any geodesic triangle [pxz] in ¥ and y on the side [z, z] we have
L(zP) > L(x?).

Y. z
(c) Any geodesic triangle in X is fat.
Similarly, the following three conditions are equivalent:
(A) For any geodesic triangle [xyz] in ¥ we have

z

(B) For any geodesic triangle [pxz] in X and y on the side [z, z] we have
£L(zP) < L(x?).

y. z
(C) Any geodesic triangle in ¥ is thin.

Let us rewrite the Alexandrov lemma (19.10) in the language of com-
parison triangles and angles.

19.12. Reformulation of Alexandrov lemma. Let [pzz] be a trian-
gle in a surface ¥ and y a point on the side [x,z]. Consider its model
triangle [prz] = Apzz, and let y be the corresponding point on the side
[z, Z].

Then the following expressions have the same signs:

(i) Ip—yls — 1P — Jlre; Y
(1) L(z) — L(xh);
(ii1) ™— £L(yh) — £L(y?); » z

Proof of 19.11. We will prove the implications (a)=(b)=(c)=(a). The
implications (A)=(B)=-(C)=(A) can be proved in the same way with
all inequalities reversed.

(a)=(b). Note that £L[y?] + L[y?] = n. By (a),

L(y?) + L(y?) < .
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It remains to apply Alexandrov’s lemma (19.12).
(b)=(c). Applying (b) twice, first for y € [z, 2] and then for w € [p, z],
we get that B ~ ~

L(zy)) 2 L(xy) > £L(zh),
and therefore

lw—yls > |0 - glr2,

where w and gy are the points corresponding to w and y points on the
sides of the model triangle.

(¢)=(a). Since the triangle is fat, we have
L(zy) > L(x?)

for any w € [z,p] \ {z} and y € [z, 2] \ {z}. Note that £ (z y) = L[r?] as
w,y — . Whence the implication follows. [l

19.13. Exercise. Let ¥ be an open smooth surface, v a unit-speed geo-
desic in X, and p € X.
Consider the function

h(t) = p— ()% — .

(a) Show that if ¥ is simply-connected and the Gauss curvature of X is
nonpositive, then the function h is conver.

(b) Show that if the Gauss curvature of 2 is nonnegative, then the func-
tion h is concave.

19.14. Exercise. Let T and y be the midpoints of minimizing geodesics
[p, z] and [p,y] in an open smooth surface X.
(a) Show that if ¥ is simply-connected and has nonpositive Gauss cur-
vature, then
2:[z —yls < |z —yls.
(b) Show that if the Gauss curvature of ¥ is nonnegative, then

27— gls = |z — y[s.

19.15. Exercise. Let 1 and 2 be two geodesics in an open smooth
simply-connected surface ¥ with nonpositive Gauss curvature. Show that
the function h(t) := |y1(t) — v2(t)|s is conver.

19.16. Exercise. Let X be an open or closed smooth surface 3 with non-
negative Gauss curvature. Show that area of any R-disc in the intrinsic
metric of ¥ is at most 7 R2.

19.17. Exercise. Let A be an R-disc in the intrinsic metric of an open
simply-connected smooth surface ¥ with nonpositive Gauss curvature.
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(a) Show that the boundary of A is a smooth curve with geodesic cur-
vature at least %.
(b) Show that the area of A is at least m-R2.

The following exercise generalizes the Moon in a puddle theorem (7.14).

19.18. Advanced exercise. Let A be a disc in a smooth surface ¥ with
nonpositive Gauss curvature. Assume A is bounded by a smooth curve 7y
with geodesic curvature at most 1 by absolute value. Show that A contains
a unit disc in the intrinsic metric of X.

Conclude that the area of A is at least .



Semisolutions

0.1. Check all the conditions in the definition
of metric, page 8.

0.2; (a). Observe that |p — g|x < 1. Apply the
triangle inequality to show that |p—z|x < 2 for
any = € Blg, 1]. Make a conclusion.

(b). Take X to be the half-line [0, c0) with the

standard metric; p = 0 and ¢ = %.

0.3. If x # y, then |z — y|x > 0. Since f is
distance-preserving,

[f(@) = F)ly = |z -yl

Conclude that |f(z) — f(y)|y > 0, and hence
f@) # f(y)

0.6. Show that the conditions in 0.5 hold for
d=ce.

0.8. Suppose the complement @ = X \ Q is
open. Then for each point p € 2 there ise > 0
such that [p — qlx > € for any ¢ € Q. It fol-
lows that p is not a limit point of any sequence
qn € Q. That is, any limit of a sequence in @
lies in Q; by the definition, @ is closed.

Now suppose Q2 = X'\ Q is not open. Show
that there is a point p € Q and a sequence
gn € Q such that |p — gn|x < % for any n.
Conclude that ¢, — p as n — oo; therefore Q
is not closed.

1.2; (a). Use that a continuous injection de-
fined on a compact domain is an embedding
(0.10).

(b). The image of v might have the shape of
the digit 8 or 9.

1.3. Push neighborhoods of the ends to the
ends.

1.4. Let a be a path, connecting p to q.
Passing to a subarc of «, we can assume
that a(t) # p,q for t #0, 1.

An open set Q in (0, 1) will be called suit-
able if, for any connected component (a,b) of
Q, we have a(a) = a(b). Show that the union
of nested suitable sets is suitable. Therefore,
we can find a maximal suitable set ).

Define 8(t) = a(a) for any t in a connected
component (a,b) C €, and B(t) = aft) for
t ¢ Q. Note that for any = € [0,1] the set
B~HB(z)} is connected.

It remains to show that a reparametriza-
tion of 8 is a simple path. In order to do that,
we need to construct a non-decreasing surjec-
tive function 7: [0,1] — [0, 1] such that 7(¢1) =
= 7(t2) if and only if there is a connected com-
ponent (a,b) C Q such that t1,t2 € [a,b].

The required function 7 can be constructed
similarly to the so-called devil’s staircase —
learn this construction and modify it.

1.5. Denote the union of two half-axis by L.

Observe that f(t) — oo as ¢ — oo. Since
f(0) = 0, the intermediate value theorem im-
plies that f(t) takes all nonnegative values for
t > 0. Use it to show that L is the range of a.

Further, show that the function f is strictly
increasing for ¢ > 0. Use this to show that the
map t — a(t) is injective.

Summarizing, we get that « is a smooth
parametrization of L.

Now suppose 8: t — (x(t), y(t)) is a smooth
parametrization of L. Without loss of general-
ity, we may assume that x(0) = y(0) = 0. Note
that xz(t) > 0 for any ¢ therefore 2/(0) = 0.
The same way we get that y’(0) = 0. That is,
B’(0) = 0; so L does not admit a smooth regular
parametrization.

1.6. Apply the definitions. For (b) you need to
check that v, # 0. For (c) you need to check
that v¢(to) = v(¢t1) only if to = ¢1.

1.7. Note that the parametrization t ~ (t,3)
is smooth and regular. Modify it so it has zero
speed at a point.

189
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1.8. This is the so-called A
semicubical parabola; it
is shown on the picture. Try
to argue similarly to 1.5.

1.9. For ¢ = 0 the sys-
tem describes a pair of points
(0,0,41), so we can assume
that £ # 0.

The first equation de-
scribes the unit sphere cen-
tered at the origin, and the
second equation describes a cylinder over the
circle in the (z,y)-plane with center at (—%, 0)

and radius | % [

Find the gradients V f and Vh for the func-
tions

f(x,y,z):x2+y2+z2—l,
h(z,y, z) =22+ 0z +42

Show that for £ # 0, the gradients are linearly
dependent only on the x-axis. Conclude that
for £ # 41 each connected component of the
set of solutions is a smooth curve.

Show that

o if |¢] < 1, then the set has two connected
components with z > 0 and z < 0.

o if |¢] > 1, then the set is connected.

The linear independence of the gradients
provides only a sufficient condition. Therefore,
the case £ = £1 has to be checked by hand. In
this case, a neighborhood of (£1,0,0) does not
admit a smooth regular parametrization — try
to prove it. The case £ = 1 is shown on the
picture.

SEMISOLUTIONS

Remark. In the case £ = =+1, the curve is
called Viviani’s curve. It admits the follow-
ing smooth regular parametrization with a self-
intersection at (£1, 0, 0)

t — (£(cost)?, cost- sint,sint).

1.10. Assume that |y(t)] — oo as t — too.
Choose a compact set K C R3. Show that
~v~1(K) is a bounded closed set in R, and apply
the Heine-Borel lemma (0.9). Conclude that ~
is proper.

Now assume that v(¢,) converges for some
sequence t, — £o0; let p be its limit and K be
a closed ball centered at p. Show that the in-
verse image v~ (K) is not compact. Conclude
that + is not proper.

1.11. Show and use that a set C C R3 is closed
if and only if the intersection K NC is compact
for any compact K C R3.

1.12. Without loss of generality, we may as-
sume that the origin does not lie on the curve.

Show that inversion of the plane (z,y) —
— (%er?’ #W) maps our curve to a closed
curve with the origin removed. Apply Jordan’s
theorem for the obtained curve, and use the in-
version again.

2.2. Show that if we take the least upper bound
in 2.1 for all sequences a = to < t1 <
... <t = b, then the result is the same.
Suppose 72 is reparametrization of «; by
7: [a1,b1] — [az2, ba]; without loss of generality,
we may assume that 7 is nondecreasing. Set
0; = 7(t;). Observe that ao = g < 61 < ...
.. <O =bgifand only if a; =tg <t1 < ...
. < tp = b1. Make a conclusion.

2.3. Show that for any inscribed polygonal line
B and any € > 0 we have

length By, > length 8 —¢.
for all large n. Conclude that
lim length B, > length~.

n—oo

Use the definition of length to show that
lim length B, < length~.
n—r oo
Observe that the two obtained inequalities im-

ply the required statement.

2.4. Choose a partition 0 =tg < - < tp, =1
of [0,1]. Set 790 =0 and

7 =max{7 € [0,1] : B(m) =v(t:) }
for ¢ > 0. Show that (7;) is a partition of [0, 1];
thatis, 0 =190 <711 <--- < 7p = 1.



By construction

[v(to) = ()| + [y (t) = y(t2)[ + - ..
st (1) —v(ta)| =
= [B(r0) — B(m)| + |B(11) — B(m2)| + - ..
<+ |B(Ta—1) — B(tn)|.
Since the partition (¢;) is arbitrary, we get

length 8 > length .

Remarks. It is instructive to compare this ex-
ercise with 2.22.

The inequality might be strict. It happens
if B runs back and forth along «. In this case
the partition (7;) above is not arbitrary.

If one assumes only 3([0,1]) D ~([0,1]),
then the problem becomes harder. It follows
from the following inequality [13, 2.6.14+2.6.2]:

h < length ~.

where h denotes the 1-dimensional Hausdorff
measure of the image ([0, 1]). Moreover the
equality holds if and only if v is simple.

2.5; (a). Apply the fundamental theorem of
calculus for each segment in a given partition.

(b). Consider a partition such that the veloc-
ity vector o’(t) is nearly constant on each of its
segments.

2.6. Use the theorems of Rademacher and
Lusin (0.21 and 0.20).

2.7; (a). Look at the picture, and guess the
parametrization of an arc of the snowflake by
[0,1]. Extend it to the whole snowflake. Show
that it indeed describes an embedding of the
circle into the plane.

1 3
1 1

(b). Suppose 7: [0,1] — R? is a rectifiable
curve and let v, be a scaled copy of v with
factor k > 0; that is, v, (t) = k-v(¢t) for any t.
Show that

length vy, = k- length ~.

Now suppose the arc ~ of the Koch
snowflake shown on the picture is rectifiable;
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denote its length by ¢. Observe that v can be
divided into 4 arcs such that each one is a scaled
copy of v with factor % It follows that £ = %%.
Evidently, £ > 0 — a contradiction.

2.10. Use 2.9 to show that s is lower semicon-
tinuous; that is, if t, — te as n — oo, then
lim s(tn) > s(too).

n—oo

Observe that

5(t) = 5(b) — length(7]p¢,p))-

Apply 2.9 to show that s is upper semicontin-
uous. Conclude that s is continuous. Finally,
show and use that s is nondecreasing.

2.12. We have to assume a # 0 or b # 0; oth-
erwise, we get a constant curve.

Show that |y/(t)] = va? + b?; in particu-
lar, the velocity is constant. Therefore, s =
= t/va% +b? is an arc-length parameter. It
remains to substitute s-v/a? + b2 for t.

2.16. Choose a closed polygonal line p;y ...pn
inscribed in 8. By 2.15, we can assume that
its length is arbitrarily close to the length of g;
that is, given £ > 0

length(p1 ...pn) > length 8 — e.

Show that we may assume in addition that
each point p; lies on a.

Since « is simple, the points p1,...,pn ap-
pear on « in the same cyclic order; that is, the
polygonal line p;p ...py is also inscribed in a.
In particular,

length a > length(p1 . ..pn).
It follows that
length o > length 8 — €.
for any € > 0. Whence
length a > length 5.

has  self-
intersections, then the
points pi,...,pn might
appear on « in a dif-
ferent cyclic order, say p1 P2
Diys---»DPi,- Apply the

triangle inequality to show that

If «
Pn

length(p;, ... ps,) > length(p1 ... pn)
and use it to modify the given proof.

2.18. Denote by ¢y the line segment obtained
by orthogonal projection of v to the line in the
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direction u. Since 7y runs along ¢y back and
forth, we get

length vy > 2- length £y .
By the Crofton formula,
length v > 7-length 4.

In the case of equality, the curve =y runs
exactly back and forth along ¢y without addi-
tional zigzags for almost all (and therefore for
all) u.

Let K be a closed set bounded by ~. The
last statement implies that every line may inter-
sect K only along a closed segment or a single
point. It follows that K is convex.

2.19. The proof is identical to the proof of
the standard Crofton formula. To find the co-
efficients it is sufficient to check it on a unit
interval. The latter can be done by integration:

1 1 //I |
i . zl;
k1 areaS?2

S2

i:;.//m_

ko  areaS2

The answers are k1 = 2 and ko = %.

2.20. Let d be the original metric on X. Sup-
pose that v: [a, b] — (X, ¢) is continuous. Show
that so is v: [a,b] — (X, d).

Choose a curve v in (X, £). Denote by r and
s its d-length and ¢-length, respectively. Show
that s > r > s — e for any € > 0. Deduce
that any curve in (X, £) has equal d-length and
£-length. Make a conclusion.

Remark. The converse to the first statement
does not hold in general. Consider for example,
the following metric on the upper half-plane

d(z,y) = min{lz| + |y|, [|z] — [y|| + v/ £(z, 9)}.

2.21. The only-if part is trivial. To show the
if part, assume A is not convex; that is, there
are points z,y € A and a point z ¢ A that lies
between z and y.

Since A is closed, its complement is open.
That is, the ball B(z, e) does not intersect A for
some € > 0.

Show that there is § > 0 such that any path
from x to y of length at most |z —y|gs +J passes
thru B(z,e). It follows that |z —y|la > |z —
— y|gs + &; in particular, |z — y|a # |z — y|ps-

SEMISOLUTIONS
T
2.24. The spherical curve s —y
shown on the picture does
not have antipodal pairs of
points. However, there are y P

three points z,y,z on an
equator that lie on one of
its sides and their antipodal points —z, —y, —z
on the other. (We assume that the points
T, —y,z,—T,y, —z lie in the same order on the
equator.)

Show that such a curve cannot lie in a hemi-
sphere.

2.25. Assume the contrary, then ~ lies in an
open hemisphere (2.23). In particular, it can-
not divide S? into two regions of equal area —
a contradiction.

2.26. The first sentence is wrong — it is not suf-
ficient to show that the diameter is at most 2.
For example, if an equilateral triangle has cir-
cumradius slightly above 1, then its diameter
(which is defined as the maximal distance be-
tween its points) is slightly bigger than v/3, so
it is smaller than 2.

On the other hand, it is easy to modify the
proof of the hemisphere lemma (2.23) to get a
correct solution. That is, (1) choose two points
p and g on v that divide it into two arcs of the
same length; (2) set z to be a midpoint of p
and ¢, and (3) show that ~ lies in the unit disc
centered at z.

2.27; (a). Modify the proof of the original
Crofton formula (Section 2F).

(b). Assume lengthy < 2-7. By (a),
length v < 2-7.

Therefore, we can choose U so that
length v < 2-7.

Observe that ~{ runs in a semicircle h.
Therefore ~ lies in a hemisphere with h as a
diameter.

3.2. Let « be a unit-speed curve with vanishing
curvature. Then 7" = 0; therefore, the velocity
v =+ is constant. Hence, v(t) = p+ (t —t0)-V,
where p = (o).

3.3. Observe that a(t) := ya(t/A) is a unit-
speed parametrization of the curve . Apply
the chain rule twice.

3.4. Differentiate the identity (vy(s),~(s)) =1
a couple of times.



3.5. Set T = “’—,.

Bl Prove and use the following

identities:
[l = V).

3.6. Apply 3.5a for the parametrization ¢t —
= (¢, f(8)-

3.7. Without loss of generality, we may assume
that + has a unit-speed parametrization.

Consider the tangent indicatrix T(s) =
= 7/(s). Note that T is a spherical curve and
|T] < 1. Use it to construct a sequence of unit-
speed spherical curves T,: I — S? such that
Tn(s) — T(s) as n — oo for any s. Show that
the following sequence of curves solves the prob-
lem:

Y =@t =T, 1),

3.8. Reuse the construction in 2.24 to get a
closed smooth simple spherical curve T: S' —
— S? that contains no pair of antipodal points
and has zero average. Then construct a curve
with tangent indicatrix T.

Source: This curve was constructed by Beni-
amino Segre [86].)

3.9. Show that v/, L~/ ,, and apply 3.5a.
3.12. Apply Fenchel’s theorem.

3.13. We can assume that v is unit-speed. Set
0(s) = £(v(s),7'(s)). Since (T, T) = 1, we have
T’ L T. Observe that (T,0) = cos 0; therefore

k-sin® = |T’|-sin@ > — (7', 0) =
= <T70l> - (T,O’)’ =
= (lo’| + ¢’)- sin#.

Whence k > |o/| + 6" if 6 # 0, 7. It remains to
integrate this inequality and show that the set
with 6 # 0 or m does not create a problem.

An alternative solution can be built on 4.5.
3.15; (a). Since |y(s)| < 1, we have

("(8),7(s)) = =" ()] [v(s)] = —k(s)
for all s.

(b). Since 7 is unit-speed, we have ¢ = lengthy
and (v/,~') = 1. Therefore,
£
[o).7 @ -ds =

0
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£

e
= [0 @A @ds+ [0 o)-ds >
0 0
> lengthy — @(v).

(¢). By the fundamental theorem of calculus,
we have
4

[ ) ds = (2097 (5)
0
Since v(0) = v(¢) and 7/(0) = +/(¢), the right-
hand side vanishes.

We can assume the curve in 3.14 is de-
scribed by a loop v: [0,£] — R3 parametri-
zed by arc-length. We can also assume that
the origin is the center of the ball; that is
|v] < 1. Since 7 is a smooth closed curve, we
have 7/(0) = 7/(¢) and ~(0) = v(¢). Therefore,
(b) and (c) imply 3.14.

3.16. Show that no line distinct from £ can
support F' at p. Apply 0.18 to show that there
is a line supporting F' at p. Make a conclusion.

0

3.20. Start with the curve n
~1 shown on the picture. To 5
obtain g, slightly unbend o—

(that is, decrease the curva-
ture of) the dashed arc.

3.21; (a). We can assume that p = v1(a) =
= ~v2(a) is the origin, u = Ti(a) = T2(a)
points in the direction of xz-axis, and the points
q1 = 71(b) and g2 = 2(b) lie in the upper half-
plane of the (z,y)-plane.

Suppose a1 < az2. Find a point = such that
|l — q1| < |z — g2|, and 1 with the line seg-
ments [p,z] and [z,q1] bound a convex region
in the (x,y)-plane. (Here you have to use that
1< 3)

Modify the proof of the bow lemma (3.19)
so that it works for concatenations of [z, p] with
1 and 72, and arrive at a contradiction.

72(b)
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(b). Look at the picture and think.

Remark. It is instructive to compare the exer-
cise and the chord lemma (4.2).

3.22; (a). Choose a value sg € [a, b] that splits
the total curvature of v in half. Observe that
£(v'(s0),7'(s)) < 0 for any s. Use this inequal-
ity as in the bow lemma.

(b). Apply (a), and see the
picture.

(¢). Start with a polygonal
line made from two equal
segments with the external
angle 2-0 and smooth its
joint, using cutoffs and mollifiers (OF).

3.23. Let £ = length~. Suppose ¢; < £ < {s.
Let 1 be an arc of the unit circle with length ¢.

Show that the distance between the end-
points of 1 is larger than |p — ¢, and apply the
bow lemma (3.19).

Source: The exercise is generally attributed to
Hermann Schwarz [87].

3.24. Suppose lengthy < 2-7. Apply the bow
lemma (3.19) to v and an arc of the unit circle
of the same length.

3.25. Choose a smooth spherical curve « that
runs near one point; for example, a small spher-
ical circle centered at this point. Consider a
curve T that runs along « with speed k(s) at
any s € [0,¢]. Show that a curve with tangent
indicatrix T solves the problem.

3.26. We can assume that ~y is unit-speed. Sup-
pose the inequality fails at ¢ = 0. We may
assume that «(0) < 7; otherwise, revert the
parametrization.

In the plane spanned by v(0) and ~'(0),
choose a unit-speed circle arc (or line segment)
o from 0 to v(0) that comes to v(0) in the di-
rection opposite to 7/(0). Consider a unit-speed
semicircle 4 with curvature 2 that starts at v(0)
in the direction 4/(0) so that that the concate-
nation o x4 is an arc of a convex plane curve;
see the figure.

SEMISOLUTIONS

Show that if |y(0)] > sin[a(0)], then ¥
leaves the unit ball; that is, |¥(to)] > 1 for
some tg.

The concatenations o * v and o * 4 fail to
be smooth at the joint, but it is differentiable
at this point. Check that the proof of the bow
lemma works in this more general case.

Apply this bow lemma to o * v and o * 7,
to get |y(to)| = |¥(to)|, and arrive at a contra-
diction.

Source: This statement was used by the first
author [79].

4.3. Set a = L(u,w) and 8 = £L(v,w). Try to
guess the example from the picture.

The shown curve is divided into three arcs:
I, II, and III. Arc I turns from U to w; it has
total curvature . Similarly, arc IIT turns from
w to v and has total curvature B. Arc II goes
very close and almost parallel to the chord pq,
and its total curvature can be made arbitrarily
small.

\%
iI 4
p 1P 4

II

w

4.4. Use that an exterior angle of a triangle
equals the sum of the two remote interior an-
gles. For the second part apply induction on
the number of vertices.

4.6. Assume z is a point of self-intersection.
Show that we may choose two points y and z
between the self-intersections on 7 so that the
triangle xyz is nondegenerate. In particular,
Ly2]+4£[zY¥] < =, or, equivalently, for the non-
closed inscribed polygonal line zyzx we have
®(xyzx) > 7. It remains to apply 4.5.

4.7. Consider the closed polygonal line acbd.
Observe that ®(acbd) = 4-7. It remains to ap-
ply 4.5.

Remarks. Lines crossing a curve as in the exer-
cise are called alternating quadrisecants.
It is known that any nontrivial knot ad-
mits an alternating quadrisecant [24]; according
to the exercise, the latter implies the so-called
Fary—Milnor theorem — the total curvature
of any knot exceeds 4-7; see [74] and the refer-
ences therein.

4.11. By 4.5, ®(y) > ®(p); it remains to show
that ®(vy) < sup{®(8)}. In other words, given



e > 0 and a polygonal line ¢ = Ug...U in-
scribed in the tangent indicatrix T of v, we need
to construct a polygonal line 8 inscribed in
such that

(1] lengtho < ®(B) +«.

Suppose U; = T(s;). Choose an inscribed
polygonal line 8 = pg ...p2.k+1 such that pa.;
and p2.;4+1 lie sufficiency close to (s;); so we
can assume that the direction of pa.;41 —p2.; is
sufficiency close to u; for each i. Show that @
holds true for the constructed polygonal line .

4.12. Show that for any polygonal line 8 in a
ball of radius R, we have

length 3

7
Observe that v lies in a ball and apply this in-
equality.

An example for the second question can be
found among logarithmic spirals.

O(B) +2-m >

5.1. The arc-length parameter s is already
found in 2.12. It remains to calculate the Frenet
frame, curvature, and torsion.

One should get

)

T(t) _ (—a- sin t2,a- (;os t,b)
a?+b
N(t) = (—cost, —sint, 0),

B(t) _ (b-sint,—b- cost,a)7

a2+b2 B T
T=
It remains to show
that the map (a,b) — N
, N

b
— (ﬁ, m) sends
bijectively the half plane
a > 0 onto itself.

5.2. By the product rule, we get
B =(rxN) =1 xN+TxN.

It remains to substitute the values from @ and
© and simplify.

5.3. This is a consequence of the equation
B’ = —7-N.

5.4. We can assume that o is unit-speed.
Show that |y;| =|T — 7-N| > 1 and use it.

’ "
5.5. Observe that % is a unit vector per-

pendicular to the plane spanned by ' and ~"/,
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so, up to sign, it has to be equal to B. It remains
to check that the sign is right.

5.6. Apply 3.5b and 5.5.

5.7. We can assume that ¢tp = 0 and ~;(0) = 0.
Consider the functions

pi(t) = () = (i (), 7i(1))-
Observe that p1 > p2 and p;(0) = 0. Show that
p;(o) =0, p;/(o) =2,
pi'(0)=0,  p"(0)=—2-r(0)2..
Make a conclusion. (Compare to 5.16.)

5.8. Assume that the tangent indicatrix has no
self-intersection. Show that it lies in an open
hemisphere and argue as in Fenchel’s theorem.

5.10; (a). Observe that (w,T)’ = 0. Show
that it implies that (w,~N) = 0. Further, show
and use that (w,T)2 + (w,B)2 = (w,w). To
prove the last identity, apply the Frenet formula
for N’.

(b). Show that w’ = 0; it implies that (w,T) =
= % In particular, the velocity vector makes a
constant angle with w; that is, v has a constant
slope.

5.11. Suppose « is an evolvent of v, and w
is a fixed vector. Show and use that (w,a) is
constant if v makes a constant angle with w.

5.13. Part (a) follows since (T,N,B) is an or-
thonormal basis. For (b), take the first and
second derivatives of the identity (v,7) = 1
and simplify them using the Frenet formulas.
Part (¢) follows from (b) and the Frenet for-
mulas. By (¢), [ = 0, hence (d) follows.
Part (e) is proved by algebraic manipulations.
For (f), use the Frenet formulas to show that

’
(v + %vN + “_TvB)’ =0.

K2

Remark. Part (c) implies that [ % =0 for any
closed smooth spherical curve. It is known that
this property characterizes spheres and planes;
this was proved by Beniamino Segre [86].

5.15. Use the second statement in 5.1.
5.16. The function
p(6) =yt +€) =) =
=+ 0 —v@),v(t+£) — (1)

is smooth and does not depend on t. Express
speed, curvature, and torsion of < in terms of
the derivatives p(™(0). Be patient, you will
need two derivatives for the speed, four for the
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curvature, and six for the torsion. Once it is

done, apply 5.15.

6.1. Without loss of generality, we may assume
that o is parametrized by its arc-length. Then

Ivil =g + 1| = |1+ KN
It follows that
1)1 = o @)l 1] = k()

for any ¢ € [a,b]. Integrate these inequalities
and apply 2.5.

and

6.4. Observe that
~i(t) = (1 + a- cost, —a- sint);

that is, 4/, runs clockwise along a circle with
center at (1,0) and radius |al.

Case |a] > 1. Note that T4(t) = v,/|75|
runs clockwise and makes a full turn in time
2-w. Therefore, ¥(vy,) = —2-7 and ®(y4) =
=[¥(ya)| = 2-m.

Case |a] < 1. Set 0, = arcsina. Show that
Ta(t) = ., /|7,| starts with the horizontal di-
rection T4(0) = (1,0), turns monotonically to
angle 0,, then monotonically to —6, and then
monotonically back to T4(2-7) = (1,0). It fol-
lows that U(v4) =0 and ®(vq) = 4-04.

Case a = —1. The velocity 4’ ; (t) vanishes at
t = 0 and 2-7. Nevertheless, the curve admits a
smooth regular parametrization — find it. You
should get ®(y—1) = —¥(y-1) = 7.

Case a = 1. The velocity +{(t) vanishes at
t = w. At t = 7 the curve has a cusp; that is,
~1 turns exactly back at the time w. So 1 (t)
has undefined total signed curvature. The curve
is a joint of two smooth arcs with external angle
7, and the total curvature of each arc is <, so

27
*n)=F5+7+ 5 =27

6.6. The answers are shown. In the last pic-
ture, we assume that the two marked points
have parallel tangent lines.

@o@@

6.7; (a). Show that
Ye(t) = (1 = L-k(t)' (1)

SEMISOLUTIONS

By regularity of v, v/ # 0. So if () = 0, then
k() =1.

(b). We can assume that - is parametrized
by its arc-length, so 4/(t) = T(¢t). Suppose

4] < ﬁ = k(lt)‘ for any ¢. Then

e = (1 = £-k(t)).

Therefore,

b
L(e) = /(1 — 0k (t))-dt =

b b

:/1-dt—£»/k(t)»dt:

a a

= L(0) + £-T(v).

(¢). Consider the unit circle v(t) = (cost,sint)
for t € [0,2-7] and 7, for £ = 2.

6.10. Use the definition of osculating circle via
order of contact, and that inversions send cir-
cles to circles or lines.

6.12. We assume that v is unit-speed. Show

that ' = k—;N Conclude that w has Frenet

frame either (N, —T) or (—N, T), and its curva-
3
ture is [ |.

6.14. Start with a plane spi-
ral curve as shown on the pic-
ture. Applying 5.14, increase
the torsion of the dashed arc
without changing the curva-
ture until a self-intersection
appears.

You may think that the dashed arc is very
short, so the tangent vector T is nearly constant
on this arc. Increasing the torsion can rotate
normal vector N arbitrary around T. An inter-
section appears if N is rotated by certain angle
near 7. (Compare to 3.7.)

6.15. Observe that if a line or circle is tangent
to v, then it is tangent to the osculating circle
at the same point. Then apply the spiral lemma
(6.11).

6.16. Note that osculating circles of a spherical
curve lie in the sphere. Prove an analog of 6.11
for these circles. (Compare to 5.13d.)

7.2. Apply the spiral lemma (6.11).

Computational solution. We will assume that
the curvature does not vanish at p, the remain-
ing case is simpler. We may assume that ~ is



unit-speed, p = 7(0), and the center of cur-
vature of v at p is the origin; in other words,
£(0)-v(0) +~(0) = 0.

Consider the function f:t — (y(¢),v(t)).
Direct calculations show that

= =2(r,),
f// _ 2-<T,’Y>l — 2~/§~(N,’Y> + 2,
7= 2N, ) 4 200 (N 7) 4 25T

Observe that N'(0) L ~(0). Therefore,
f'(0) =0, f"(0) =0, and f"'(0) = —2-x'/k.

If the osculating circle supports v at p, then
the function f has a local maximum or mini-
mum at 0. Therefore f"/(0) = 0 and ' = 0.

7.4. Consider the coordinate system with the
origin at p and the common tangent line to 1
and 2 as the z-axis. We may assume that 7
and 72 are defined in (—e,¢) for small ¢ > 0,
and they run almost horizontally.

Given t € [0,1] consider the curve ~¢
that is tangent and cooriented to the z-axis at
~¢(0) = p and has signed curvature defined by
ki(s) := (1—t)-ko(s)+t-k1(s). It exists by 6.2.

Choose s =~ 0. Consider the curve as: t —
— v¢(s). Show that as moves almost vertically
up. Use that «¢ moves almost horizontally to
show that in a small neighborhood of p, the
curve 1 lies above 70, whence the statement
follows.

7.5. Move the unit circle straight until its cen-
ter gets to the base of the loop, and then re-
duce its radius to zero. Show that at the mo-
ment when the circle first touches the loop, it
supports the loop at a point distinct from the
base. Apply 7.3.

7.6 + 7.7 + 7.8. Observe that one of the
arcs of curvature 1 in the families shown on the
picture supports v, and apply 7.3.

[T &, &

The second part in 7.6 can be reduced to
7.5 using the shown family and another family
of arcs curved in the opposite direction.

Remark. Compare to 7.16.

7.11. Note that
we can assume
that + bounds a
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convex figure F.

Otherwise, by 7.9 its curvature changes sign.

Therefore, v has zero curvature at some point.
Choose two points  and y surrounded by v

such that |z —y| > 2. Look at the maximal lens

bounded by two arcs with a common chord zy

that lies in F'. Apply the supporting test (7.3).

7.12. Apply the lens lemma (7.10) to show that
v lies on one side from the line pg. Conclude
that the union of the arc v and its chord [p, q]
is a simple closed curve; by Jordan’s theorem,
it bounds a figure, say F'.

Assume that F' is not convex and arrive at
a contradiction as in 7.9.

7.13. Choose two points p,q € v on the maxi-
mal distance. Apply 7.12 to the arc of v from p
to g. After that use the bow lemma (3.19), or
argue as in 7.11.

For the last part of the problem, consider
the smallest circle o that surrounds v and ar-
gue as before for one of the arcs of v between
common points with o.

Remark. If self-intersections are allowed, then
diameter of the curve can be arbitrarily large.
An example can be guessed from the following
picture. In fact the diameter can be made ar-
bitrarily close to the length of curve.

T Yy s s

7.16. Show that ~ contains a simple loop 1.
Apply 7.14 to ~1.

7.19. We may assume that the smaller square
on its left of 7. Use 7.18 to show that there are
two points on y with signed curvature > 1 and
< 1, respectively. Apply the intermediate value
theorem for signed curvature to show that there
is a point with curvature 1.

More challenging question: What is the mini-
mal number of such points?

7.20. Applying rescaling, we may assume that
a = m; that is, our loop bounds area of the unit
disc. Then apply 7.15 to show that the curva-
ture is at least 1 at some point. Argue as at
the end of the proof of 7.18, showing that the
curvature is at most 1 at some point.

Apply the intermediate
value theorem to show that
curvature is 1 at some point.

7.21. Repeat the proof of the
7.15 for each cyclic concate-
nation of an arc of v from p;
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to p;+3 the arc of the circle
with points p;44,...,p;—1 on it.

An example for the second part can be
guessed from the picture.

7.22. The if part is trivial; let us show the
only-if part. Choose two points p,q € v such
that |[p — g| > 4. Denote by op, oq, rp, Tq the
incircles and inradii at p and q respectively.

Suppose rp > 1 and 74 > 1. Show that two
unit discs tangent to v from inside at p and g
solve the problem.

Suppose rp, < 1 and 74 < 1. Observe that
op and o4 do not intersect. Note that we can
choose two nonoverlapping arcs v, and 4 of
~ with ends on o, and o4 respectively. Start
with these two arcs and argue as in 7.15. Show
that the obtained supporting osculating circles
do not intersect; make a conclusion.

In the remaining case rp > 1 and 74 < 1,
combine both arguments.

Source: The problem is due to Berk Ceylan [17].
It is unknown whether any simple closed plane
curve with curvature at most 1 and length at
least 4-7 surrounds two disjoint unit discs.

7.23. Observe that the tangent indicatrix T
of v is a smooth simple closed spherical curve.
Show that each point of v with vanishing tor-
sion corresponds to an inflection point of T;
that is, a point with vanishing geodesic curva-
ture (see Section 11A).

Try to prove that if T has less than 4 inflec-
tion points, then it lies in an open hemisphere,
or extract this statement from the proof of the
tennis ball theorem [7, § 20]. After that argue
as in 3.11.

8.3. Denote the level set by 3.

Show that Vpf = 0 if and only if p =
= (0,0,0). Use 8.2 to conclude that if ¢ # 0,
then ¥, is a union of disjoint smooth surfaces.

Show that X, is connected if and only if
¢ > 0. It follows that if £ > 0, then X, is a
smooth surface, and if £ < 0 — it is not.

The case ¢ = 0 has to be done by hand — it
does not satisfy the sufficient condition in 8.2,
but that does not solely imply that 3¢ is not a
smooth surface.

Show that any neighborhood of origin in ¥¢
cannot be described by a graph in any coordi-
nate system; so by the definition (Section 8B)
Yo is not a smooth surface.

8.5. Modify the solution of 1.2b.

SEMISOLUTIONS

8.7. To prove the if part, use that the compo-
sition of smooth functions is smooth.

Now, choose a graph representation z =
= f(=z,y) of a neighborhood of p in ¥. Note
that g is smooth in the neighborhood if and
only if the function §: (z,y) — g(z,y, f(z,y))
is smooth in its domain of definition. Define
f(z,y, z) := §(z,y); it solves the only-if part.

For the last part, consider function
g: (z,y) — :ﬂiiy? defined on the (z,y)-plane
with removed origin. Observe that g cannot be
extended to a continuous function on R3.

Remark. Suppose X is a smooth proper sur-
face. Then any smooth function g: ¥ — R can
be extended to a smooth function on R3. A
proof uses the so-called partition of unity;
read about it and try to prove this statement.

8.8. Check that the image of s lies in
the unit sphere centered at (0,0,1); that

. 2.u 2 2-v 2

is, show that <m> + (71+u2+u2> +
2

+ (m — 1) = 1. for any u and v.

2-(x,
Show that the map (z,y,z) — @%

describes the inverse of s, which is continuous
away from the origin. In particular, s is an em-
bedding that covers the entire sphere except for
the origin.

Show that s is regular; that is, s, and s, are
linearly independent at all points of the (u,v)-
plane.

Remark. The map s in the exercise can be vi-
sualized as

(u7v7 1) = (1+12,(‘27iv2 ) 1+iéi1}2 ’ 1+ug+v2)
which is called stereographic projection
from the plane z = 1 to the unit sphere with
center at (0,0,1). Note that the point (u,v, 1)
and its image lie on the same half-line emerging
from the origin.

8.9. Set s: (t,0) — (x(t), y(t)- cosb,y(t)- sinbh).
Show that s is regular; that is, s; and sy are
linearly independent. (It might help to observe
that s¢ L sg).



Show that s is an embedding; that is, any
(to,00) admits a neighborhood U in the (¢, 0)-
plane such that the restriction s|yy has a con-
tinuous inverse. It remains to apply 8.6.

8.10. Apply the inverse function theorem
(0.25) in charts for both surfaces.

8.11. The solutions of these exercises are built
on the following general construction known as
the Moser trick.

Suppose Ut is a smooth time-dependent
vector field on a plane. Consider the ordinary
differential equation z’(t) = u¢(z(t)). Consider
the map ¢: (0) — x(1) where t — z(t) is a
solution of the equation. The map ¢ is called
the flow of the vector field us for the time in-
terval [0,1]. By 0.29, the map ¢ is smooth in
its domain of definition. Moreover, the same
holds for its inverse ¢ ~1; indeed, ¢~ is the flow
of the vector field —uj_¢. That is, ¢ is a diffeo-
morphism from its domain of definition to its
image.

Therefore, to construct a diffeomorphism
from one open subset of the plane to another, it
is sufficient to construct a smooth vector field
such that its flow maps one set to the other;
such a map is automatically a diffeomorphism.

(a). Consider two sets R2\{p1,...,pn} and R2\
{q1,...,qn}. Choose smooth paths v;: [0,1] —
— R2 such that 7;(0) = p;, vi(1) = ¢, and
ilt) # 75 (1) iF i # 5.

Choose a smooth vector field v¢ such that
vie(7i(t)) = ~(t) for any i and t. We can as-
sume in addition that v¢ vanishes outside a suf-
ficiently large disc; this can be arranged by mul-
tiplying the vector field by an appropriate bell
function; for example, o1(R — |z|), where R is
large and o7 is defined on page 18.

It remains to apply the Moser trick to the
constructed vector field.

(b)-(d). In (b)—(c), we can assume that the
origin belongs to both sets, and in (d) that the
sets are star-shaped with respect to the origin.

In each case show that there is a vector field
v defined on R? that flows one surface to an
other. In fact, one can choose radial fields of
that type, but be careful with the cases (¢) and
(d) — they are not as easy as one might think.

9.3. Let v be a smooth curve in ¥. Observe
that fo~(t) = 0. Differentiate this identity, and
apply the definition of tangent vector (9.1).

9.4. Assume a neighborhood of p in ¥ is a
graph z = f(z,y). In this case, s: (u,v) —
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— (u,v, f(u,v)) is a smooth chart at p. Show
that the plane spanned by s, and s, is not ver-
tical; together with 9.2, this proves the if part.

For the only-if part, fix a chart s: (u,v) —
— (z(u,v),y(u,v), z(u,v)), and apply the in-
verse function theorem to the map (u,v) +—
> (2(u,v), (0, 0)).

9.5. Choose (z,y, z)-coordinates so that II is
the (x, y)-plane and p is the origin. Let (u,v) —
s(u,v) be a chart of ¥ such that p = s(0,0). De-
note by k the unit vector in the direction of the
z-axis.

Show that we can assume that
(s(u,v),k) > 0 in a punctured neighborhood
of 0. Conclude that s, 1 K and s, L k at 0,
hence the result.

9.7. By 0.29, there is a curve « in X such that
a(0) = p and o/(z) = Xq(y)- The same way
construct a curve B in ¥ such that 8:(0) =
a(z) and B;(y) = vg, (y)- Apply 0.25 to show
that (x,y) — Bz (y) describes a chart of a small
neighborhood W of p.

Show that u: 8z (y) = « meets the required
conditions in W. The same way one can con-
struct v.

It remains to apply 0.25 again.

9.10. Show and use that for any smooth curve
v in ¥ the function ¢ — (vg,~(t)) is constant.

9.11. By 9.3, v = 2

[h] defines a unit normal
field on X.

9.14. Use cutoffs and mollifiers (Section OF) to
construct a smooth nonnegative function f on
the (z, y)-plane such that f(x,y) = 0if and only
if (z,y) € A. The graph z = f(x,y) describes
the required surface.

10.1. Fix a point p on . Since ¥ is mirror-
symmetric with respect to II, we have T}, L II.

Choose (z, y)-coordinates on T, so that the
z-axis is the intersection II N'Ty. Suppose the
osculating paraboloid is described by the graph
z = %-(@xQ + 2-m-z-y + n-y?). Since X is
mirror-symmetric, so is the paraboloid; that is,
changing y to (—y) does not change the value
022 +2-m-z-y + n-y2. In other words m = 0,
or equivalently, the z-axis points in a direction
of curvature.

10.2. Note that the principal curvatures have
the same sign at each point. Therefore, we can
choose a unit normal v at each point so that
both principal curvatures are positive. Show
that it defines a global field on the surface.
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10.3. Compute the Taylor series of the function
gz, y) = A f(z/A y/N).

10.5. Apply 104 to a map s such that
s4(0,0) = U and $,(0,0) = v.

10.8; (a). Observe that ¥ has unit Hessian ma-
trix at each point, and apply the definition of
the shape operator.

(b). Choose a chart s in . Show that
%(s-{—u) = %(s—}—u) =0.
Make a conclusion.

10.9. The problem might seem trivial until one
realizes that a connected set can be quite pecu-
liar. For example, it may contain no nontrivial
curves.

Apply Sard’s lemma (0.24) to show that v
is constant on Zg, denote its value vg. Apply
Sard’s lemma again to show that « — (vo,z) is
constant on Zg. Make a conclusion.

Remark. This result was used by Richard Sack-
steder [84, Lemma 6]. Try to solve the follow-
ing slightly more challenging problem: Let 3 be
a smooth surface with orientation defined by a
unit normal field v, and let Z1 C X be a con-
nected set with unit shape operator. Show that
Z7 lies in a unit sphere.

10.10. We can assume that v is parametrized
by arc-length. Denote by v1(s) and v2(s) the
unit normal vectors to 1 and X2 at (s).

By the assumption, (vq1,r2) = ¢ for some
constant c. We know that v} is proportional to
' and need to show that v/ is proportional to
~'. If ¢ = &1, then v; = Fw9, and the state-
ment trivially holds.

Note that (v],v2) = 0; use that ¢/ = 0 to
show that (v1,v4) = 0. Show that (v2,v}) = 0.
Conclude that v is proportional to ~'.

Source: This is a result by Ferdinand Joachim-
sthal [47] generalized by Ossian Bonnet [12].

10.11; (a). Fix t. Set fi: p — p+ t-v(p); it
maps X to X¢.

Apply the definition of the shape opera-
tor to show that dpfi(v) = v — t- Shape,(v).
Since X is closed, the norm of Shape is bounded.
Whence f; is regular if ¢t = 0.

Further show that f: is injective if ¢t =~ 0;
conclude that f¢ is a smooth embedding.

(b). By the area formula (9.8), we have

area Yy = /janft-

peEX

SEMISOLUTIONS

Show and use that jac, fr = 1 —t-H+t2 K.

10.12; (a). Use that principal directions are
orthogonal; see 10B.

(b). Apply 10.6 to show that v, = 0; use it to
show that v depends only on v.

Observe that vy, = vy = 0. Use 10.6 to
show that v, = —k-s,. Conclude that v, = 0
and therefore v depends only on v.

Apply (a) to show that U depends only
on v. Make a conclusion.

(¢). The first part follows from the conclusion
of (b).

By (a), (su,sv) = 0. Since sy is propor-
tional to s, we also get (Sv, Suu) = 0. There-
fore,

2 (su, su) = 2+ (Spu, Su) =
= 2-8%(su,su> — 2-(Sw, Suu) = 0.
Make a conclusion.
(d). Since (su, su) =1,
0= %(su,sw = 2-(Suu, Su)-

By (¢), Suu || Su; therefore, sy = 0.
Conclude that s, depends linearly on u.
Use this together with the equations

vy = —k Sy, Vyo = 0.
Source. This exercise is based on the proof
given by Sergei Ivanov [46, 39 Sem. Lect. 13].

11.3. Apply 11.2 and the definition of mean
curvature.

11.4. Recall that H = k1 + k2 and K = ky-ka,
where k1 and ko are the principal curvatures.
By Euler’s identity, we need to find the average
value of

(F1-(cos 0)? + ko-(sin 8)?)2.
Show and use that %, %, and % are the average
values of (cos®)?, (sin@)%, and (cos@-sin@)?,

respectively.

11.6. Use Meusnier’s theorem (11.5), to find
the center and radius of curvature of v in terms
of its normal curvature at p. Make a conclusion.

Source: This statement, as well as 11.5 were
proved by Jean Baptiste Meusnier [66].

11.7. Use 10.1 and Meusnier’s theorem (11.5).
11.8. Use 11.7a, 3.6, and 11.5.



11.9. Apply Meusnier’s theorem (11.5) to show
that the coordinate curves aw : u — s(u,v) and
Bu: v — s(u,v) are asymptotic; that is, they
have vanishing normal curvature.

Observe that these two families are orthog-
onal to each other. Apply 11.3.

11.10. By 11.7a, parallels and meridians are
lines of curvature. One principal curvature is
the curvature of generatrix. Use 3.5a to show
that it is at most a-sinz. Note that the cur-
vature of parallel is ———; apply Meusnier’s
theorem, to show that the principal curvature
in its direction cannot be larger. Make a con-
clusion.

11.11. Apply 11.7b.
11.13. Use 10.1 and 7.14.

11.14. Drill an extra hole or combine two ex-
amples together.

12.2. Choose curvatures such that

k2(p)s, > k2(p)s, > k1(p)s, > k1(p)s,,

and suppose the first principal direction of X
coincides with the second principal direction of
3o and vice-versa.

12.4 4+ 12.5. Apply the same reasoning as in
7.6—7.8, but use families of spheres instead.

12.6. Show that any tangent plane T}, supports
> at p. Apply 12.1.

12.7. Assume a maximal ball

in R has radius r, and it touches

the boundary of R at the points

p and gq. ‘
Consider the projection .S of

R to a plane thru p, ¢ and the

center of the ball. Show that S

is bounded by a smooth closed convex curve

with curvature at most 1. Argue as in 7.6 to

show that r > 1.

12.9. Choose a plane II. Suppose a point p lies
in the intersection II N X.

Show that if II is tangent to surface at p,
then p is an isolated point of the intersection
IInx.

It follows that if « is a connected compo-
nent of the intersection II N X that is not an
isolated point, then IT intersects ¥ transver-
sally along ~; that is, TpX # II for any point
p € 7. Apply the implicit function theorem to
show that ~ is a smooth curve.
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Finally, the curvature of ~ cannot be
smaller than the normal curvature of ¥ in the
same direction. Hence « has no points with van-
ishing curvature. Therefore its signed curvature
has a constant sign.

12.11. Assume the contrary, then by 12.10 the
surface is convex. Show that the surface has
a supporting spherical dome with the unit cir-

cle as the boundary. Arrive at a contradiction
with 12.3.

12.12. We can assume that the Gauss curva-
ture of the surface is positive; otherwise, the
statement is evident. By 12.10, the surface
bounds a convex region that contains a line seg-
ment of length 7.

By 11.10, the Gauss curvature of the sur-
face of revolution of the graph y = a- sinx for
z € (0,7) cannot exceed 1. Try to support the
surface ¥ from the inside by a surface of revolu-
tion of the described type. (Compare to 7.11.)

Remark. The exercise can be deduced from the
following deeper result: if the Gauss curvature
of ¥ is at least 1, then the intrinsic diameter of
Y cannot exceed . The latter means that any
two points in ¥ can be connected by a path in
¥ that has length at most 7. This theorem was
proved by Heinz Hopf and Willi Rinow [42] and
named after Sumner Myers who generalized it
[69].

12.14; (a). Use the
convexity of R.

(b). Observe that
the map ¥ — §2
is smooth and regu-
lar, then applying the
inverse function the-
orem, show that its
inverse is smooth as
well.

12.16; (a) (The ar-
gument is similar to
3.17b.) We can as-
sume that the origin
lies on Y. Consider
a sequence of points
rn € X such that
|zn| = 00 as n — oo.
Denote by Uy, the unit
vector in the direction of z; that is v, = %
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Since the unit sphere is compact, we can
pass to a subsequence of x, such that u, con-
verges to a unit vector, say u. Show that the
half-line from the origin in the direction of u
can be taken as /.

(b) + (¢) + (d). Since R is convex, so is its
projection .

Note and use that for any ¢ € X, the direc-
tions vy, = ‘iz:g‘ converge to U as well.

Show that X has no vertical tangent planes.
Conclude that the projection map from ¥ to the
(z,y)-plane is regular. Use the inverse function
theorem to show that Q is open.

(e). Arguing by contradiction, suppose for
some sequence (Tn,Yn) — (Too,Yoo) € ON
the sequence f(zn,yn) stays bounded above.
We can pass to a subsequence such that either
f(xn,yn) converges to a finite value, say zoc, Or
it diverges to —oo.

In the first case, show that the point
(oo, Yoo, Zoo) does not lie on X, but it has ar-
bitrarily close points on . That is ¥ is not
proper — a contradiction.

If f(zn,yn) — —oo, use the convexity of
f to show that f(%, %) — —oo. Note that
the origin belongs to €2; use it to show that

xT“’, yT“’) € Q. Arrive at a contradiction.

12.17. By 12.16d, ¥ is parametrized by an
open convex plane domain 2. It remains to
show that {2 can parametrize the whole plane.

‘We may assume that the origin of the plane
lies in 2. Show that in this case, the bound-
ary of ) can be written in polar coordinates as
(0, f(0)) where f: S! — R is a positive contin-
uous function. Then a homeomorphism from 2
to the plane can be described in polar coordi-
nates by changing only the radial coordinate;
for example, as (60, r) — (6, #f(e))

In the second part, one may apply 8.11c.

12.18. Choose a coordinate system so that the
(z,y)-plane supports ¥ at the origin, so X lies
in the upper half-space.

Show that there is € > 0 such that any line
starting from the origin with slope at most ¢
may intersect % only in the unit ball centered
at the origin; we may assume that € is small,
say € < 1. Consider the cone formed by the
half-lines from the origin with slope e shifted
down by 1. Observe that the entire surface lies
inside this cone.

12.19. Choose distinct points p,q € X. Ap-
ply 12.10 to show that the angle L(v(p),p — q)
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is acute and £(v(q), p — q) is obtuse. Conclude
that v(p) # v(q); that is, v: ¥ — S? is injective.

(a). Given a unit vector U, consider a point
p € ¥ that maximizes the scalar product (p, u).
Show that v(p) = u. Conclude that the spher-
ical map v: ¥ — S? is onto, and therefore it is
a bijection.

Applying 10.7, we get that the integral is
4-m = area S°.

(b). Choose an (z,y, z)-coordinate system pro-
vided by 12.16d. Observe that for any p the
normal vector v(p) forms an obtuse angle with
the z-axis. It follows that the image v(X) lies
in the southern hemisphere.

Applying 10.7, we get that the integral does

not exceed 2.7 = % areaS2.

Remark. This exercise reminds Corollary 3.18.
13.1. Apply 11.7.

13.2. Prove and use that each point on the
surface has a direction with vanishing normal
curvature.

13.3. Suppose p € ¥ is a point of local max-
imum of f. Show that X is supported by its
tangent plane at p. Arrive at a contradiction.

13.4. Denote by II; the affine tangent plane
to ¥ at y(¢) and by ¢; the tangent line to ~ at
time t.

Note that IT; is the graph of a linear func-
tion, say h¢, defined on the (z, y)-plane. Denote
by £¢ the projection of £; to the (z,y)-plane.
Show that the derivative %ht(w) vanishes at
the point w if and only if w € #; and the deriva-
tive changes sign if w goes from one side of #;
to the other.

If 4 is star-shaped with respect to a point w,
then w cannot cross #;. Therefore, the function
t — hi(w) is monotone on S'. Observe that
this function cannot be constant, and arrive at
a contradiction.

Source: The statement follows from the theo-
rem of Galina Kovaleva [51], which was redis-
covered by Dmitri Panov [73].

13.5. This problem follows easily from the so-
called Morse lemma. The following sketch is
a slightly stripped version of it. A more concep-
tual proof [1] can be built on the Moser trick;
see the solution of 8.11.

Choose tangent-normal coordinates at p so
that the coordinate axes point in the principal
directions; let z = f(z,y) be the local graph
representation of 3. We need to show that the



solution of f(x,y) = 0 is a union of two smooth
curves that intersect transversely at p.

Prove the following claim: Suppose z >
— h(x) is a smooth function defined in an open
interval T 5 0 such that h(0) = A'(0) = 0 and
h”(0) > 0. Then, for a smaller interval J > 0
there is a unique smooth function a: J — R
such that h = a?, a(0) = 0 and a’(0) > 0.

Note that passing to a small square domain
lz|,ly| < e, we can assume that fzz > ¢ and
fyy < —e. Show that if ¢ is small, then for every
x there is unique y(z) such that fi(z,y(x)) = 0;
moreover, the function z — y(x) is smooth.

Set h(z) = f(z,y(z)). Note that h(0) =
= h’(0) = 0 and A" > 0. Applying the claim,
we get a function a such that h = a?, where
a(0) = 0 and a/(0) > 0.

Observe that g(z,y) = h(z) — f(z,y) > 0,
gy(@,y(@)) = g(z,y(x)) = 0, and gyy > 0. Ap-
plying the claim to each function y — g(z,y)
with fixed z, we get that g(x,y) = b(z,y)? for a
smooth function b such that b(x,y(x)) = 0 and
by(z, y(x)) > 0.

It follows that

f(fE, y) = a(m)z - b(fE, y)2 =
= (a(z) — b(z,y))-(a(z) + b(=z, y)).
That is f(z,y) =0 if a(z) £ b(z,y) = 0.
It remains to observe that the two functions
g+(z,y) = a(z) £ b(z,y) have distinct non-
zero gradients at 0. Therefore, each equation

a(z) £ b(z,y) = 0 defines a smooth curve in a
neighborhood of p; see Section 1E.

13.7. Look at the pseudosphere described in
11.7c¢.

13.8.

(2.23).
For the second part, consider a thin tube

bounded by two closed spherical curves.

Use 13.6 and the hemisphere lemma

13.9. Assume X is an open saddle surface that
lies in a cone K. Show that there is a plane II
that cuts ¥ and cuts from K a compact region.
Conclude that IT cuts from ¥ a compact region
as well.

By 9.13 one can move the plane II slightly
so that it cuts from X a compact surface with
boundary. Apply 13.6.

13.11. Consider the radial projection of F: to
the sphere ¥ with center at p = (0,0, ¢); that
is, a point g € F is mapped to a point s(g) on
the sphere that lies on the half-line pq.

Show that s is a diffeomorphism from F;
to the southern hemisphere of 3. It remains to
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observe that the unit disc is diffeomorphic to
the hemisphere.

13.12. By the fundamental theorem of affine
geometry, any affine transformation is smooth.
It remains to apply 13.10.

13.14. Find an example among the surfaces of
revolution; use 11.7.

13.15. Look at the sections of the graph
by planes parallel to the (z,y)-plane and to
the (z, z)-plane, then apply Meusnier’s theorem
(11.5).

13.16. Suppose the orthogonal projection of
3 to the (z,y)-plane is not injective. Show
that there is a point p € ¥ with a vertical tan-
gent plane; that is, T X is perpendicular to the
(z, y)-plane.

Let I', be the connected component of p
in the intersection of ¥ and the affine tangent
plane TpX. Use 13.5 to show that I'p is a union
of smooth curves that can cross each other
transversely. Moreover, two of these curves pass
thru p, and I'p, does not bound a compact region
on Y.

Show that I', must have at least 4 ways to
escape to infinity. On the other hand, since X
is a graph outside the compact set K, we have
that I'p \ K is a graph of a real-to-real function
that has only two ways to escape to infinity —

a contradiction.
14.1. Cut the lateral sur- tp

face of the ice-mountain

by a line from the cowboy

to the tip. Unfold it on

the plane (see the picture)

and try to figure out what is the image of the
strained lasso.

Source: We learned this problem from Joel
Fine, who attributed it to Frederic Bourgeois

[31].

14.5. Note that by 12.10, ¥ bounds a strictly
convex region. Therefore, we can assume that
v(p) # v(q); otherwise, p = ¢, and the inequal-
ity is evident.

Further, we can assume that v(p) + v(q) #
# 0; otherwise, the right-hand side is undefined.

In the remaining case, the tangent planes
Tp and T, intersect along a line, say £. Set
a = %~4(V(p),l/(q)). Show that 2-cosa =
= |v(p) + v(¢)|]. Let = € £ be the point that
minimizes the sum |p — z| 4+ | — ¢|. Show that
L[z h] > m — 2-a. Conclude that

lp—d|
cos o’

lp—=|+]z—q| <
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Apply 14.4 to show that |[p — ¢|s < |p — 2| +
+ |z —ql

14.6. Suppose there is a minimizing curve
v ¢ A with endpoints p and ¢ in A.

Without loss of generality, we may assume
that only one arc of «y lies outside A. Reflection
of this arc with respect to II together with the
remaining part of v forms another curve 4 from
p to g; it runs partly along ¥ and partly outside
¥, but does not get inside. Note that

length 4 = length .

Denote by %4 the nearest-point projection of
4 on 3. The curve 7 lies in ¥, it has the same
endpoints as v, and by 14.4

length 4 < length .

This means that = is not length minimizing —
a contradiction.

14.7. Show that the nearest-point projection
S? — ¥ is surjective. Apply 14.3 and 9.9b.

15.1. Show that ~”(¢) is proportional to
Vo) f, where f = 2 +y2. Apply 9.3.

15.3. We can assume that the origin lies on
the axis of revolution, and 1 points in the direc-
tion of such axis. Use 15.2 to show that it is
sufficient to prove that (y x v,1) is constant.

Since 7"/ (t) L T, the three vectors 1, 7,
and 4" lie in the same plane. In particular,
(v"" x ~v,1) = 0. Therefore,

Y xy0 =" %, 0)+ " xy,1) =0

15.4. By Lemma 15.2, we can assume that ~
is parametrized by arc-length. By the defini-
tion of geodesic, we have that v"/(s) L T
Therefore,

v(s)*

«/”(s) = kn(s)-v(v(s)),

where kn(s) is the normal curvature of v at
time s. Since v is asymptotic, kn(s) = 0; that
is, v/(s) = 0, therefore +’ is constant and hence
~ runs along a line segment; see 3.2.

15.5. Denote by p a unit vector perpendicular
to II. Since + lies in II, we have that +" is par-
allel to II, or equivalently v/ L u. Since 7 is ,
3.1 implies that v/ L «'.

Since ¥ is mirror-symmetric with respect to
the plane II, the tangent plane T, X is also
mirror-symmetric with respect to II. It follows
that T, ;)X is spanned by p and +/(t). Hence,
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7" L pand v L ~" imply v L T, 4)%; that
is, v is a geodesic.

15.8. By 15.5, any meridian of ¥ is a closed
geodesic. Consider an arbitrarily closed geode-
sic 7.

If v is tangent to a meridian at some point,
then by the uniqueness part of Proposition 15.6,
~ runs along that meridian; in particular, it is
non-contractible.

In the remaining case, = can intersect
meridians only transversely. Therefore, the lon-
gitude of 7 is monotone. Whence again = is
non-contractible.

15.13. Check that v(v(t)) = (cost,sint,0).
Calculate v"(t), and show that it is propor-
tional to v(y(t)). The latter is equivalent to
'y”(t) 1 T'y(t)'

Note that the line segment from ~(0) to
~v(2-7) is contained in X.

15.15. Assume two shortest paths a and S
have two common points p and gq. Denote by
a1 and (1 the arcs of a and 8 from p to gq.
Suppose «a; is distinct from f3j.

Note that a; and 31 are shortest paths with
the same endpoints; in particular, they have the
same length. Exchanging «; in a to 81 pro-
duces a shortest path, say &, that is distinct
from . By 15.12, & is a geodesic.

Suppose a1 is a proper subarc of «; that
is, a1 # «, or equivalently, p or ¢ is not an
endpoint of . Then a and & share one point
and velocity vector at this point. By 15.6, o
coincides with & — a contradiction.

It follows that p and ¢ are the endpoints
of a. Analogously, p and g are the endpoints
of 3.

For the second part, one could consider two
distinct geodesics of the form

Yp(t) = (cost,sint, b-t),t € R
in the cylinder z2 + y2 = 1.

15.16. Assume a shortest path « crosses II at
least twice. In this case, there is a subarc a;
of « that lies strictly on one side on II; only
its endpoints are on II, and these endpoints are
distinct from the endpoints of a.



Let us remove the arc a1 from « and replace
it with the reflection of a1 across II. Note that
the obtained curve, say S, lies on the surface; it
has the same length as «, and it connects the
same pair of points, say p and q. Therefore, f is
a shortest path from p to ¢ in X that is distinct
from a.

We may assume that both o and [ have
arc-length parametrization. By 15.12, « and 8
are geodesics. Since o and § have a common
subarc, they share one point and velocity vec-
tor at this point; by 15.6 « coincides with § —
a contradiction.

15.17. Let W be the closed region outside X.

Show that the distance |p® — g|w is constant

with respect to s. This implies that the con-

catenation of the line segment [p®, y(s)] and the

arc 7|[s,¢ is a shortest path from p° to ¢ in W.
Since ¥ is strictly convex,

[v(s) — alw > |v(s) — qls
for all s < £. Hence,

Ip® —alw = [p* —v(s)lw + [v(s) — qlw >
> |p® —v(8)[rs + |v(s) — qlgs =
> |p° — q|ps.

If the segment [p®, q] was entirely contained in
W for some s < £, then |p® — q|lw = |p® — q|gs,
which would be a contradiction.

15.18. Argue as in 5.16 to show that all
geodesics in X have the constant curvature.
Conclude that 3 has constant normal curvature
and argue as in 10.8.

Source: The problem is due to Ali Taghavi [91].

15.20. Assume t — ~(t) = (z(t),y(t), 2(¢t)
is a closed unit-speed geodesic in the graph
z = f(z,y). By Liberman’s lemma, ¢t — 2’(t) is
monotonic. Conclude that z is constant on =,
so « runs in a horizontal plane. Show that v is
straight and arrive at a contradiction.

15.21. Equip ¥ with unit normal field v that
points inside. Denote by k(t) the normal curva-
ture of ¥ at (¢) in the direction of v/(t). Since
¥ is convex, k(t) > 0 for any t.

Since v is a unit-speed geodesic, we have
Y/(t) = K(t)v(2(t)) and (v (2), 7' (1)) = 1 for
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any t. Without loss of generality, we can as-
sume that p is the origin of R3. Since p is inside
33, we have that (y(t), v(v(t))) < 0 for any ¢. It
follows that

(" (), 7)) = k(t)-(v(t), v(7())) <O
for any t. Conclude that

P () = (v(1),~(t)" =

=2 (" (1), A1)+ 2-(2 (D), (1) < 2.
15.22. We can assume < is unit-speed. Set
v(t) = v(v(t)). Then (v'(t),v(t)) = 0. Also,
since v is a geodesic, we have that " (¢) || v(t).
Therefore,

(0] =

<Y @OF @O =1 @)l
Integrating with respect to ¢, we get

D(v) < length(v o).

15.24. Suppose y(t) = (z(t), y(t), z(t)). Show
that
o ()] = 2" () V1+£2
for any t.
Observe that z/(t) — i\/ﬁ as t — too.

Conclude that
—+oo

2.0
o 2Z(t)-dt = ——.
/ ® V1402

—o0

By @ and @, we have

+oo
o) = [ W')-at=

—+oo
V1462 / 2" (t)-dt =
—o0

=24

15.25. Use 15.23 and 4.6. For the second part,
consider a geodesic on a cone with slope 2, and
mollify its tip.

Remark. The statement still holds for v/3-
Lipschitz functions, and /3 = tg % is the op-
timal bound; see 17.7. It is the same slope as
in the problem about the cowboy and the lasso
(14.1).
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15.27; (a). Show and use that |y| < 1, and

(v,e-v—7) <0.

(b). Show and use that |y| <1, |7/| =1, and
Pl =2-(y,7).

(¢). Show and use that (vy,v) = |y|-cosb,
¥|=1,+" = —k-v, and

/1

Pl =209 +2: (7,7

(d). Suppose z,y are the points in the unit
sphere that project to the ends of 7. Connect
z to y by a an arc of length < 7 in the sphere,
project it to X. Apply 14.3 and use that ~ is a
shortest path.

(e). Suppose v: [0,¢] — X is a unit-speed pa-
rametrization. Use (d) to show that £ < 7. Use
(a), (b), (c), and |y| > ¢, to show that

£
2.0 —2.62.®(v) > /p”(t)~dt.
0

Use (b) to show that [ p” > —4. Make a con-
clusion.

16.1; (a). Show and use that (v(¢),V'(¢)) = 0.

(b) Show that [v(t)|, [w(t)|, and (v(t), w(t)), are
constants; it can be done the same way as (a).
Then use that (v(t), w(t)) = |v(t)|-|w(t)]- cosb.

16.4. Observe that X; supports o at any
point of 7. Conclude that v has identical nor-
mals as a curve in 31 and in Y. Apply 16.3.

16.5. Nearly any loop solves the problem. For
example, consider the right-angled spherical tri-
angle that an octant of R3 cuts from the sphere.
Argue that parallel transport around it rotates
the tangent plane by the angle g

17.2. By 12.14, ¥ is a smooth sphere. By Jor-
dan’s theorem (0.12) the curve ~ divides X into
two discs. Let us denote by A the disc that lies
on the left from ~.

Observe that ¥(y) = length+, and apply
the Gauss—Bonnet formula (17.1) for A.

17.3. Show that k = cos a-ko, where k is the
geodesic curvature of A in A and k is the geo-
desic curvature of OA in the (z, y)-plane. Apply
6.5 and the Gauss—Bonnet formula (17.1).

17.4. Apply 10.7, 12.19a, and the Gauss—
Bonnet formula (17.1).
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For the last part, apply 2.25.

17.5. For the first part apply the Gauss—
Bonnet formula (17.1).

For the second part, arguing by contradic-
tion, assume two closed geodesics 1 and 2 do
not intersect. This would imply that -2 lies in
one of the regions, say Ri, that v1 cuts from 3.
Similarly, 1 lies in one of the regions, say Ra,
that v2 cuts from X.

Observe that R; and R2 cover ¥ with over-
lap. Therefore, the first part implies that the
integral of the Gauss curvature over X is less
than 4-7. The latter contradicts 12.19a.

17.6; (easy). Consider the 4 regions bounded
by loops. Apply the Gauss—Bonnet formula
(17.1) to show that the integral of the Gauss
curvature on each of these regions exceeds 7.
The latter contradicts 12.19a.

(tricky). Denote by «, 8, and ~ the angles of
the triangle. Apply the Gauss—Bonnet formula
(17.1) to show that the loops surround regions
over which the integral of the Gauss curvature
is m 4+ a, m+ B, and 7 4 7, respectively.

Apply the Gauss—Bonnet formula to the tri-
angular region to show that a4+ g+~ > m. Use
12.19a to get at a contradiction.

(hopeless). Tt is difficult. A solution based on
19.2b is given in [78].

17.7. It is sufficient to show that the surface
has no geodesic loops. Assume that there is a
loop, estimate the integrals of the Gauss cur-
vature over the entire surface and a disc sur-
rounded by a geodesic loop.

17.8; (a). By 14.2 and 15.12, any two points
in ¥ can be connected by a geodesic. Suppose
points p and ¢ can be connected by two dis-
tinct geodesics 1 and ~y2. Passing to their sub-
arcs, we may assume that 1 and 2 share only
their endpoints. Since the surface is simply-
connected, 1 and 2 together bound a disc, say
A C Y. It remains to apply the Gauss—Bonnet
formula to A and make a conclusion.

(b). Use part (a) and 15.11.
17.11. Apply 16.6 and 17.10.

17.13. Repeat the end of the proof of 17.12 for
a one-parameter family of geodesics 7, defined
by 77 (0) = a(r) and 7;.(0) = o/ (7).

17.15. Subdivide each surface into discs, count
number of edges, vertices, and discs in the sub-
division. Calculate the Euler characteristic and
apply 17.14. For the M&bius band and pair of



pans, use that the boundary has vanishing geo-
desic curvature. For the cylinder, use that each
component of the boundary is a simple plane
curve and apply 6.5.

18.4. By the Gauss lemma (18.2), polar coordi-
nates with respect to g produce a semigeodesic
chart at any nearby point. Therefore, it is suf-
ficient to find a point ¢ # p such that polar
coordinates on X with respect to g cover p. By
15.10, any q sufficiently close to p does the job.

18.5; (a). Show that we can choose an ori-
entation on X so that b.(0,0) = 1 for any 6.
Conclude that we can assume that b(r,0) > 0
for all small » > 0.

Suppose b(r1,61) < 0 at a pair (ri,61)
such that 0 < r1 < rg. Observe that if 62 is
sufficiency close to 61, then the radial curves
r +— b(r,01) and r — b(r, 02) defined on the in-
terval (0,71) intersect. Therefore, exp,, is not
injective in B — a contradiction.

(b). Suppose b(r1,61) = 0. Apply (a) to show
that br(r1,61) = 0.

Apply 18.3 to conclude b(r,01) = 0 for
any r. The latter contradicts that b,.(0,01) = 1.

(c). We need to show that exp,, is regular in B.
Suppose vector v € B has polar coordinates
(r,0) for some © > 0. Show that exp, is reg-
ular at v if b(r,0) # 0. Conclude that exp, is
regular in B\ {0}.

By 15.9, exp, is regular at 0. Whence
exp,, | B is a regular injective smooth map. Use
the inverse function theorem (0.25) to show that
the restriction exp,, | B is a diffeomorphism to its
image.

18.6; (a). Since the frame u,v,v is orthonor-
mal, the first two vector identities are equiva-
lent to the following six real identities:

<Uu7 U> =0, <Vu7 V> =0,
(1) (Uu,v>:—%-au7 (vu,U):%-au,

(Uy,v) = a4, (Vu, V) = a-m.

Taking the partial derivatives of the identi-
ties (u,U) = 1 and (v, v) = 1 with respect to u,
we get the first two identities in @.

Further, observe that

2] Vu = %(%Su) = %'Su'u + %(%)Su
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Since s, L sy, it follows that

ﬁ'(smusu) =
= .1.b'av<3u73u> =

8a?

-a-b Qv

(Vu7U> =

N
=

= N

Ay .

Taking the partial derivative
respect to u we get

of (u,v) = 0 with

(Vau, U) + (v, Uy) = 0.

Hence, we get two more identities in @.

Since U and v are orthonormal, 10.4 implies
1 1
=5 (Suu, V) = £, ﬂ'(sumV):mv

ﬁ'<8vu7’/>:mv b%'(svmw:”

Applying @, ©, and s, L v we get
(Uu, V) = = (Suu, V) = a-¥,

1
a
(Vu,v) = %

(Suv, V) = a-m.

It implies the last two equalities in @.

Therefore, the first two identities in (a)
are proved; the remaining two identities can be
proved along the same lines.

(b). Recall that the Gauss curvature equals
the determinant of the matrix (! ™); that is,
K = ¢-n — m2. Therefore,

ab-K=ab{n—m

(Uu, Vo) = (Uy, V) =
V) = (VT ) -
M) =

E-av) — 2 (L.py).

2):

e Yo

(5
—(

(Uu, Vv
va
1

Il
@‘Q)
I g

18.7. Apply 18.6 assuming that a = b, and
simplify.
18.11. Verify that an intrinsic isometry maps

shortest paths to shortest paths and apply
15.12.

18.12. Note and use that by 18.10, exp,, is
length-preserving.

18.13. Modify the proof of 18.10 to show that
K =1 implies that b(#,r) = sinr for all small
r>0.

18.14. To find z(t), one may solve the differ-
ential equation z/(t) = /1 — |y/(t)|2. Its so-
lution is defined while y(¢) > 0 and |y/(t)] =
= |a-sint| < 1.
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Apply 11.7b to calculate Gauss curvature
of Xg,.

By 18.13, small discs Aq in ¥, admit in-
trinsic isometry to a disc in a unit sphere. To
show that A, is not congruent to a spherical
disc A; for a # 1, show that its principal cur-
vature is not 1 at some point.

18.15. Observe that for any two points p and ¢
in the (u, v) plane we have |f(p)—f(q)| < |p—q|.
Let f(u,v) = (z(u,v),y(u,v), 2(u,v)); we
can assume that z(0,v) = v for any v.
Apply the observation and the triangle in-
equality to points (0, —a), (u,v1), (u,v2), and
(0,a) for @ — oo to show that

z(u,v1) = v1, z(u, v2) = va,

m(“ﬂ”l) :I(U,UQ), y(u7vl) =y(u,vg).
Make a conclusion.

19.1. Apply the triangle inequality ¢, < an +
by and the bound an, b, > € to show that the

sequence
an +bn +cn

2-Qn bn,
is bounded. Conclude that
(an + bn)z - C%
2-an-bn
as n — oo. Use the last statement together
with the cosine rule

Sn =

:sn'(an+bn_cn) —0

a2 4 b2 — 2-an -bp-cosbn, —c2 =0

to show that cosf, — —1 as n — 00; conclude
that 6,, — .

19.3. Consider the triangle on the hyper-
boloid with vertices (1,0, 0), (—%, @, ), and
—%,—@,0). Note that all its angles are m,

but all model angles are %

19.4. Show that [p — z|s < |p —¢|x and |q —
—z|y < |p — q|z. Conclude that

2@?) > 1.

Apply 19.2b.

19.5. Show that £[p?] 4+ £[p¥] + «[pZ] < 2-m.
Apply 19.2b.

19.8. Choose vectors U, and w such that |w| =
=|p—z|, |[u| =1, and £L(u,w) = L[z]]. Con-
sider the function f: ¢ +— ¢t + |w| — |w — t-v|.
Observe that f(0) =0,
fllz —yl) =z —pl + |z —y| = V[zf],
fll—al) =z~ pl + lo — gl — V).

SEMISOLUTIONS

Show and use that f is concave.

19.9; (a). Apply the Rauch comparison (18.10)
and the properties of the exponential map in
15.10.

(b). Argue by contradiction. If the statement
does not hold, then for any p € X there is a
point ¢ = g(p) € X such that |g—p|x < 100-R,,
and Ry < (1 — 135)- Rp.

Start with any point po, and consider a se-
quence pp, defined by pp41 := g(prn). Show that
pn converges, and Ry, — 0 as n — oo. Arrive
at a contradiction using (a).

(¢). Repeat the proof assuming that p is pro-
vided by (b).

19.13. Apply 19.11b and 19.11B.

19.14. Use 19.11b or 19.11B twice: first — for
the triangle [pzy] and Z € [p,z]; second — for
the triangle [pZy] and § € [p,y]. Then apply
the angle monotonicity (0.15).

19.15. It is sufficient to prove the Jensen in-
equality; that is,

y1(3) —72(3)] < 3-171(0) — 72 (0) [+
+1 @) = 7).

Let 0 be the geodesic path from ~2(0) to
~1(1). From 19.14, we have

71(3) = 6(3)1 < 3-171.(0) = 8(0)],
16(3) = 72(3)| < 5-16(1) = 72(D)]-
Sum it up, and apply the triangle inequality.

2y1(1) = 6(1)

Remark. Modulo the comparison theorem, the
case of the Euclidean plane is just as hard.

19.16. Consider a ball B = B[p, R]s. Given
a point € B choose a geodesic [p,z] and de-
note by Z the point in T) that lies on the dis-
tance |p — x|y from p in the direction of [p, z].
The map  — Z send B into the R-ball in Typ;
by 19.11a, this map is distance-noncontracting.
Whence the statement follows.



19.17. Let p € ¥ be the center of A.

(a). Consider geodesic triangle [pzy]s with
lp—zls = [p—yls = R set a = Lzl],
B = £[yh] and £ = |z — y|x. Use 19.114 to
show that

7r—a—ﬁ>%+o(€).

Denote by o the arc of OA from z to y.
Note that [z,y]s lies in the region bounded by
[p,z], [p,y], and o. Apply the Gauss—Bonnet
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formula to show that ¥(o) > 7 — a — 5. Pass
to a limit as £ — 0, and make a conclusion.

(b). By 19.11A, the map exp,: Tp — X is
distance-noncontracting. By 15.12, it maps the

R-ball in T, centered at the origin onto A.
Whence the statement follows.

19.18. Mimic the proof of 7.14 using 19.17a.
For the last statement, apply 19.17b.

Source: Suggested by Dmitri Burago.



Afterword

After our book, if you continue with Riemannian geometry, then half of
the material in this subject will look familiar. But first, you need to
read a text on tensor calculus; the book by Richard Bishop and Samuel
Goldberg [9] is one of our favorites.

Let us list a few introductory texts we know and love that range from

very detailed to very condensed and challenging:

¢ “Riemannian manifolds” [60] by John Lee.

o “Riemannian geometry” [15] by Manfredo do Carmo.

o “Riemannsche Geometrie im Groen” [37] by Detlef Gromoll, Wil-
helm Klingenberg, and Werner Meyer; it is in German, plus there
is a Russian translation. In Russian, there is a more elementary
textbook by Yurii Burago and Viktor Zalgaller [14].

o “Comparison geometry” [21] by Jeff Cheeger and David Ebin.

© “Sign and geometric meaning of curvature” [38] by Mikhael Gromov.

Good luck.

Anton Petrunin and Sergio Zamora Barrera,
State College, Pennsylvania, May 11, 2021.
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jz — yl, | — gl (distance), 9
|z — y|la (length distance), 40

£y %] (angle measure), 13

£(y?) (model angle), 177

[p, 4], [p,q]x (shortest path), 133
[v2] (hinge), 177

[zyz], [zyz]s (geodesic triangle), 177
A (model triangle), 177

B(p, R)x, Blp, R]x (ball), 10

Dy f (directional derivative), 97

dpf (differential), 100

fo (partial derivative), 30

GB (Gauss—Bonnet formula), 156

H (mean curvature), 107

I, J, K (standard basis), 109

Jac (Jacobian matrix), 19

jac (Jacobian determinant), 20

K (Gauss curvature), 107

% (curvature), 45

k (signed curvature), 69

k1, k2 (principal curvatures), 106

kg geodesic curvature, 112

kn (normal curvature), 112

kv (normal curvature), 113

¢, m, n (Hessian-matrix components), 106
M, (Hessian matrix), 106

v (normal field), 102

®(v) (total curvature), 56

W(vy) (total signed curvature), 72
¥(y), U(v)x (total geodesic curvature), 151
o5 (osculating circle), 76

7 (torsion), 63

T, , v (Darboux frame), 112

T, N, B (Frenet frame), 62

absolute curvature, 69

affine transformation, 127
Alexandrov’s lemma, 185
almost all, 19

alternating quadrisecants, 194
arc, 28

arc-length parametrization, 35

asymptotic direction and line, 124

base of loop, 28
bell function, 18
Bernstein’s theorem, 127
binormal, 63
Borel subsets, 20
boundary, 11

line, 91
bow lemma, 51
broken geodesic, 152

catenoid, 115
center of curvature, 75
chart, 93
chord, 37
Clairaut’s relation, 137
closed
ball, 9
curve, 28
set, 11
surface, 91
coarea formula, 126
compact, 11
comparison theorem, 178
concatenation, 55
conformal, 168
connected, 12
constant slope, 65
continuous, 10
argument, 71
convex
curve, 36, 82
function, 21
hull, 15, 37
set, 15, 136
surface, 120
cooriented and counteroriented
curves, 79
surfaces, 118
Crofton’s formula, 37
curvature, 45, 69, 72, 107, 112
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curve, 27
cusp, 55
cylindrical surface, 111

Darboux frame, 112

degree of vertex, 161
diameter, 42
diffeomorphism, 95
differential, 100

directional derivative, 21, 98
distance-preserving map, 10

embedding, 12

Euler characteristic, 160
Euler’s formula, 113
evolute, 77

evolvent, 65

excess of triangle, 14
exponential map, 141
external angle, 55
extrinsic, 132

fat triangle, 186
Fenchel’s theorem, 47
flow, 199

Four-vertex theorem, 86
Frenet formulas, 64
Frenet frame, 62, 69
fundamental form, 108

Gauss curvature, 107
Gauss map, 102
Gauss—Bonnet formula, 154, 160
generatrix, 94
geodesic, 137
curvature, 112
triangle, 177
geodesically complete, 138
Green formula, 170

hat, 126

helicoid, 115

helix, 36

Hessian matrix, 106

hinge, 177

homeomorphism, 12

Hopf—Rinow theorem, 139
hyperplane separation theorem, 15

implicit function theorem, 19
implicitly defined curve, 30
induced length-metric, 40
injective map, 10

injectivity radius, 141
inscribed polygonal line, 32

intrinsic, 132
diameter, 136
distance, 177
isometry, 174
inverse function theorem, 19
inversion, 76
Tonin—Pestov theorem, 84
isometry, 10
isothermal, 169

Jacobi field, 166
Jensen’s inequality, 21
Jordan’s theorem, 12

Koch snowflake, 33

Lagunov’s fishbowl, 115
Laplacian, 169

latitude, 94

length of curve, 32
length-metric, 40
length-nonincreasing, 101
length-preserving, 174
Liberman’s lemma, 144
line of curvature, 107
Lipschitz function, 16
local coordinates, 93
local support, 118

local to global, 84

locally flat surface, 174
locally homeomorphic, 27
logarithmic map, 143
longitude, 94

loop, 28

mean curvature, 107
measurable function, 16
meridian, 94
metric space, 8
Meusnier’s theorem, 114
minimal surface, 108
minimizing geodesic, 143
model
angle and triangle, 177
side, 182
moment curve, 65
monotone map, 28
Morse lemma, 202
Moser trick, 199
motion, 10

natural parametrization, 35
nearest-point projection, 134
neighborhood, 11

normal, 63
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curvature, 112
filed, 102
vector, 62

open
ball, 9
curve, 31
set, 11
surface, 92
order of contact, 46, 63, 66, 76, 96, 106
oriented surface, 102
orthogonal chart, 168
osculating
circle, 75
paraboloid, 106
plane, 63
sphere, 66

parallel, 94

curve, 74

field, 148

transport, 148
parametrization, 27, 92, 94
parametrized curve, 27
partial limit, 134
partition, 32
path, 12, 28
path-connected set, 12
piecewise smooth curve, 56
plane curve, 28
point, 8

of tangency, 79
polar coordinates, 163
principal curvatures and directions, 106
proper

curve, 31

surface, 91
pseudosphere, 115

radius of curvature, 75
Rauch comparison theorem, 172
real interval, 27
rectifiable curve, 32
regular
parametrization, 29, 92
point, 19
value, 19, 30
reparametrization, 28
rotation, 169
ruled surface, 124

saddle surface, 124
scalar product, 44
self-adjoint operator, 109
semicubical parabola, 190

semigeodesic, 165, 167
shape operator, 108
shortest path, 133
sigmoid, 18
signed curvature, 69
simple curve, 27
simply-connected surface, 155, 178
smooth
curve, 29
function, 29, 90, 94
map, 19, 99, 138
parametrization, 29, 93
surface, 90
space curve, 28

spherical
curve, 40
map, 102

spiral lemma, 76
star-shaped, 125, 141
stereographic projection, 198
supporting

curve, 80

plane, 15, 49

surface, 118
surface, 90

of revolution, 94

with boundary, 91

tangent, 63

curves, 46

field, 148

indicatrix, 45

line, 46

plane, 96

surfaces, 118

vector, 46, 96
tangent-normal coordinates, 105
thin triangle, 186
topological, 12

surface, 90
torsion, 63
total

curvature, 47

geodesic curvature, 151

signed curvature, 72
transversality, 125, 201
trivial curve, 155
trochoid, 72

uniform convergence, 17
uniformly continuous, 17
unit-speed curve, 35

velocity vector, 29
vertex of curve, 80
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