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6 PREFACE

Preface

These notes are designed for those who either plan to work ini@rential
geometry, or at least want to have a good reasomot to do it. It should
be more than su cient for a semester-long course.

Di erential geometry exploits several branches of mathemaics, in-
cluding real analysis, measure theory, calculus of variatins, di erential
equations, elementary and convex geometry, topology, and ore. This
subject is wide even at the beginning. For that reason, it is fin and
painful both to teach and to study.

In this book, we discuss smooth curves and surfaces the maingate
to di erential geometry. This subject provides a collection of examples
and ideas critical for further study. It is wise to become a master in this
subject before making further steps there is no need to rush

We give a general overview of the subject, keeping it problertentered,
elementary, visual, and virtually rigorous; we allow gaps hat belong to
other branches of mathematics, most of these subjects diseged brie y
in the preliminaries.

We focus on the techniques that are absolutely essential fofurther
study. For that reason we omit a humber of topics that are traditionally
included in the introductory texts; for example, we almost do not touch
minimal surfaces and the Peterson Codazzi formulas.

At the same time, we get to applications that are not in the sce of
typical introductory texts.

The rst example is the theorem of Vladimir lonin and Herman P estov
about the Moon in a puddle (7.14). This theorem might be the simplest
meaningful example of the so-calledocal to global theoremswhich
lies in the heart of di erential geometry; for that reason, it is a good an-
swer to the main question of this book What is di erential g eometry? .

Other examples include the theorem of Sergei Bernstein on sale
graphs (13.13) and the theorem of Stephan Cohn-Vossen on a twsided
in nite geodesic (17.12).

These notes are based on the lectures given at the MASS progra
(Mathematics Advanced Study Semesters at Pennsylvania Ste Univer-
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sity) in the fall of 2018. Many of the topics were presented byYurii Burago
in his lectures teaching the rst author at Leningrad Univer sity. We ex-
tensively used textbooks by Wilhelm Blaschke and Kurt Leichtweiss [11],
by Aleksei Chernavskii [22], and by Victor Toponogov [93], ad also the
lecture notes of Sergei Ivanov [46]; many advanced exercisare taken
from [77]. The last chapter is based on the introductory mateial in the
book by Stephanie Alexander, Vitali Kapovitch, and the rst author [5].
We want to thank Stephanie Alexander, Yurii Burago, Berk Ceylan, Nina
Lebedeva, Alexander Lytchak, Benjamin McKay, and all the students in
our class for their help.

The present work is partially supported by NSF grant DMS-2006279
and by the Simons Foundation under grant #584781.

Anton Petrunin and
Sergio Zamora Barrera.



Preliminaries

The rst section in this chapter about metric spaces should ke read before
going further. The rest of the chapter should be used as a quicreference
while reading the rest of the book; it contains statements ofnecessary
results and references to complete proofs.

A Metric spaces

We assume familiarity with the notion of distance in the Euclidean space.
In this section, we brie y discuss its generalization and x notations that
will be used further. All these topics are discussed in detaiin the in-
troductory part of the book by Dmitri Burago, Yuri Burago, an d Sergei
Ivanov [13].

De nitions

Metric is a function that returns a real value dist(x;y) for any pair of
elementsx;y in a given setX and satis es the following axioms for any
triple x;y;z 2 X :
(a) Positiveness:
dist(x;y) > O:

(b) x = y if and only if
dist(x;y)=0:

(c) Symmetry:
dist(x;y) = dist( y; x):

(d) Triangle inequality:
dist(x; z) 6 dist(x;y) + dist( y; 2):

A set with a metric is called ametric space and the elements of the
set are calledpoints.
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Shortcut for distance

Usually, we consider only one metric on a set, therefore we cadenote the
metric space and its underlying set by the same letter, sa . In this case,
we also use the shortcut notationsjx yj or jx yjx for the distance
dist(x;y) from x to y in X. For example, the triangle inequality can be
written as

X zZjx 6 jx yix +]y zjx:

The Euclidean space and plane, as well as the real line, willdthe most
important examples of metric spaces. In these examples, thatroduced
notation jx yj for the distance fromx to y has perfect sense as the norm
of the vector x y. However, let us emphasise that in a general metric
space, the di erence of pointsx y has no meaning.

More examples

Usually, if we sayplane or spacewe mean theEuclidean plane or space.
However, the plane (as well as the space) admits many other ntecs; for
example, the so-calledManhattan metric from the following exercise.

0.1. Exercise. Consider the function
dist(p; @) = jX1  Xzj+jy1  Yaj;
wherep = (x1;y1) and g = (X2;Yy2) are points in the coordinate planeR?.
Show thatdist is a metric on R2.
Another example: the discrete space an arbitrary nonempty set

X with the metric dened as jx yjx =0 if x = yandjx vyjx =1
otherwise.

Subspaces

Any subset of a metric space is also a metric space, by restting the
original metric to the subset; the obtained metric space is alled asub-
space In particular, all subsets of the Euclidean space are metid spaces.

Balls

Given a point p in a metric spaceX and a real numberR > 0, the set
of points x on the distance less thanR (at most R) from p is called the
open(respectively closed ball of radius R with center p. The open ball
is denoted asB (p; R) or B (p; R)x ; the second notation is used if we need
to emphasize that the ball is from X. Formally speaking

B(p;R)= B(p;R)x =fx2X :jx pjx <R g:
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Analogously, the closed ball is denoted a® [p; R] or B[p; R]x and

B[p;R]= B[p;R]x = fx2X :jx pjx 6 Rg:

0.2. Exercise.
(a) Let p and g be points in X be a metric space. Show that iB[p; 2]
B[q;1], then B[p;2] = B[q;1].
(b) Construct a metric space X with two points p and g such that the
strict inclusion B (p; g) ( B(q;1) holds.

Isometries and motions

Let X andY be two metric spaces. Amapf : X 'Y is calleddistance-
preservingif
iF00 fWiy = ix yijx

forany x;y 2 X .

A bijective distance-preserving map is called ansometry. An isom-
etry from a metric space to itself is also referred anotion. Two metric
spaces are calledsometric if there exists an isometry between them.

0.3. Exercise. Show that any distance-preserving mag : X 'Y is
injective; that is, f (x) 6 f (y) for any pair of distinct points x;y 2 X .

Continuity

0.4. De nition. Let X be a metric space. A sequence of points;; Xy;:::
in X convergesif there is a point x; 2 X such thatjx; x,j! 0as
n!l . Thatis, for every "> 0, there is a natural number N such that
for all n > N, we have

X1 Xpjx <™

In this case, we say that the sequence, convergesto x; , or X3 IS
the limit of the sequence,. Notationally, we write x, ! x; asn!1l
or Xz = lim n1  Xnp-.

0.5. De nition. Let X and Y be metric spaces. A mapf : X I'Y is
called continuous if, for any convergent sequencex, ! x; in X, we
havef (xp) ! f(x1)inY.

Equivalently, f : X 'Y is continuous if, for any x 2 X and any
"> 0, there is > 0 such that

X yix < implies that  jf (x) f(y)jy <™
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0.6. Exercise. Letf:X 'Y be adistance non-expandingmap
between metric spaces; that is,

IFx) f(yiv 6 jx  yix

for any x;y 2 X . Show thatf is continuous.

B Topology

The following material is covered in any introductory text t o topology;
one of our favorites is a textbook by Czes Kosniowski [50].

Closed and open sets

0.7. De nition. A subsetC of a metric space X is called closedif
whenever a sequencg&, of points from C converges inX, we have that
|imn!1 Xn 2 C.

Aset X s calledopenif, forany z2 , thereis" > 0 such that
B(z;")

0.8. Exercise. Let Q be a subset of a metric spacX. Show thatQ is
closed if and only if its complement = X nQ is open.

An open set that contains a given point pis called aneighborhood
of p. A closed subsetC that contains p together with its neighborhood
is called aclosed neighborhood ofp.

A point p lies on the boundary of a setQ (briey, p2 @Q if any
neighborhood ofp contains points in Q and in the complement of Q.

Compact sets

A subsetK of a metric space is calleccompactif any sequence of points
in K has a subsequence that converges to a point iK .

The following properties follow directly from the de nitio n:
A closed subset of a compact set is compact.
An image of a compact set under a continuous map is compact.

0.9. Heine Borel lemma. A subset of Euclidean space is compact if
and only if it is closed and bounded.
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Homeomorphisms and embedding

A bijection f : X 1Y between metric spaces is callehomeomorphism
if f and its inversef ! are continuous. A homeomorphism to its image
is called anembedding

If there exists a homeomorphismf : X 'Y | we say that X is home-
omorphicto Y, or X andY arehomeomorphic

If a metric space X is homeomorphic to a known space, for example,
plane, sphere, disc, circle, and so on, then we may also sayahX is a
topological plane, sphere, disc, circle, and so on.

The following theorem characterizes homeomorphisms betven com-
pact spaces:

0.10. Theorem. A continuous bijection f between compact metric spaces
has a continuous inverse. In particular, we have the following.
(a) Any continuous bijection between compact metric spacessia home-
omorphism.
(b) Any continuous injection from compact metric spaces to arother
metric space is an embedding.

Connected sets

Recall that a continuous map from the unit interval [0; 1] to a Euclidean
space is called gpath. If p= (0) andg= (1), then we say that
connectsp to q.

A nonempty set X in the Euclidean space is callecpath-connected
if any two points x;y 2 X can be connected by a path lying inX .

A nonempty set X in the Euclidean space is callecconnectedif one
cannot cover X with two disjoint open sets V and W such that both
intersections X \ V and X \ W are nonempty.

Notice that path-connected and connected set are nonempty ¥ the
de nition.

0.11. Proposition. Any path-connected set is connected.
Moreover, any open connected set in the Euclidean space or pla is
path-connected.

Given a point x 2 X, the maximal connected subset ofX containing
X is called theconnected componentof x in X.

Jordan's theorem

The rst part of the following theorem was proved by Camille J ordan, the
second part is due to Arthur Schoen ies:
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0.12. Theorem. The complement of any simple closed curve in R?
has exactly two connected components.

Moreover, there is a homeomorphismh: R?2 | R? that maps the unit
circle to . In particular,  bounds a topological disc.

This theorem is known for its simple formulation and quite hard proof.
For the rst statement, a very short proof based on a somewhatdeveloped
technique is given by Patrick Dayle [25], among elementary pofs, one of
our favorites is the proof given by Aleksei Filippov [30].

We use mostly the smooth case of this theorem which is simplerAn
amusing proof of this case was given by Gregory Chambers andeYgeny
Liokumovich [20].

C Elementary geometry

Internal angles

Polygon is de ned as a compact set bounded by a closed polygahline.
Recall that the internal angle of a polygonP at a vertex v is de ned as
the angular measure of the intersection ofP with a small circle centered
at v.

0.13. Theorem. The sum of all the internal angles of ann-gon is (n
2)

A clean proof of this theorem can be found, for example, in thepaper
of Gary Meisters [65]. It uses induction onn and is based on the following
nontrivial statement:

0.14. Claim.  SupposeP is an n-gon with n > 4. Then a diagonal of
P lies completely inP.

Angle monotonicity

The measureof angle with sides[p; x] and [p; y] will be denoted by] [py];
it takes a value in the interval [0; ].

The following lemma is simple and useful. It says that the ande of
a triangle monotonically depends on the opposite side, assuing we keep
the other two sides xed. It follows directly from the cosine rule.

0.15. Monotonicity lemma. Let x, y, z, x , ¥y, and z be 6 points
such thatjx yj=jx yj>0andjy zj=jy zj> 0. Then

Iyzl>1lyz1 0§ x zp>jx zj
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Spherical triangle inequality

The following theorem says that the triangle inequality holds for angles
between half-lines from a xed point. In particular, it impl ies that a
sphere with the angle metric is a metric space.

0.16. Theorem. The following inequality holds for any three line seg-
ments [0; a], [0; d, and [0; d in the Euclidean space:

] [0§1+ 1 [ocl > 1 [0¢]

Most of the authors use this theorem without mentioning, but the
proof is not that simple. A short elementary proof can be fourd in the
classical textbook in Euclidean geometry by Andrey Kiselyw [48, Y47].

Area of spherical triangle

0.17. Lemma. Let be a spherical triangle; that is, an intersection of
three closed half-spheres in the unit spher€?. Then

E area = + + ;
where , , and are the angles of .
The value + + is called the excessof the triangle , so the

lemma says that the area of a spherical triangle equals its eess.
This lemma will be important for the intuitive understandin g of the
Gauss Bonnet formula. By that reason, we present its proof.

Proof. Recall that
E areaS? =4

Note that the area of a spherical sliceS between
two meridians meeting at angle is proportional to
SinceS is a half-sphere, fromE, we getareaS =2
Therefore, the coe cient is 2; that is,

] areaS =2

for any

Extending the sides of we get 6 slices: twoS ,two S ,andtwo S .
They cover most of the sphere once, but the triangle and its centrally
symmetric copy are covered 3 times. It follows that

2 areaS +2 areaS +2 areaS —areaS’+4 area :

It remains to apply E and 1 . O
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D Convex geometry

A set X in the Euclidean space is calledconvex if, for any two points
X;y 2 X, any point z betweenx and y lies in X. It is called strictly
convexif, for any two points x;y 2 X, any point z betweenx andy lies
in the interior of X.

From the de nition, it is easy to see that the intersection of an arbi-
trary family of convex sets is convex. The intersection of dl convex sets
containing X is called the convex hull of X; it is the minimal convex
set containing the setX .

These de nitions and the following statements should appea on the
rst pages of any introductory text in convex geometry; see br example
the book by Roger Webster [97].

Separating and supporting planes

We will use the following corollary of the so-calledhyperplane sepa-
ration theorem.

0.18. Lemma. Let K RS be a closed convex set. Then for any point
p 2K there is a plane that separatesK from p; that is, K and p lie on
opposite open half-spaces separated by.

Moreover, for any boundary pointp 2 @K there is a plane sup-
porting K at p; thatis, 3 pandK lies in a closed half-space bounded

o -

The following theorem can be found in any textbook in linear dgebra;
the book by Sergei Treil [95] will do.

separating plane
supporting plane

E Linear algebra

0.19. Spectral theorem. Any symmetric matrix is diagonalizable by
an orthogonal matrix.
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We will use this theorem only for 2 2 matrices. In this case, it can
be restated as follows: Consider a function
‘v = Tom X _ 2 2.
= = + +
fxy)= x vy m n y X“+2 mxy+nys
that is de ned on a (x;y)-coordinate plane. Then after proper rotation
of the coordinates, the expression fof in the new (x;y)-coordinates will

be
ki O X
fooy)= x y ke y = kg X2+ ko y2:

F Analysis

The following material is discussed in any course of real adgsis, the
classical book by Walter Rudin [83] is one of our favorites.

Measurable functions

A function is called measurableif the inverse image of any Borel set is
a Borel set. Virtually all functions that naturally appear i n geometry are
measurable.

The following theorem makes it possible to extend many statments
about continuous functions to measurable functions.

0.20. Lusin's theorem. Let ' :[a;h ! R be a measurable function.
Then for any " > 0, there is a continuous function -:[a;b ! R that
coincides with ' outside a set of measure at most. Moreover, if ' is
bounded above and/or below, then we may assume that so is.

Lipschitz condition

Recall that a function f between metric spaces is called.ipschitz if
there is a constantL such that

JFO) f(i6Lix vj

for all values x and y in the domain of de nition of f.

The following theorem makes it possible to extend many of ragts
about smooth functions to Lipschitz functions. Recall that almost all
means all values, with exceptions in a set of zerbebesgue measure

0.21. Rademacher's theorem. Let f:[a;! R be a Lipschitz func-
tion. Then its derivative f%is a bounded measurable function de ned al-
most everywhere in[a; b]. Moreover, it satis es the fundamental theorem
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of calculus; that is, the following identity

Zb
f(b) f(a)= fYx) dx;

a

holds if the integral is understood in the sense of Lebesgue.

Uniform continuity and convergence

Let f: X !Y be a map between metric spaces. If for any > 0 there is
> 0 such that

X1 Xojx < =) j f(xy) f(x)jy <%

then f is calleduniformly continuous.

Evidently, every uniformly continuous function is continu ous; the con-
verse does not hold. For example, the functiorf (x) = x? is continuous,
but not uniformly continuous.

0.22. Heine Cantor theorem. Any continuous function de ned on a
compact metric space is uniformly continuous.

If the condition above holds for any function f, in a sequence, and
depends solely orf', then the sequencd , is calleduniformly equicon-
tinuous. More precisely, a sequence of function§, : X 'Y is called
uniformly equicontinuous if for any "> 0thereis > 0 such that

X1 Xojx < =) J falxy)  fa(x2)jy <"

for any n.

We say that a sequence of functions;: X 'Y converges uni-
formly to a function f; : X 'Y if, for any " > 0, there is a natural
number N such that for all n > N, we havejf; (x) fn,(x)j <" for all
x2X.

0.23. Arzeh Ascoli theorem. SupposeX and Y are compact metric
spaces. Then any uniformly equicontinuous sequence of furioh f: X !
'Y has a subsequence that converges uniformly to a continuousfttion
fp :X1Y

Cuto s and molli ers

Here we explain how to construct smooth functions that mimic the be-
havior of certain model functions. These functions are usedo smooth
model geometric objects keeping their shape nearly unchargl.
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As an example, consider the following functions

0 ift6 O 0 ift6 0
h(t) := ) _ f= - . .
t ift> 0 o= Ift> 0

The functions h and f behave alike both vanish at t 6 0 and grow to

y= h(x) y=f(x

in nity for positive t. The function h is not smooth its derivative at 0
is unde ned. Unlike h, the function f is smooth. Indeed, the existence
of all derivatives f (") (x) at x 6 0 is evident, and direct calculations show
that f (M (0) =0 for all n.
Other useful examples of that type are the so-callecbell function

a smooth function that is positive in an "-neighborhood of zero and
vanishing outside this neighborhood. Such functions can bebtained
from the function f constructed above, say

b(t):=cf("2 t?);
R

typically one chooses the constant so that b =1.

y=b(x)

Another useful example is asigmoid nondecreasing function that

vanishes fort 6 " and takes valuel for any t > ". It mimics the step
function and can be de ned the following way:
Zt
«(t) := b (x) dx:

1

G Multivariable calculus

The following material is discussed in any course of multivaiable calculus;
for example, in the already mentioned book by Walter Rudin [&3].
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Regular values

Let R™ be an open subset. Any magf : ! R" can be thaut of as
an array of its coordinate functions
fo;0infn 1R

The map f is called smooth if each function f; is smooth; that is, all
partial derivatives of f; are de ned in
The Jacobian matrix off at x 2 R™ is de ned as

0 @t @1
%@x @}hg
Jag f = : : ;
@ e
@x @x%
we assume the right-hand side is evaluated ak = ( X1;:::;Xm).

If the Jacobian matrix de nes a surjective linear map R™ | R" (that
is, if rank(Jacy f ) = n), then we say that x is aregular point of f .

If x is regular anytime f (x) = y, then we say thaty is aregular
value of f. The following lemma states that most values of a smooth
map are regular.

0.24. Sard's lemma. Given a smooth mapf : ! R" dened on an
open set R™, almost all values inR" are regular.

The words almost all mean all values, with the possible exceptions
belonging to a set with vanishingLebesgue measureln particular, if
one chooses a random value equidistributed in an arbitrariy small ball
B R", then itis a regular value of f with probability 1.

Note that if m < n, then any point y = f (x) is not a regular value
of f . Therefore, the only regular values off are the points in the com-
plement of the imagelm f . In this case, the theorem states that almost
all points in R", do not belong toImf .

Inverse function theorem

The inverse function theoremgives an if condition for a mapf to
be invertible in a neighborhood of a given pointx. The condition is
formulated in terms of the Jacobian matrix of f at x.

The implicit function theorem is its close relative and a corollary.
It is used when we need to pass from parametric to implicit desriptions
of curves and surfaces.

Both theorems reduce the existence of a map satisfying a ceain equa-
tion to a question in linear algebra. We use these two theorems only for
ne6 3
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0.25. Inverse function theorem. Letf =(fq;:::5;fh): ! R"bea
smooth map de ned on an open set  R". Assume the Jacobian matrix
Jac f is invertible at x 2 . Then there is a smooth maph: ! R"

de ned in an open neighborhood of y = f (x) that is a local inverse
of f at x; that is, there is a neighborhood 3 x such thatf denes a
homeomorphism $ ,andh f is an identity map on

Moreover, if jdet[Jac, f]j > " > 0, the domain  contains an "-

neighborhood ofx, and the rst and second partial derivativesg—f;, @gf@;*

are bounded by a constanC for all i, j, and k, then we can assume that
is a -neighborhood ofy, for some > 0 that depends only on' and C.

0.26. Implicit function theorem. Let f =(fq;:::;fn): ! R™ be
a smooth map, de ned on an open subset R"™ ™M where m;n >
> 1. Let us considerR"*™ as a product spaceR" R™ with coordinates
X1;::5Xn Y10 Ym . Consider the following matrix
"et ot
@x @x
M=B : -
@ @
@x @x

formed by the rst n columns of the Jacobian matrix. AssumeM is
invertible at X = (X1;:::;Xn;Y1;:::Y¥m) 2 , and f (x) =0. Then there
is a neighborhood 3 x and a smooth functionh: R™ ! R" de ned in
a neighborhood 3 0 such that for any (X1;:::;Xn;Y1;:::Ym) 2 , the
equality

holds if and only if

(X1;:::%n) = h(y1; i :ym):

Multiple integral

Let f : R"! R" is a smooth map (maybe partially de ned). Set
jac, f := jdet[Jac f j;

that is, jac, f is the absolute value of the determinant of the Jacobian
matrix of f at x.

The following theorem plays the role of a substitution rule for multiple
variables.
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Borel subsetsare de ned as the class of subsets that are generated
from open sets by applying the following operations recursiely: countable
union, countable intersection, and complement. Since the amplement of
a closed set is open and the other way around, these sets can la¢so
generated from all closed sets. This class of sets includesrtually all
sets that naturally appear in geometry but does not include mthological
examples that create problems with integration.

0.27. Theorem. Let h: K ! R be a continuous function on a Borel

subsetK  R". Assumef : ! R" is an injective smooth map that is
de ned on an open set K. Then
z Z z Z
h(x) jac, f = h £ y):
x2K y2f (K)

Convex functions

The following statements will be used only forn 6 3.

Let f: R" I R be a smooth function (maybe partially de ned).
Choose a vectorw 2 R". Given a point p 2 R" consider the function
"(t)= f(p+ t w). Then the directional derivative (Dyf)(p) of f at
p with respect to vector w is de ned by

(Dwf)(p) = ' 0):

A function f is called (strictly) convex if its epigraph z > f (x) is
a (strictly) convex set in R"  R.

0.28. Theorem. A smooth function f : K | R dened on a convex
subsetK R" is convex if and only if one of the following equivalent
conditions holds:
(a) The second directional derivative off at any point in the direction
of any vector is nonnegative; that is,

(D&f)(P) > 0
forany p2 K andw 2 R".
(b) The so-calledJensen's inequality
f1 t)Xo+ttx)6 (1 t)f(xo)+ tf(xa)

holds for any xg;x1 2 K andt 2 [0;1].
(c) For any Xp;Xx1 2 K, we have

Xo + X1 6 f(Xo)+ f(X1).

f
2 2
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H Ordinary di erential equations

The following material is discussed at the beginning of any ourse of
ordinary di erential equations; the classical book by Vladimir Arnold [6]
is one of our favorites.

First-order equations

The following theorem guarantees existence and uniqueness solutions
of an initial value problem for a system of ordinary rst-ord er di erential
equations

where eacht 7! x; = x;(t) is a real-valued function de ned on a real
interval J and eachf; is a smooth function de ned on an open subset

R" R.
The array of functions (f1;:::;fn) can be packed into one vector-
valued functionf : | R"; the same way the function array(x1;:::;Xn)

can be packed into a vector-valued functionx : J! R". Therefore, the
system can be rewritten as one vector equation

x%=f (x;t):

0.29. Theorem.

Supposef : | R" is a smooth function de ned on an open subset
R" R. Then for any initial data x(to) = u such that (u;tg) 2
the di erential equation

x%= f (x;t)

has a unique solutiont 7! x(t) de ned at a maximal interval J that con-
tains tg. Moreover,
(a) if J6 R (that is, if an end b of J is nite), then x(t) does not have
a limit pointin ~ ast! bt
(b) the function w: (u;tp;t) 7! x(t) has an open domain of de nition
in R that contains all points (u;tg;tg) for (u;tg) 2 , andw is
smooth in this domain.

1in other words, if x(tn) converges for a sequencetn ! b, then its limit does not
lie in
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Higher order
Consider an ordinary di erential equation of order k
i x ) = f (x;x%:x® Doy

wheret 7! x = x(t) is a function from a real interval to R".
This equation can be rewritten ask rst-order equations with k 1
new vector variablesy, = x% y, = x%:::iy, 1= xk D

8
x%t) = ya(b);
%y‘f(t) = ya(t);
[ :
%y& o) =y a(t);
ye o(t) = f(xsyniinyk ut):

Thus, we have derived the following.

0.30. Theorem. The k-th order equation | is equivalent to the system
T consisting of k rst-order equations.

This trick reduces a higher-order ordinary di erential equation to a
rst-order equation. In particular, we get local existence and unigueness
for solutions of higher-order equations as in Theorem 0.29%ne only has
to assume that R" ¥ R, and the initial data consists of x (to),
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Chapter 1

De nitions

In most cases, by looking at tire tracks of a bicycle, it is posible to tell in
which direction it traveled and to tell apart the trails made by the front
and rear wheels; plus one can nd the distance between the wieds.

Try to gure out how to do this. This question might motivate t he
reader to reinvent a considerable part of the dierential geometry of
curves. To learn more about this problem check the referencgiven after
Exercise 6.1.

A Before we start

The notion of curve comes with many variations. Some of them ee de-
scribed by nouns (path, arc, and so on) and others by adjectigs (closed,
open, proper, simple, smooth, and so on). The following piaire gives an
idea about four of these variations.

©0y Q09

curve closed curve
simple curve simple closed curve

This chapter covers all these de nitions. One may skip this tapter
and use it as a quick reference while reading the book.

26
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B Simple curves

Recall that metric spaces were discussed in Section OA. The Uglidean
plane R? and spaceR? are the main examples of metric spaces one should
keep in mind.

Recall that a real interval is a connected subset of the real line.
A bijective continuous map f: X | Y between subsets of some met-
ric spaces is called shomeomorphismif its inverse f *:Y | X is
continuous.

1.1. De nition. A connected subset in a metric space is called a
simple curveif it is locally homeomorphic to a real interval; that is,
any point p2 has a neighborhood in that is homeomorphic to a real
interval.

It turns out that any simple curve can beparametrized by a real
interval or circle. That is, there is a homeomorphismG ! where G is
a real interval (open, closed, or semi-open) or the circle

St= (xy)2R?:x2+y?=1

A complete proof of the latter statement is given by David Gale [34]. The
proof is not hard, but it would take us away from the main subject.

The parametrization G ! describes the curve completely. We will
denote a curve and its parametrization by the same letter; fo example,
we may say a curve is given with a parametrization : (a;b ! R?2.
Note, however, that any simple curve admits many parametriations.

1.2. Exercise.
(@) Show that the image of any continuous injective map : [0;1]! R?
is a simple arc.
(b) Find a continuous injective map : (0;1)! R? such that its image
is not a simple curve.

C Parametrized curves

Let G be a circle or a real interval (open, closed, or semi-open),ral let
X be a metric space. Aparametrized curveis de ned as a continuous
map :G ! X . For a parametrized curve, we donot assume that the
map is injective; in other words, a parametrized curve mighthave self-
intersections

From the previous section, we know that a simple curve can be @
rametrized. The term curve can be used if we do not want to specify
whether it is parametrized or simple.
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If G is an open interval or a circle, we say that isacurve without
endpoints; otherwise, it is called acurve with endpoints. In the
case whenG is a circle, we say that the curve isclosed If the domain
G is a closed interval[a; b, then the curve is called anarc. Further, if it
is the unit interval [O; 1], then it is also called apath.

Ifanarc :[a;b!X satisesp= (a)= (b),then s
called aloop; in this case, the point p is called the baseof
the loop.

SupposeG; and G, are either real intervals or circles.
A continuous onto map : G; ! G; is called monotone
if, for any t 2 G, the set ftg is connected. If G; and
G, are intervals, then, by the intermediate value theorem,

a monotone map is either nondecreasing or nonincreasing; # is, our
de nition agrees with the standard one whenG; and G, are intervals.

1.3. Exercise. Construct a monotone (and, in particular, onto) map
©;1)! [0; 1]

Suppose 1: Gy ' X and ,: G, ! X are two parametrized curves
suchthat ;= , foramonotone map : G;! G,. Then we say that
» isreparametrization® of ; by

1.4. Advanced exercise. Let X be a subset of the plane. Suppose two
distinct points p;q2 X can be connected by a path X . Show that there
is a simple arc in X connecting p to g.

Any loop and any simple closed curve can be described bymeriodic
parametrized curve : R !X ;thatis, a curve such that (t+ )= (1)
for a xed period * > 0and all t. For example, the unit circle in the plane
can be described by the2 -periodic parametrization (t) = (cos t; sint).

In the reverse direction, any curve with periodic parametrization yields
a loop that can be also considered as a closed curve.

D Smooth curves

Curves in the Euclidean space or plane are calledpace curvesor, re-
spectively, plane curves

A parametrized space curve can be described by its coordinatfunc-
tions

(1) = (x(t); y(t); z()):

1in general, 1 is not a reparametrization of . In other words, according to
our de nition, the described relation  being a reparametrization is not symmetric; in
particular, it is not an equivalence relation. Usually, iti s xed by extending it to the
minimal equivalence relation that includes ours [13, 2.5.1 ]. But we will stick to our
version.
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Plane curves can be considered as a special case of space esrwith
z(t) O.

Recall that a real-to-real function is called smooth if its derivatives
of all orders are de ned everywhere in the domain of de nition. If each
of the coordinate functions x(t); y(t), and z(t) are smooth, then the pa-
rametrization is called smooth.

If the velocity vector

A1) = (xAt); yAD); 2At))

does not vanish at any point, then the parametrization is calledregu-
lar.

A parametrized curve is calledsmoothif its parametrization is smooth
and regular. A simple space curve is calledmooth if it admits a regular
smooth parametrization; for closed curves the parametrizéon is assumed
to be periodic. These curves are the main objects in the rst @rt of the
book. Pedantically, one could call themregular smooth curves

Notice that the closed curve described by a smooth loop mighfail to
be smooth at its base; an example is shown on the picture.

The following exercise shows that curves with smooth
parametrizations might have corners and might fail to be
smooth curves.

1.5. Exercise. Recall that (see Section OF) that the follow-
ing function is smooth:

(
0 ift6 0
U=+ 450
e:(

Show that (t) = (f (t);f( t)) gives a smooth parametrization of the
curve shown on the picture; it is a simple curve formed by the unio of
two half-axis in the plane.

Show that any smooth parametrization of this curve has a vanigig
velocity vector at the origin. Conclude that this curve is not sooth; that
is, it does not admit a regular smooth parametrization.

1.6. Exercise. Describe the set of real numbers such that the the pa-
rametrization -(t)=(t+ " sint;” cost),t2 R is
(&) smooth; (b) regular; (c) simple.

1.7. Exercise. Find a parametrization of the cubic parabolay = x3 in
the plane that is smooth, but not regular.
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E Implicitly de ned curves

Supposef : R? ! R is a smooth function; that is, all its partial derivatives
are de ned everywhere. Let R? be its level set described by the
equationf (x;y)=0.

AssumeOis aregular valueoff; thatis, the gradient r ,f does not
vanish at any point p2 . In other words, if f (p) = 0, then f4(p) 6 0
or fy(p) 6 0.2 If is connected, then by the implicit function theorem
(0.26), it is a smooth simple curve.

The described condition is su cient but not necessary For example,
zero isnot a regular value the function f (x;y) = y?, but the equation
f (x;y) =0 describes a smooth curve the x-axis.

Similarly, assume (f;h) is a pair of smooth functions de ned in R®.
The system of equations

( f(x;y;z)=0;
h(x;y;z)=0

de nes a smooth space curve if the set of solutions is connected, and)
is a regular value of the mapF : R®! R? de ned by

F:(xy;z) 7' (f(xy:2);h(Xy; 2)):

It means that the gradients r f and r h are linearly independent at any
point p2 . In other words, the Jacobian matrix

fx fy fz

Jag F = he hy h;

for the map F: R®! R? has rank 2 at any point p 2

If a curve is described in such a way, then we say that it ismplic-
itly defined.

The implicit function theorem guarantees the existence of egular
smooth parametrizations for any implicitly de ned curve. H owever, when
it comes to calculations, it is usually easier to work directy with implicit
representations.

1.8. Exercise. Consider the set in the plane described by the equation
y? = x3. Is it a simple curve? Is it a smooth curve?

1.9. Exercise. Describe the set of real numbers such that the system
of equations

x2+y2+ 2722 =1

X2+ x+y? =0

describes a smooth curve.

2Here f is a shortcut notation for the partial derivative %.
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F Proper, closed, and open curves

A parametrized curve in a metric spaceX is calledproper if, for any
compact setKk X , the inverse image *(K) is compact.

For example, the curve (t) = ( €';0;0) de ned on the real line is not
proper. Indeed, the half-line( 1 ;0] is not compact, but it is the inverse
image of the closed unit ball around the origin.

1.10. Exercise. Suppose : R ! RS is a proper curve. Show that
j Mj'1T ast!1

Recall that a closed bounded intervals are compact (0.9) and:losed
subsets of a compact set are compact; see Section 0B. Sinceclds and
closed intervals are compact, it follows that closed curvesand arcs are
proper.

A simple curve is called proper if it admits a proper parametization.

1.11. Exercise. Show that a simple space curve is proper if and only if
it is a closed set.

A proper simple curve is calledopen if it is not closed and has no
endpoints. So any simple proper curve without endpoints is gher closed
or open. The termsopen curveand closed curvehave nothing to do with
open and closed sets.

1.12. Exercise. Use Jordan's theorem (0.12) to show that any simple
open plane curve divides the plane in two connected component



Chapter 2

Length

A De nitions

A sequence
a=tg<t;< <tk =bh:

is called apartition of the interval [a; 1.

2.1. De nition. Let :[a;bh !X be a curve in a metric space. The
length of is de ned as

length =supfj (to) (t)jx + +j (tk 1)  (tkix 9;

The length of a closed curve is de ned as the length of the corngesnd-
ing loop. If a curve is parametrized by an open or semi-open inteal,
then its length is de ned as the least upper bound of the lerfug of all its
restrictions to closed intervals.

A curve is calledrectifiable if its length is nite.

2.2. Exercise. Suppose curve 1: [a;;b] ! R® is a reparametrization
of »:[az;]! RS. Show that

length ; =length »:

Suppose : [a;b ! R® is a parametrized P1 P
space curve. For a partitiona = tg <tj < N
<ty = b setp = (tj). Then the polygonal po

line po:::pk is said to beinscribedin . If s
closed, thenpy = pk, so the inscribed polygonal line is also closed.

32
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Note that the length of a space curve can be de ned as the leastpper
bound of the lengths of its inscribed polygonal lines.

2.3. Exercise. Let :[0;1]! RS be a path. Suppose that , is a
sequence of polygonal lines inscribed in with vertices (3) for i 2
2f0;:::;ng. Show that

length ,! length as n!1

2.4. Exercise. Let :[0;1]! RS be a simple path. Suppose that a path
:[0;1]! R® has the same image as; thatis, ([0;1]) = ([0;1]). Show
that
length > length :

Try to prove the same assuming that only that ([0; 1]) ([0; 1]).

2.5. Exercise. AssFéjme :[a;b)! R3is a smooth cur\lge. Show that
(@) length > abj qt)j dt; (b) length 6 abj %t)j dt.
Conclude that

Vi)
E length = | qb)j dt:

2.6. Advanced exercises.
(@) Show that the formula E holds for any Lipschitz curve : [a;] !
I RS
(b) Construct a non-constant curve : [a;! R3 such that 4t) =0
almost everywhere. (In this case, the formula&E does not hold for
despite that both sides are de ned.)

B Nonrecti able curves

Let us describe the so-calleKoch snowflake a classical example of
a nonrecti able curve.

vk
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Start with an equilateral triangle. For each side, divide it into three
segments of equal length, and then add an equilateral trianig with the
middle segment as its base. Repeat this construction recuigely with the
obtained polygons. The Koch snow ake is the boundary of the uion of
all the polygons. Two iterations and the resulting Koch snowake are on
the picture.

2.7. Exercise.
(&) Show that the Koch snow ake is a simple closed curve; in paitular,
it can be parametrized by a circle.
(b) Show that the Koch snow ake is not recti able.

C Semicontinuity of length

The lower limit of a sequence of real numbers, will be denoted by
lim xn:
n!l

It is de ned as the lowest partial limit; that is, the lowest p ossible limit
of a subsequence of,. The lower limit is de ned for any sequence of real
numbers, and it lies in the extended real line[1 ;1 ].

2.8. Theorem. Assume a sequence of curves,: [a; ! X in a metric
space X converges pointwise to a curve 1 : [a; ! X ; that is, for any
xed t 2 [a; b, we have ,(t)! 1 (t)asn!l1l . Then

E lim length , > length 1 :
n'l

2.9. Corollary. Length is lower semicontinuous with respect to the point-
wise convergence of curves.

Proof. Fix a partition a=tg<t;< <ty = h. Set

n =] n(to) n(ty)j + + ) n(te 1) n (te)];
1 =)o) 1(t)i+  +j1(k 1) 1 (it
For eachi we have

bt 1) )iy 2 1) 1 (s

and therefore | ! 1 asn!l . Notethat , 6 length , for eachn.
Hence,

lim length > 1 :
n!l

Since the partition was arbitrary, the de nition of length i mplies in-
equality E. O
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The inequality E might be strict. For example, the
diagonal ; of the unit square can be approximated by
stairs-like polygonal lines , with sides parallel to the sides
of the square (¢ and 1 are in the picture). In this case,

length ; = pi and length , =2 forany n:

D Arc-length parametrization

We say thata curve has anarc-length parametrization (also called
natural parametrization) if

tp t1= Iength j[tl;tz]

for any two parameter valuest; < t; that is, the arc of from t; to t;
has lengtht, t;.

2.10. Exercise. Let :[a;b ! X be a rectiable curve in a metric
space. Givent 2 [a; ], denote bys(t) the length of the arc jj5;. Show
that the function t 7! s(t) is continuous.

Conclude that admits an arc-length parametrization.

By Exercise 2.5, a smooth curve (t) = (x(t);y(t);z(t)) is an arc-
length parametrization if and only if it has unit velocity ve ctor at all
times; that is,

P =" XAOZ T yZ T 207 = 1

for all t; by that reason smooth curves equipped with an arc-length pa
rametrization are also calledunit-speed curves. Observe that smooth
unit-speed parametrizations are automatically regular (e Section 1D).

2.11. Proposition. If t 7! (t) is a smooth curve, then its arc-length
parametrization is also smooth and regular. Moreover, the ardength pa-
rameter s of can be written as an integral

Zt
| s()="j 4)id:

to

Most of the time we will use s for an arc-length parameter of a curve.

Proof. Since is smooth,j {t)j > 0 for any t. Therefore, the function
t 7!j 9t)j is smooth.

By the fundamental theorem of calculus,st) = j Yt)j. Therefore,
t 7! s(t) is a smooth increasing function with positive derivative.
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By the inverse function theorem (0.25), the inverse function s *(t)
is also smooth andj( s )4 1. Therefore, s ! is a unit-speed
reparametrization of by s. By construction, s ! is smooth, and
sincej( s 1Y 1, itis regular. O

2.12. Exercise. Reparametrize thehelix
ab(t) =(a cost;a sint;bt)

by its arc-length.

We will be interested in the properties of curves that are imariant
under reparametrizations. Therefore, we can always assumthat any
given smooth curve comes with an arc-length parametrizatia. A nice
property of arc-length parametrizations is that they are almost canonical

these parametrizations di er only by a sign and an additive constant.
For that reason, they make it easier to de ne parametrization-independent
guantities. This observation will be used in the de nitions of curvature
and torsion.

On the other hand, it is usually impossible to nd an explicit arc-
length parametrization. Therefore, when it comes to calcudtions, it is
often more convenient to use the original parametrization.

E Convex curves

A simple plane curve is calledconvexif it bounds a convex region. Since
the boundary of any region is closed, any convex curve is eitfr closed or
open (see Section 1F).

2.13. Proposition.  Assume that a closed convex curve lies inside the
domain bounded by a simple closed plane curve Then

length 6 length :

To prove Proposition 2.13 it is su cient to show that the peri meter
of any polygon inscribed in is less or equal than the length of . Since
any polygon inscribed in is convex, it is su cient to prove the following
lemma.

2.14. Lemma. Assume that a convex polygonP lies in a gure F
bounded by a simple closed curve. Then

perimP 6 perimF;

where perim F denotes the perimeter ofF.
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Proof. A chordin F is de ned to be a line segment inF with endpoints
in its boundary. SupposeF®is a gure obtained from F by cutting it
along a chord and removing one side. By the triangle inequaty, we have

perimF%6 perimF:

Observe that there is a decreasing sequence of g-
ures

F=F0 Fl Fn=P

such that Fi.; is obtained from F; by cutting along a
chord. Therefore,

perimF = perim Fo > perimF; > :::> perimF, = perim P: m

Comment. Two other proofs of 2.14 can be obtained by applying Croftons
formulas (see 2.18) and the nearest-point projection (seedmma 14.3).

2.15. Corollary.  Any convex closed plane curve is recti able.

Proof. Any closed curve is bounded. Indeed, the curve can be desced
as an image of a loop :[0;1]! R?, (t) = (x(t);y(t)). The coordinate
functions t 7! x(t) and t 7! y(t) are continuous functions de ned on
[0; 1]. This implies that both coordinate functions are bounded by some
constant C. Therefore, lies in the square de ned by the inequalities
jXj 6 C andjyj 6 C.

By Proposition 2.13, the length of the curve cannot exceed th perime-
ter of the square; hence the result. O

Recall that the convex hull of a setX is the smallest convex set that
contains X ; equivalently, the convex hull of X is the intersection of all
convex sets containingX .

2.16. Exercise. Let be a simple closed plane curve. Denote b¢ the
convex hull of ; let be the boundary curve oK. Show that

length > length :

Try to show that the statement holds for arbitrarily closed plae curves,
assuming only thatK has a nonempty interior.

F Crofton's formulas

For a function f : S'! R, we will denote its average value ag (u); that
iS, Z
W=

=5 :
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For a vector w and a unit vector u, we will denote by w, the orthogonal
projection of w to the line in the direction of u; that is,

wy = hu;wi u:

2.17. Theorem.  For any plane curve we have
i length = 5 length ;
where | is the curve de ned by (t) :=( (t))y.

Proof. The magnitude of any vector w is proportional to the average
magnitude of its projections; that is,

wj =k jwy

for somek 2 R. (The exact value ofk can be found by integrationt, but
we will nd it di erently.) Assume  :[a;b! R?isasmooth curve. Note
that

S0 = W) and j g)j= jhu; AW
for any t 2 [a; . Then, according to Exercise 2.5,

Zb
length = j qt)j dt =
a
Zb

kj o) dt=

a

k length :

Sincek is a universal constant, we can compute it by taking to be
the unit circle. In this case,

length =2

For any unit plane vector u, the curve  runs back and forth along an
interval of length 2. Hencelength , =4 for any u, and

length | =4:

It follows that 2 = k 4. Therefore,i holds for smooth curves.
Applying the same argument together with 2.6, we get thati holds for
arbitrary Lipschitz curves. Further, since an arc length parametrization

LIt is the average value of jcosxj.
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of any recti able curve is Lipschitz, 2.10 implies i for arbitrary recti able
curves.

It remains to consider the nonrecti able case; we have to she that
length =1 =) length ,=1:
By the de nition of length,
length  +length > length

for any plane curve and any pair (u;v) of orthonormal vectors in R?.
Therefore, if has in nite length, then the average length of | is in nite
as well. O

2.18. Exercise. Suppose a simple closed plane curve bounds a g-

ure F. Let s be the average length of the projections df to lines. Show

that length > s. Moreover, equality holds if and only if is convex.
Use this statement to give another solution to Exercise 2.16

The following exercise gives analogous formulas in the Eudean space.

As before, we denote byw, the orthogonal projection of w to the line
passing thru the origin with direction u. Further, let us denote by w}
the projection of w to the plane orthogonal to u; that is,

? .
W, =w Wy

We will use the notation f (u) for the average value of a functionf
de ned on S.

2.19. Advanced exercise. Show that the length of a space curve is
proportional to

(a) the average length of its projections to all lines; that $,
length = kj length

for somek; 2 R.

(b) the average length of its projections to all planes; thais,

length = k; length 2

u

for somek, 2 R.
Find the valuesk; and ks.
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G Length metric

Let X be a metric space. Given two pointsx;y in X, denote by "(x;y)
the greatest lower bound of lengths of all paths connecting to y; if there
is no such path, then™(x;y) = 1.

It is straightforward to see that the function * satis es all the axioms
of a metric except it might take in nite values. Therefore, if any two
points in X can be connected by a recti able curve, then™ de nes a new
metric on X; in this case," is called theinduced length-metric.

Evidently, “(x;y) > jx yj for any pair of points x;y 2 X . If the
equality holds for all pairs, then the metricj | is said to be alength-
metric, and the corresponding metric space is called éength-metric
space

2.20. Exercise. Let X be a metric space with a well-de ned induced
length-metric (x;y) 7! “(x;y). Show that" is a length-metric.

Most of the time we consider length-metric spaces. In partialar,
the Euclidean space is a length-metric space. A subspack of a length-
metric spaceX is not necessarily a length-metric space; the induced lengt
distance between pointsx and y in the subspaceA will be denoted asjx

yia; thatis, jx yja is the greatest lower bound of the lengths of paths
in A from x to y.

2.21. Exercise. Let A R2 be a closed subset. Show th# is convex
if and only if

X yia =X VYire
forany x;y 2 A

H Spherical curves
Let us denote by $? the unit sphere in the space; that is,
P= (xy;z2)2R:x?+y?+22=1
A space curve is calledsphericalifit runs in S?; thatis, j (t)j =1 for

any t.
Recall that ] (u;v) denotes the angle between vectors and v.

2.22. Observation.  For any u;v 2 S?, we have

ju vig =] (uv):
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Proof. Let be the short arcof a great circlé from u to v in S?. Note
that length =] (u;v). Therefore,

ju Vvjg 6] (u;v):

It remains to prove the opposite inequality. In other words, we need
to show that given a polygonal line = pg:::p, inscribed in there is
a polygonal line 1 = @:::q, inscribed in any given spherical path ;
connectingu to v such that

I length ; > length :

Dene g as the rst point on ; such that ju pjj = ju gj, but
set ¢, = v. Clearly, 1 isinscribed in j;, and, according to the triangle
inequality for angles (0.16), we have that

1@ 1:g)>] (ug) 1(ug 1)=
=] (up) 1@up 1)=
=1 (P 1;p):
By the angle monotonicity (0.15),
g 1 Gi>jpi 1 pij
and1 follows. O

2.23. Hemisphere lemma. Any closed spherical curve of length less
than 2 lies in an open hemisphere.

This lemma will play a key role in the proof of Fenchel's theoem
(3.11). The following proof is due to Stephanie Alexander; ti is not as
simple as one may think. Try to prove the lemma before readindurther.

Proof. Let be a closed curve inS? of length 2 *. Suppose’ <

Let us subdivide into two arcs ; and »
of length *; denote their common endpoints by
p and g. By 2.22,

1 (p;g) 6 length ; =
:\<
<

Denote by z be the midpoint between p and
qin $?; that is, z is the midpoint of the short

2A great circle is the intersection of the sphere with a plane p assing thru its center.
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arc of a great circle fromp to g in S?. We claim that lies in the open
hemisphere with the pole atz. If not, intersects the equator at some
point r. Without loss of generality, we may assume thatr lies on ;.

Rotate the arc ; by the angle around the line thru z and the center
of the sphere. The obtained arc ; together with 1 forms a closed curve
of length 2 ° passing thru r and its antipodal point r . Applying 2.22
again, we get

3 length =">71 (r )=

a contradiction. O

2.24. Exercise. Describe a simple closed spherical curve that does not
pass thru a pair of antipodal points and does not lie in any hensiphere.

2.25. Exercise. Suppose a simple closed spherical curvedivides S in
two regions of equal area. Show that

length > 2 :

2.26. Exercise. Find a aw in the solution of the following problem.
Come up with a correct argument.

Problem. Suppose a closed plane curve has length at most 4. Show
that lies in a unit disc.

Wrong solution. It is su cient to show that the diameter of is at
most 2; that is,

I jp g62
for any two points p and q on

The length of cannot be smaller than the closed inscribed polygonal
line which goes fromp to q and back to p. Therefore,

2jp q 6 length 6 4;

whencel follows. O

2.27. Advanced exercises. Given unit vectors u;w 2 S?, denote by
w, the nearest point tow on the equator with the pole atu; in other
words, if w] is the projection of w to the plane perpendicular tou, then
w,, is the unit vector in the direction of w; . The vector w, is de ned if
w6 u.
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(&) Show that for any recti able spherical curve we have
length = length ;

where length , denotes the average length of, with u varying
in S?. (This is a spherical analog of Crofton's formula.)
(b) Use (a) to give another proof of the hemisphere lemma (23).

Spherical Crofton's formula can be rewritten the following way:
length =mn ;

wheren denotes the average number of intersection points of with equa-
tors. The equivalence can be proved using Levi's monotone owergence
theorem.



Chapter 3

Curvature

Ohe term curvature is used for anything that measures how mug a geo-
metric object deviates from beingstraight, whatever that may mean. For
curves, the curvature is a pointwise quantitative measure & how much
the curve di ers from a straight line.

A Acceleration of a unit-speed curve

Recall that any smooth curve can be reparametrized by its ardength
(2.11). The obtained parametrized curve, say , remains to be smooth,
and it has unit speed; that is,j § = 1. From mechanics, you might know
that acceleration and velocity are perpendicular if the sped is constant.
Let us restate it.

3.1. Proposition.  Assume is a smooth unit-speed space curve. Then
As) ? s) for any s.

The scalar product (also known asdot product) of two vectors v
and w will be denoted by hv;wi. Recall that the derivative of a scalar

product satis es the product rule; that is, if v = v(t) and w = w(t) are
smooth vector-valued functions of a real parametet, then

hv;wi®= ewi + hv;wi:
Proof. The identity j § =1 can be rewritten ash ¢ 9% = 1. Di erenti-
ating both sides, we get2h % 4 =h % G9=0; whence %7 ° O

44
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B Curvature

For a unit-speed smooth space curve, the magnitude of its acceleration
i %s)j is called its curvature at time s. If is simple, then we can say
that j °{s)j is the curvature at the point p=(s) without ambiguity. The
curvature is usually denoted by (s) or (s) , and, in the case of simple
curves, it might be also denoted by (p) or (p) .

3.2. Exercise. Show that a smooth simple space curve has zero curvature
at each point if and only if it is a segment of a straight line.

3.3. Exercise. Let be a smooth simple space curve, and let be a

scaled copy of with factor > O; thatis, (t)= (t) for any t. Show
that ©

(p =L
for any p2

3.4. Exercise. Show that any smooth spherical curve has curvature at
least 1.

C Tangent indicatrix

Let be a smooth space curve. The curve

~ 0
E t(t) = o

it is called a tangent indicatrix of . Note that jt (t)j = 1 for any t;
that is, t is a spherical curve.

If s7! (s)is a unit-speed parametrization, thent (s) = 4s). In this
case, we have the following expression for the curvature:

()= it =i i
For a general parametrizationt 7! (t), we have instead

_ itAwi.
i i

Indeed, for an arc-length reparametrization bys(t), we havest) = j qt)j.
Therefore,

E (1)
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It follows that the tangent indicatrix of a smooth curve  is smooth if the
curvature of does not vanish.

3.5. Exercise. Use the formulasE and E to show that for any smooth
space curve we have the following expressions for its curvature:

(a) (b)
_wj _i® 9
j 9% j9
where w is the projection of where denotes the vec-
oQt) to the plane normal to tor product (also known as
qt); cross produc).

3.6. Exercise. Apply the formulas in the previous exercise to show that
if f is a smooth real function, then its graphy = f (x) has curvature

N Y
(L+9x)?)2

at the point (x;f (x)).

3.7. Advanced exercise.  Show that any smooth curve : 1! R® with
curvature at most 1 can be approximated by smooth curves with mstant
curvature 1.

In other words, construct a sequence ,: |1 ! R3 of smooth curves
with constant curvature 1 such that (t)! (t) foranytasn!1l

D Tangents

Let be a smooth space curve, and let be its
tangent indicatrix. The line thru (t) in the di-
rection of t (t) is called the tangent line to
at t. Any vector proportional to t (t) is called the
tangentto att.
The tangent line could be also dened as a

unique line that has first-order contact with

at t; thatis, ()= o(’), where () denotes the
distance from (t + °) to the line.

3.8. Advanced exercise.  Construct a smooth closed space curve with-
out parallel tangent lines.

We say that smooth curves ; and , are tangent at s; and s; if
1(s1) = 2(s2) and the tangent line of ; at s; coincides with the tangent
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line of , at sp; if both curves are simple we can also say that they are
tangent at the point p= 1(s1) = 2(s2) without ambiguity.

E Total curvature

Let :1! RS2 be asmooth unit-speed curve. The integral
Z

()= (s) ds

is called thetotal curvature of , and it measures the total change of
direction along
Rewriting the above integral using a change of variables prduces a
formula for a general parametrizationt 7! (t):
z

| ()= (OjAide

3.9. Exercise. Find the curvature of the helix
ab(t) =(a cost;a sint;b t);
its tangent indicatrix, and the total curvature of its arc  apjj;2 -

Note that for a unit-speed smooth curve, the speed of its tangnt
indicatrix equals its curvature. Therefore, we get the following.

3.10. Observation.  The total curvature of a smooth curve is the length
of its tangent indicatrix.

3.11. Fenchel's theorem. The total curvature of any closed smooth
space curve is at leasp

Proof. Fix a closed smooth space curve. We can assume that is
described by a unit-speed loop : [a; ! RS; in this case, (a) = (b)
and Ya)= 9qb).

Consider its tangent indicatrix t = © Recall that jt (s)j = 1 for any
s; that is, t is a closed spherical curve.

Let us show thatt cannot lie in a hemisphere. Arguing by contradic-
tion, we can assume that it lies in the hemisphere de ned by tle inequality
z > 0in (x;y;z)-coordinates. In other words, if (t) = ( x(t);y(t); z(1)),
then zYt) > O for any t. Therefore,

Zb
z(b) z(a)= z%s) ds> O:
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In particular, (a) 6 (b) a contradiction.
Applying the observation (3.10) and the hemisphere lemma (23), we
get
( )=lengtht > 2 : O

3.12. Exercise. Show that a closed space curve with curvature at
most 1 cannot be shorter than the unit circle; that is,

length > 2 :

3.13. Advanced exercise.  Suppose is a smooth space curve that does

not pass thru the origin. Consider the spherical curve de ned by (t) :=
— (0
= o Show that

length < ( )+

Moreover, if is closed, then

length 6 ( ):

The last inequality gives an alternative proof of Fenchel'stheorem.
Indeed, without loss of generality, we can assume that the agin lies on a
chord of . In this case, the closed spherical curve goes from a point to
its antipode and comes back; it takes length at least each way, whence

length > 2 :

Recall that the curvature of a spherical curve is at leastl (see 3.4).
In particular, the length of a spherical curve cannot exceedits total cur-
vature. The following theorem shows that the same inequaliy holds for
closed curves in a unit ball.

3.14. DNA theorem. Let be a smooth closed curve that lies in a unit
ball. Then

() >length :

Several proofs of this theorem are collected by Serge Tabaatkov [90].
The 2-dimensional case of this theorem was proved by Istarfary [28].
It was generalized by Don Chakerian [18] to higher dimensios. The
following exercise guides you thru another proof of him [19] Yet another
proof is given in Section 4E.

3.15. Exercise. Let :[0;']! R3 be a smooth unit-speed closed curve
that lies in the unit ball; that is, j j6 1.



F. CONVEX CURVES 49

(&) Show that
h%s); (9)i> (9
for any s.
(b) Use part (a) to show that

7
h(s); %s)i®ds>" ( ):
0
(c) Suppose (0)= () and %0)= 9 ). Show that
7
h (s); s)i®ds=0:
0
Use this equality together with part (b) to prove 3.14.

F Convex curves

In this section, we show that the tangent indicatrix of a convex curve
rotates monotonically. The following exercise provides a &y observation
for the proof.

3.16. Exercise. Let be a smooth convex plane curve; denote Iy the
convex set bounded by. Show that a line ™ is tangent to at point p
if and only if it supportsF at p; thatis, * 3 p and F lies in a closed
half-plane bounded by .

Recall that a map is monotone if the inverse image of any poinin the
target space is a connected set (in particular, nonempty).

3.17. Proposition.  Let be a smooth convex plane curve.
(@) Suppose is closed and it is parametrized as : S'! R2?. Then its
tangent indicatrix t : S' ! S is a monotone map.
(b) Suppose is open, it is parametrized as : R ! R2. Then its
tangent indicatrix t : R! S' de nes a monotone map to an interval
in a closed semicircle.

The following corollary says that for convex curves we have equality
in Fenchel's theorem (3.11). Later we, in 4.8, we will show that equality
holds only for convex curves.

3.18. Corollary. Let be a convex plane curve.
(@ If isclosed, then( )=2
(b) If isopen,then( )6

Proof. Follows from 3.17, 3.10 and 2.2. O
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Proof of 3.17; (a) . Since is closed, it bounds
a compact convex setF. We may assume thatF
lies on the left from

Choose a unit vectoru. Let (x;y) be the co-
ordinates of the plane with x-axis in the direction

of u.
From Exercise 3.16, it follows thatu = t(s) if ~~"77p u )
and only if p = (s) is a minimum point of the

y-coordinate function on F. Indeed supposep is a minimum point. Let ~
be the horizontal line thru p. Then * supports F at p. By the exercise,”
is tangentto at p. SinceF lies on the left from , we getthatt (s) = u.
And the other way around, if t (s) = u then, the tangent line at p= (s)
is horizontal, and, by the exercise, it supportsF. SinceF lies on the left
from , we get that the y-coordinate onF has a minimum at p.

Since F is compact, there is a minimum point p = (s) for the y-
coordinate. The point p might be unique, in this case,t fug=s, or f
might have a line segment of minimal points in , in this case,t fugis
an arc of S. It follows that t : S'! S' is monotone.

(b) The same argument in(a) shows thatt is a monotone map to its
image. Evidently, the image is a connected set irS. It remains to show
that the image lies in a semicircle; in other words,

i ] (w;t(s)) >  forsome w andany s:

Since is open, it bounds an unbounded convex closed regiok. As
before we assume that lies on the left from

There is a half-line, sayh, that lies in F. Indeed, we can assume that
the origin o lies in F. Consider a sequence of pointg,, 2 F such that
jmj!'l asn!l . Denote byv, the unit vector in the direction of ¢,;
that is v, = jg:j.

Since the unit circle is compact, we can pass to a subsequencé ¢,
such that v, converges to a unit vector, sayv. Let us draw a half-line
h from o in the direction of v. Any point on h can be approximated by
points from the segments[o;¢,] asn!1 . Since the setF is closed, the
half-line h lies in F
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Let w be the counterclockwise rotation ofv by an angle , let * be
the tangent line to  at the point p= (s), and let H be the closed left
half-plane bounded by"; that is, H lies to the left of * in the direction of
t (s). The same reasoning as ifa) shows that F, and thereforeh, lie in
H. In particular, v points from p into H, which is equivalenttoi . O

G Bow lemma

The following lemma proved by Erhard Schmidt [85]; it generdizes the
result of by Axel Schur [87].

This lemma is a dierential-geometric Poo . Pn
analog of the so-calledarm lemma of p,
Augustin-Louis Cauchy. The arm lemma says
that if pg:::pn is a convex plane polygon and
Go:::Gh is a polygonal line in the space such
that

i P odEig g 4
Ippl6] (g™

for eachi, thenjpo pnj 6 jao Ohj- (Intuitively, if you extend all the
joints in your arm, then the distance from your shoulder to the tip of your
middle nger increases.)

3.19. Lemma. Let i:[a;b! R? and ,:[a;bf! RS be two smooth
unit-speed curves. Suppose(s) , > (s) , for any s and the curve ;

is an arc of a convex curve; that is, it runs in the boundary of a comex
plane gure. Then the distance between the endpoints of; cannot exceed
the distance between the endpoints of,; that is,

j 1 1(a)j6 ] 2b)  2(a):

The following exercise states that the condition that ; is a convex arc
is necessary. It is instructive to do this exercise before rding the proof
of the lemma.

3.20. Exercise. Construct two simple smooth unit-speed plane curves
1, 2:[ab! RZ?suchthat (s),> (s),> 0foranysand

k) 1@j> 2 (3
Proof. We can assume that ;(a) 6 1(b); otherwise the statement is

evident. By convexity, the curve ; lies on one side of the lin€ thru (a)
and (b); we may assume is horizontal and ; lies below".
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Let so be the lowest point on j; that is, 1(sg) has minimal y-
coordinate.

Denote byt ; andt , the tangent indicatrixes of 1 and ,, respectively.
Consider two unit vectors

up=t1(so)= Xso) and uz=ta(so)= (So):

Note that 1(b) lies in the direction of u; from 1(a).
Lets us show that

| 1 ( 2s);u1) >1 ( 2(s);u2)

for any s. We will prove it for s 6 sp; the cases > sg is analogous.
Note that

I 1 ( 2(s);u1) = ] (t1(s);us) = length( t 1js;s,1):

for any s 6 sg. Indeed, by 3.16, they-coordinate of ; is nonincreasing
in the interval [a;so]. Therefore, the arct 1jjas,) lies in one of the unit
semicircles with endpointsu; and u;. It remains to apply 3.10, 3.17,
and 2.2.

By 2.22, we also have

b 1 ( 3(s);u2) = ] (t2(s); uz) 6 length(t 2jfs;s)):

Further,
2o 1a) 1(b)
jtmjdt=

length(t 1jis;s07)

(1) dt >

\Y

2(t) dt =

jt3(t)j dt= U1
S

= length(t 2jis:s,1):

This inequality, together with T and B, implies T .
Sincel=j 2(s)j = j 3(s)j = juij = juzj, we have

h 9(s);usi =cos] ( ¥(s);uz) and h 3(s);uqi =cos] ( I(s); up):
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The cosine is decreasing in the interva[0; ]; therefore,1 implies

N h 9(s);u1i 6 h 3(s); uzi

for any s.
Further, since 1(b) lies in the direction of u; from (a), we have that

ja(d) (@)= hug; (D) 1(A)i
Sinceus is a unit vector, we have that
j2(0)  2(a)j > huz; o(b)  2(a)i:
Integrating N, we get

i) @)=ty 1() a(a)i =

Zb Zb
= hup; ¥(s)i ds6  hup; 3(s)i ds=
=huz; 2(b)  2(@)i 6] 2(b) (1)) O

3.21. Advanced exercise. Let i1 and ; be as in the bow lemma (3.19);
denote byt ; and t , their tangent indicatrixes.
Set

wi = (b i(a); m
i =1 (ti(@);wi); (@A 2 (b

i =1 (ti(b);wi): Wi

(@) Suppose that 1 6 5. Show that ;> ».
(b) Construct an example, showing that the inequality ; > , does not
hold in general.

3.22. Exercise. Let :[a;b! R® be a smooth curve andd < 6 -
Assume
()62:

(@) Show that
j (B (a)j> cos length :

(b) Show that if a smooth curve :[a;b! R® has a self-intersection,
then () > . Draw a smooth plane curve with a self-intersection,
suchthat ( )< 2
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(c) Show that the inequality in (a) is optimal; that is, given there is a
smooth curve suchthat ( )6 2 , and W is arbitrarily
close tocos .

3.23. Exercise. Let p and g be points on a unit circle dividing it in two
arcs with lengths™; < . Suppose a space curve connectsp to g and
has curvature at most1l. Show that either

length 6 *; or length > 5

The following exercise generalizes 3.12.

3.24. Exercise. Suppose :[a;b! R®is a smooth loop with curvature
at most 1. Show that
length > 2 :

3.25. Exercise. Let be a smooth nonnegative function de ned off0; °].
Show that there is a smooth unit-speed curve: [0;"]! R3 with curvature
(s) for any s such that the distancg (*)  (0)j is arbitrarily close to ".

3.26. Advanced exercise. Let be a PR
closed smooth space curve with curvature at -~
most 2. Supposg (t)j 6 1 for any t. Show /'
that if (t) 6 0, then !

j ()i 6 sin[ (t)] \

where (t) denotes the angle between(t) and N

qt). o




Chapter 4

Polygonal lines

This chapter reinterprets the curvature of curves via angles of inscribed
polygonal lines; it should help to build a rm geometric intu ition about
curvature.

A Piecewise smooth curves

Assume :[a;b ! R®and :[b;d! R?3 are two
curves such that (b) = (b). These two curves can (a)
be combined into one :[a;d! R by the rule

(t) if t6 b

O=""0 i t>b

(0= (b
The obtained curve is called the concatenation of

and . (The condition (b) = (b) ensures that the (0
mapt 7! (t) is continuous.)

The same de nition of concatenation can be applied
if and/or are de ned on semiopen intervals(a; b
and/or [b; 0.

The assumption that the time intervals of and t together is not
essential one can concatenate if the endpoint of coincides with the
starting point of . To do this, the time intervals of the curves should be
shifted so that they t together.

If in addition (c) = (&), then we can do cyclic concatenation of
these curves; this way we obtain a closed curve.

If 9b) and 9Yb) are de ned, then the angle = ] ( Yb); Yb) is
called the external angleof attime b. If = | then we say that
has acuspat time b.

55
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A space curve is calledpiecewise smoothif it can be presented
as an iterated concatenation of a nite number of smooth cunes; if is
closed, then the concatenation is assumed to be cyclic.

If is a concatenation of smooth arcs 1;:::; 5, then the total curva-
ture of is de ned as a sum of the total curvatures of ; and the external
angles; that is,

()= o+ +( n)+ 1+ + a1

where ; is the external angle at the joint between ; and .1 .
If s closed, then the total curvature of is de ned by

()=C D+ +( n)t 2t + p

where , is the external angle at the joint between , and ;.
In particular, for a smooth loop :[a;b! R3, the
total curvature of the corresponding closed curve® is

)= )+ ; O(b)\/
a)

where =1 ( Ya); Yb)).

B Generalized Fenchel's theorem

4.1. Theorem. Let be a closed piecewise smooth space curve. Then

()=>2:
Proof. Suppose is a cyclic concatenation of smooth arcs 1;:::;
Denote by 1;:::; , its external angles. We need to show that
E ( D+ +( )+ 1t +a>2:

Consider the tangent indicatrix t; for each arc ; these are spherical
arcs.
The same argument as in the proof of Fenchel's theorem (3.113hows

The spherical distance from the endpoint oft ; to the starting point
of ti+1 is equal to the external angle ; (we enumerate the arcs modulo
n, so n+1 = 1). Let us connect the endpoint oft; to the starting point
of t 41 by a short arc of a great circle in the sphere. This way we get a
closed spherical curve thatis 1+ + , longer than the total length of
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Applying the hemisphere lemma (2.23) to the obtained closecturve,
we get that

lengtht ; + +lengtht, + 1+ + > 2

By 3.10, the statement follows. -
4.2. Chord lemma. Let :[a;b! R® be a smooth arc, and" be its
chord. Assume meets” atangles and at (a) and (b), respectively;
that is,

=] (w; @) and =] (w; (b);

wherew = (b) (a). Then

E ()> +:

Proof. Let us parametrize the chord™ from (b) to (a) and consider the
cyclic concatenation™ of and °. The closed curve” has two external
angles and
Since the curvature of* vanishes, we
get
(a) - (0

*)=0 )+ )+ ( ):

According to the generalized Fenchel's theorem (4.1),(* ) > 2 ; hence
E follows. O

4.3. Exercise. Show that the estimate in the chord lemma is optimal.

More precisely, given two distinct pointsp; g and two unit vectorsu;v
in R, construct a smooth curve that starts at p in the direction u
and ends atq in the direction v such that ( ) is arbitrarily close to
] (w;u)+ ] (w;Vv), where vectorw points from p to g.

C Polygonal lines

Polygonal lines are a particular case of piecewise smooth otes; each
arc in its concatenation is a line segment. Since the curvatte of a line
segment vanishes, the total curvature of a polygonal line ishe sum of its
external angles.

4.4. Exercise. Let a, b, ¢, d, and x be distinct points in R®. Show
that the total curvature of the polygonal lineabcdcannot exceed the total
curvature of abxcd that is,

( abcg 6 ( abxcd:
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Use this statement to show that any closed polygonal line hasrvature
at least 2

4.5. Proposition. Assume a polygonal linepg :::p, is inscribed in a
smooth curve . Then

( )> (po:iipn):

Moreover, if is closed, we allow the inscribed polygonal lingg :::p, to
be closed.

Proof. Assume that is closed. Set

pi = (ti); i =1 (wi;vi);
Wi = P+ P i =1 wi 5vi);
vi = qt); =1 (Wi 1;wi):

P Let us use indexes modulm; sop+1 = p1-
Since the curvature of line segments vanishes, the total cwature of
the polygonal line pg :::pn is the sum of external angles ;.

By triangle inequality for angles 0.16, we get that

i6 it i

By the chord lemma, the total curvature of the arc of from p; to pj«1
is at least ; + i+1. Therefore, if is a closed curve, we have

(Po:iipn)= 1+ + 6
6 1+ 1+ + nt+t o=
=( 1+ 2)+ +( n*+ 1)6

6 ( ):

If is not closed, the calculations are analogous:

(Po:iipn)= 1+ + n 16
6 1+ 1+ + p 1t n 16
6(0"‘ 1)+ +( n 1t n)6
6 ( ): 0

4.6. Exercise. Use the above results to give another solution to Exercise
3.22b.
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4.7. Exercise. Suppose a closed curve crosses
a line at four points a, b, ¢, and d. Assume these
points appear on the line in the ordera, b, ¢, d and

they appear on the curve in the order a, c, b, d.

Show that

()>4:

D Whatif ( )=2 =2

4.8. Proposition.  The equality case in Fenchel's theorem holds only for
convex plane curves; that is, the total curvature of a smooth spe curve
equals?2 if and only if is a convex plane curve.

Proof of 4.8. The if part is proved in Corollary 3.18; it remains to prove
the only-if part.

Consider an inscribed quadrangleabcdin . By the de nition of total
curvature, we have that

(abcd=( Jlagd+( 1MED+( Tleq+( 15D =
=4 (1[af]+]1 b1+ 1[cgl+ 1 [d5D)
By the triangle inequality for angles (0.16),
I 1[bg16] [b§]+1[bg] and ][d§16]1 [dl+ 1 [d3]:

The sum of angles in any triangle is , so com- <
bining these inequalities, we get that
d b
(abcd >4  (1[af]+]1[b§]+ ] [d2])
(1 [cdl+ 1 [d§]+ 1 [bg]) =
=2 a

By 4.5,
(abcg6 ( )6 2 :

Therefore, we have equalities il . It means that point d lies in the angle
abcand point b lies in the anglecda. The latter implies that abcdis a
convex plane quadrangle.

It follows that any quadrangle inscribed in is a convex plane quad-
rangle. Therefore, all points of lie in one plane de ned by three points
on . Further, since any quadrangle inscribed in is convex, we get that

is convex as well. O
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E Generalized DNA theorem

4.9. Theorem. Let p1:::pn be a closed polygonal line in a unit ball.
Then

(p1::iipn) > length(py:::pn):

Exercise 4.11 and this theorem imply the original DNA theorem (3.14).
Therefore, 4.9 generalizes 3.14.

Proof. We assume thatp, = po, pn+1 = P1, and so on. Denote by ; the
external angle atp;.

/\ So Sn
P2 Ro R
Q P MK%\M
G G 87 I Oh

Denote by o the center of the ball. Consider a sequence of triangles

4 pthSo = 4 Pop10; 4 ChpS1 = 4 p1p20; @ ::

such that the points qu; oi;::: lie on one line in that order and all the s;'s
lie on one side from this line.
Note that spsp ¢, @p is a parallelogram; hence

isn Soj=joh pj =length(ps:::pn):

Therefore
jSo s+  +jsp 1 snj> length(py::ipn):
Furthermore,
jg s 1=jg sj=jp 061

and

i>] g2 ]
for eachi. It follows that

i>jsi 1 Si]

for eachi. Therefore,
(pr:iipa)= 1+ + n>
> jsp  sij+ +jsn 1 Snj>
> length(p1:::pn): 0
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Let us mention the following generalization of the DNA inequality;
it was proved by Je rey Lagarias and Thomas Richardson [52];another
proof is given by Alexander Nazarov and Fedor Petrov [70]. Bth proofs
are annoyingly tricky.

4.10. Theorem. Let be a closed curve that lies in a convex plane
gure bounded by a curve Then the average curvature of is not less
than the average curvature of .

F Generalized curvature

The following exercise states that the inequality in 4.5 is @timal.

4.11. Exercise. Show that for any smooth space curve we have

( )=supf( )g

where the least upper bound is taken over all polygonal linesinscribed
in (if is closed, then we assume so is).

This equality can be used to de ne the total curvature of an arbitrary
curve . Namely, it can be de ned asthe least upper bound on the total
curvatures of nondegenerate polygonal lines inscribed in.

This theory was reinvented and developed several times; sg81,
Y 1], [3], and [89]. Itis possible to generalize most of theatements in this
chapter to the curves of nite total curvature in this generalized sense.

4.12. Exercise. Suppose that a curve : [0;1]! R3 has bounded total
curvature in the generalized sense; that is, there is an uppdsound on the
total curvatures of polygonal lines inscribed in .

Show that is rectiable. Construct an example showing that the
converse does not hold.



Chapter 5

Torsion

This chapter provides mostly practice in computations. Except for the
de nitions in Section 5A, it will not be used in the sequel.

Just like curvature measures how much a curve fails to be a s#ight
line, the torsion measures how much a space curve fails to be @lane
curve (see 5.10).

A Frenet frame

Let be a smooth space curve. Without loss of generality, we may asime
that has an arc-length parametrization, so the velocity vectort (s) =
= Qs) is unit.

Assume its curvature does not vanish at times; in other words, °{s) 6
6 0. Then we can de ne the so-callednormal vector at s as

_ N .
" oy

Note that
tYs)= Ns)= (s) n(s):

According to 3.1, n(s) ? t (s). Therefore, the vector product
b(s)=t(s) n(s)

is a unit vector. Moreover, the triple t (s); n(s); b(s) an oriented orthonor-
mal basis in R3; it is called the Frenet frame of at s. In particular,
we have that

e h;ti=1; ;ni=1; Ho;bi=1;
h;ni=0; M;bi=0; Ho;ti=0:

62
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t (s), n(s), and b(s) are calledtangent, normal, and binormal vectors
of the Frenet frame, respectively. The framet (s); n(s); b(s) is de ned
only if (s)60.

The plane s thru (s) spanned by vectorst (s) and n(s) is called
the osculating planeat s; equivalently it can be de ned as a plane
thru (s) that is perpendicular to the binormal vector b(s). This is the
unique plane that has asecond-order contactwith  at s; that is,

()= o(’?), where () denotes the distance from (s+ ) to .

B Torsion

Let be a smooth unit-speed space curve, and let;n;b be its Frenet
frame. The value

(s) = m%s); b(s)i

is called thetorsion of at s.

The torsion (sp) is dened if (sp) 6 0. Indeed, since the function
s 7! (s) is continuous, (sp) 6 0 implies that (s) 6 0 for all s near sp.
Therefore, the Frenet frame is also de ned in an open intervacontaining
sp. Clearly, t (s), n(s), and b(s) depend smoothly ons in their domains
of de nition. Therefore, nYsp) is de ned, and so is the torsion.

5.1. Exercise. Given real numbersa and b, calculate the curvature and
the torsion of the helix 5,(t) =(a cost;a sint;b t).

Conclude that for any > 0 and there is a helix with constant
curvature and torsion

C Frenet formulas

Assume the Frenet framet (s);n(s);b(s) of a curve is dened at s.
Recall that

E t°= n:

Let us write the remaining derivatives n® and b%in the frame t ;n;b.
Let us show that

Since the framet ; n; b is orthonormal, the above formula is equivalent
to the following three identities:

i m%ti= ; mMm%ni=0; mM%bi=;
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The last identity follows from the de nition of torsion. The second one
is a consequence of the identitymn;ni = 1 in E. By di erentiating the
identity it ;ni =0 in E we get

ht%ni+ h;n%=0:
Applying E, we get the rst equation in | .

Di erentiating the third identity in  E, we get that b® ? b. Taking
further derivatives of the other identities with b in E, we get that

hb:tl= ho:ni = 0;
hb;nd% = :

%t i
h ni

Since the framet ;n;b is orthonormal, it follows that

I b0 = n:

The equationsE, 1 , and T are calledFrenet formulas. All three
can be written as one matrix identity:

01 0 101
t0 0 0 t
@nA = @ 0 A @nA:
hO 0 0 b

Sinceb is the normal vector to the osculating plane, equationl shows
that the torsion measures how fast the osculating plane rotées when one
travels along

5.2. Exercise. Deduce the formulal from E and 1 by di erentiating
the identity b=t n.

5.3. Exercise. Let be a smooth space curve with nonvanishing curva-
ture. Show that lies in a plane if and only if its torsion vanishes.

5.4. Exercise. Let o:[a;b! R® be a smooth space curve with Frenet
frame t ;n;b. Consider the curve 1(t) = o(t) + b(t). Show that

length ; > length o:

5.5. Exercise. Suppose is a smooth space curve. Let ;n;b be its
Frenet frame and be its torsion. Show that
0 00 h 0 00 OOP
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5.6. Exercise. Find curvature (t) and torsion (t) of the moment
curve :t7! (tt%;t3) at (b).

The following exercise is closely related to the bow lemma (39).

5.7. Exercise. Let 1; »:[a;b! R3 be two smooth unit-speed curves.
Assume that

Ja(t) 2t > 2(th)  2(t2)]
for any t; and t,. Show that (tg) , 6 (to) , for any to.

5.8. Advanced exercise. Let be a closed smooth space curve with pos-
itive torsion. Show that the tangent indicatrix of has a self-intersection.

D Curves of constant slope

We say that a smooth space curve has constant slopeif its veloc-
ity vector makes a constant angle with a xed direction. The following
theorem was proved by Michel Ange Lancret [57].

5.9. Theorem. Let be a smooth curve; denote by and its curvature
and torsion. Suppose (s) > 0 for all s. Then has a constant slope if
and only if the ratio — is constant.

5.10. Proof-guided exercise. Let be a smooth space curve with non-
vanishing curvature, t ;n;b its Frenet frame, and , its curvature and
torsion.

(a) Assume hw;ti is constant for a xed nonzero vectorw. Show that
hw;ni = 0. Conclude thathw;bi is constant. Show that

hw; bi hw;ti =0:

Conclude that — is constant.

(b) Assume - is constant, show that the vectow = - t + b is constant.
Conclude that has a constant slope.

Let be a smooth unit-speed curve andy a xed real number. Then
the curve

(9= (9+(s0 9 A9
is called theevolvent of . Note that if “(s) denotes the tangent line to
ats, then (s)2 “(s)and Ys)? * forall s.

5.11. Exercise. Show that the evolvent of a constant slope curve is a
plane curve.
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E Spherical curves

5.12. Theorem.  Suppose is a smooth space curve with nonvanishing
torsion and (therefore) curvature . Then lies on a unit sphere if and
only if the following identity holds true:

5.13. Proof-guided exercise. Suppose is a smooth unit-speed space

curve. Denote byt ;n;b its Frenet frame and by , its curvature and
torsion.
Assume is spherical; that is,j (s)j =1 for any s. Show that
(@ h; i=0; conclude thattm; i?+ ho; i2=1.
(b) m; i= 1
(c) ho; i%= —,

(d) Use (c) to show that if is closed, then (s) =0 for somes.
(e) Assume the torsion of does not vanish. Use (a) (c) to show that

Now assume is a space curve that satis es the identity in (e).
_ 1 0 . i . .
(f) Showthatp= + = n+ —— b is constant; conclude that lies in
the unit sphere centered atp.

For a unit-speed curve with nonzero curvature and torsion at s, the
sphere ¢ that passes thru (s) and has the center at
= + L + & __p
p(s) (s) O] n(s) =5 (5 (s)
is called the osculating sphereof ats. This is the unique sphere

that has third-order contact with at s; thatis, (') = o(' %), where
(") denotes the distance from (s+ *) to .

F Fundamental theorem of space curves

5.14. Theorem. Lets7! (s)ands7! (s) be two smooth real-valued
functions de ned on a real interval 1. Suppose (s) > O for all s. Then

there is a smooth unit-speed curve : | | R® with curvature (s) and

torsion (s) for every s 2 I. Moreover, is uniquely de ned up to an

orientation-preserving rigid motion of the space.



F. FUNDAMENTAL THEOREM OF SPACE CURVES 67

The proofis an application of the theorem on the existence ad unique-
ness of solutions of ordinary di erential equations (0.29)

Proof. Fix a parameter value sp, a point (sp), and an oriented or-
thonormal frame t (Sp), n(So), b(sp). Consider the following system of
di erential equations

with the initial condition formed by  (sp), t (So), n(So), b(so). (The
system of equations has four vector equations, so it can be weitten as a
system of 12 scalar equations.)
By 0.29, this system has a unique solution which is de ned in anax-
imal subinterval J | containing so. Let us show that actually J = 1.
First note that

h;ti=1; ;ni=1; Ho;bi=1;
ht;ni=0; hH;ni=0; H;ti=0

b

at any parameter values.
Indeed, by | , we have the following system of scalar equations:

m:ni® =2 mM:n%= 2 mM:ti+2 M bi;

8
%H;ti0 =2 h:t%=2 h:ni;
N Ho;bi® =2 hb;b% = 2 Ho;ni;

H:ni® =h%ni+h:n% = Mn:ni h:ti+ h:bi;
:bi® = mM%bi+m;b% = h:bi+ Hobi hn;ni;
" hiti® = Hb%ti+ Ho;tG = hn;ti+ Ho:ni:

The constants in B give a solution of this system. Moreover, since we
chooset (sp), n(so), b(sp) to be an oriented orthonormal frame, b solves
our initial value problem for N.

AssumeJ | . Then an end ofJ, say b, lies in the interior of I. The
Theorem 0.29 is applicable for = R |; therefore, at least one of
the values (s), t(s), n(s), b(s) escapes to innity ass! b. But this
is impossible the vectors t (s), n(s), b(s) remain unit, and j s)j =
= jt(s)j=1;so travelsonly a nite distance ass! b a contradiction.
Hence,J = |, and the rst statement follows.

Now assume there are two curves; and , with the given curvature
and torsion functions. Applying a motion of the space, we canassume
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that 1(so) = 2(So), and the Frenet frames of the curves coincide akyp.
Then ;= , by the uniqueness of solutions to the system (0.29). Hence,
the last statement follows. O

5.15. Exercise. Assume a curve : R! R® has constant speed, curva-
ture, and torsion. Show that is a helix, possibly degenerating to a circle;
that is, in a suitable coordinate system we have(t) = (a cost;a sint;b t)
for some constantsa and b.

5.16. Advanced exercise. Let be a smooth space curve such that the
distancej (t) (t+")j depends only on'. Show that is a helix, possibly
degenerate to a line or a circle.



Chapter 6

Signed curvature

On the plane, it makes sense to think about left (right) turns as positive
(respectively negative). This leads to the so-calledsigned curvature of
plane curves. If you drive a car along a plane curve, then the igned
curvature describes the position of the steering wheel at aigen time.

A De nitions

Suppose is a smooth unit-speed plane curve, st (s) = s) is its unit
tangent vector for any s.

Let us rotate t (s) by the angle » counterclockwise; denote the ob-
tained vector by n(s). The pair t(s);n(s) is an oriented orthonormal
frame in the plane which is analogous to the Frenet frame de red in
Section 5A; we will keep the nameFrenet frame for it.

Recall that %s) ? qs) (see 3.1). Therefore,

E t qs) = k(s) n(s):

for a real number k(s); the value k(s) is calledsigned curvature of
at s. We may use the notationk(s) if we need to specify the curve .
Note that
(s) = jk(s)j;
that is, up to sign, the signed curvature k(s) equals the curvature (s) of
at s de ned in Section 3B; the sign prescribes the direction of tun if
turns left at time s, then k(s) > 0. If we want to emphasize that we are
working with the non-signed curvature of a curve, we call it absolute
curvature.
If we reverse the parametrization of the curve or change the ientation
of the plane, then the signed curvature changes its sign.

69
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Sincet (s); n(s) is an orthonormal frame, we have
ht;ti=1; ;ni =1; h;ni =0:
Di erentiating these identities we get
ho%ti=0; m%ni = 0; it %ni+ h;n% =0:
By E, it %ni = k. Thereforeht ;n% = k. Hence, we get
E nqs)= k(s) t(s):

The equations E and E are the Frenet formulas for plane curves. They
can be written in a matrix form as:

t0 0 k t
no k 0 n

6.1. Exercise. Let o:[a;b! R? be a smooth curve and its tangent
indicatrix. Consider another curve 1:[a;b ! R? dened by i(t) :=
= o(t) + t(t). Show that
() length ¢ 6 length g; (b) ( o) 6 length ;.
The curves ¢ and 1 in the exercise above describe the tracks of an
idealized bicycle with distance 1 from the rear to the front wheel. Thus,
by the exercise, the front wheel must have a longer track. Fomore on the

geometry of bicycle tracks, see the survey of Robert Foote, Birk Levi,
and Serge Tabachnikov [32] and the references therein.

B Fundamental theorem of plane curves

6.2. Theorem. Lets 7! k(s) be a smooth real-valued function de ned on
a real interval 1. Then there is a smooth unit-speed curve : 1 | R? with
signed curvaturek(s). Moreover, is uniquely de ned up to a orientation-
preserving motion of the plane.

This theorem is a partial case of its 3-dimensional analog (34), but
we present a direct proof.

Proof. Fix sg 2 |. Consider the function

7s
(s)=  k(t) dt:

So

By the fundamental theorem of calculus, we have 9s) = k(s) for all s.
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Sett (s) = (cos[ (s)];sin[ (s)]), and let n(s) be its counterclockwise
rotation by angle »; son(s) =( sin[ (s)];cos[ (s)]). Consider the curve

7s
(s)= t(s) ds:

So

Sincej § = jtj =1, the curve is unit-speed, and its Frenet frame ist ;n.
Note that

Re)=t%s) =
= (cos[ (s)]%sin[ (9)]9 =
= %s) ( sin[ (s)];cos[ (s)]) =
= k(s) n(s):

So, k(s) is the signed curvature of at s.
This proves the existence; it remains to prove the uniquenes
Assume ; and ; are two curves that satisfy the assumptions of the
theorem. Applying a rigid motion, we can assume that 1(Sp) = 2(So),
and both curves have the same Frenet frame aty,. Let us denote by
t1;n1 andt 2; ny the Frenet frames of ; and », respectively. Both triples
i;ti;n; satisfy the following system of ordinary di erential equations

8

2 =t
>t?:kni;
nl= kit

Moreover, they have the same initial values atsy. By the uniqueness of
solutions of ordinary di erential equations (0.29), we have 1= ,. O

Suppose : 1 ! R?is a unit-speed curve. A continuous function
;1! Riscalledcontinuous argumentof if

s) = (cos[ (s)];sin[ (s)))

for any s. The proof of the theorem implies the following.

6.3. Corollary.  For any smooth curve unit-speed curve : 1! R? there
is a continuous argument : 1! R. Moreover
As) = k(9);

where k denotes the signed curvature of .
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C Total signed curvature

Let :1! R? be a smooth unit-speed plane curve. Thaotal signed
curvature of , denoted by ( ), is de ned as the integral
z

| ()= k(s ds;
|

where k denotes the signed curvature of .
If I =[a;h], then

i ()= O (@

where is a continuous argument of (see 6.3).

If is a piecewise smooth plane curve, then we de ne its total siged
curvature as the sum of the total signed curvatures of its ars plus the
sum of the signed external angles at its joints; they are positive where
turns left, negative where turns right, and O where goes straight. It
is unde ned if turns exactly backwards; that is, if it has a cusp.

In other words, if is a concatenation of smooth arcs 1;:::; n, then

()=0 0+ +( )t 1t + o1

where ; is the signed external angle at the joint between ; and 41 . If
is closed, then the concatenation is cyclic, and

()= D+ +( )+ 1+ + o
where , iﬁthe signed Igxternal angle at the joint between , and ;.

Since k(s) ds 6 jk(s)j ds, we have

| i e ()

for any smooth plane curve ; that is, the total signed curvature  cannot
exceed the total curvature in absolute value. The equality holds if and
only if the signed curvature does not change the sign.

6.4. Exercise. A trochoid is a curve traced out by a point xed to a wheel
as it rolls along a straight line. A family of trochoids ,:[0;2 ]! R?
(see the picture) can be parametrized as

a(t)=(t+ a sint;a cost):

(d Given a2 R, nd ( ,) ifitis de ned.
(b) Givena2 R, nd ( a).
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Nl Nw

NI

0 \
1
3
2
6.5. Proposition. Any simple closed smooth plane curve has total
signed curvature 2 ;itis +2 if the region bounded by lies on the
left from it and 2 otherwise.

Moreover, the same statement holds for any simple closed p@&gise
smooth plane curve if its total signed curvature is de ned.

This proposition is called sometimesUmlaufsatz; it is a di erential-
geometric analog of the theorem about the sum of the internabngles of
a polygon (0.13) which we use in the proof. A more conceptual fpof was
given by Heinz Hopf [43], [44, p. 42].

Proof. Without loss of generality, we may assume that is oriented in
such a way that the region bounded by lies on its left. We can also
assume that is unit-speed.

Consider a closed polygonal lingp; ::: p, inscribed in . We can as-
sume that the arcs between the vertices are su ciently small so that the
polygonal line is simple, and each arc; from p; to pj+1 has small total
absolute curvature, say ( i) < for eachi.

Assumep; = (tj). As usual, we use indexes modulm; in particular,
Pn+1 = p1. Set
Wi = pia P vi= At);
i =1 (vi;wi); i =1 Wi 1;vi);
where i; i 2 ( ; ) are signed angles ; is positive if w; points to

the left from v;.
By I , the value

I (D i =

is a multiple of 2 . Since ( ) < , the

chord lemma (4.2) implies thatj j+j ij <
By 1, we have thatj( ;)j 6 ( i);

therefore the value inT vanishes. In other

words, for eachi we have

()= i+ jsu:
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Note that
b P = i i

is the internal angle of the polygonal line atp;; ; 2 (0;2 ) for eachi.
Recall that the sum of the internal angles of ann-gonis(n 2) (see
0.13); that is,

1t + n=(n 2):

Therefore,
()=0 0+ +( n)=
=( 1+ 2+ +( nt 1)=
N :( 1+ 1)+ +( nt n)=
=( )+ +( n) =
=n (n 2 =
=2 :

The case of piecewise smooth curves is done the same way; wede
to subdivide the arcs in the cyclic concatenation further to meet the re-
guirement above, and, instead of equatiorb, we have

where ; is the signed external angle of at p;; it vanishes if the curve
is smooth at p;. Therefore, instead of equationN, we have

()=(0 1+ +( )+ 1+ + g =
=( 1+ 2+ +( n*+ )+ 1+ + =
=( 1+ 1+ 1)+ +(n+ nt n)=
=( )+ +( n) =
=n (n 2) =
=2 . 0

6.6. Exercise. Draw a smooth closed plane curve such that
@ ( )=0;
by ( )=( )=10 ;
0 ( )=2 and ( )=4

6.7. Exercise. Let :[a;b! R? be a smooth plane curve with Frenet
frame t ;n. Given a real parameter *, consider the curve -(t) = (t)+
+ 7 n(t); it is called a parallel curve of at signed distance’.

() Show that the parametrization - is a regular if * k(t) 6 1 for all t.
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(b) SetL(’)=length -. Show that
0 LO)=LO) ~ ()

for all ~ su ciently close to O.
(c) Describe an example showing that formuldd may not hold for some
values”.

D Osculating circle

6.8. Proposition. Given a point p 2 R?, a unit vector t and a real
number k, there is a unique smooth unit-speed curve : R | R? that
starts at p in the direction of t and signed curvaturek.

Moreover, if k =0, thenitisaline (s)= p+ st; if k60, then
runs around a circle of radius - with center at p+ % n, wheret ;n is an

IL3]
oriented orthonormal frame.

Proof. Choose a coordinate system such thap is its origin and t points
in the direction of the x-axis. Therefore,n points in the direction of the
y-axis. Then

7s
(s)= kdt=ks
0

is a continuous argument of , see 6.3. Therefore,
%s) = (cos[k s];sin[k s]):

It remains to integrate the last identity. If k = 0, we get (s) = (s;0)
which describes the line (s)= p+ st.
If k 60, we get

(s)=(4# sink sl; £ (1 cosk s]));

it is the circle of radius r = % centered at(0; £) = p+ & n. O
6.9. De nition. Let be a smooth unit-speed plane curve; denote by
k(s) the signed curvature of at s.

The unit-speed curve ¢ of constant signed curvaturek(s) that starts
at (s) in the direction Ys) is called theosculating circle of ats.

The center and radius of the osculating circle at a given poihare
called thecenter of curvatureandradius of curvature of the curve
at that point.
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s The osculating circle might be a circle or a line.
In the latter case, the center of curvature is unde-
ned and the radius of curvature is in nite.

The osculating circle s can be also de ned as
the unique circle (or line) that has second-order
contact with  at s; thatis, (*) = o(?), where

(") denotes the distance from (s+ ) to .
The following exercise is recommended to the reader familrawith the
notion of inversion.

6.10. Advanced exercise. Suppose is a smooth plane curve that does
not pass thru the origin. Let * be the inversion of with respect to a
circle centered at the origin. Show that the osculating cir@ of * at s is
the inversion of the osculating circle of at s.

E Spiral lemma

The following lemma was proved by Peter Tait [92] and later raliscovered
by Adolf Kneser [49].

6.11. Lemma. Assume is a smooth plane curve with strictly decreasing
positive signed curvature. Then the osculating circles of are nested; that
is, if s denotes the osculating circle of at s, then ¢, lies in the open
disc bounded by s, for any sp <sj.

The picture shows a curve as in the theo-
rem and its osculating circles. They form a pecu-
liar foliation of the annulus; it meets the following
property: if a smooth function is constant on each
osculating circle, then it must be constant in the
annulus [33, Lecture 10]. Also, the curve is tan-
gent to a circle of the foliation at each of its points.
However, it does not run along any of those circles.

Proof. Let t(s);n(s) be the Frenet frame, ! (s), r(s) the center and
radius of curvature of . By 6.8, we have

1(s)= (s)+ r(s) n(s):

Sincek > 0, we have that r(s) k(s) = 1. Therefore, applying Frenet
formula E, we get that

1Ys)= Xs)+ rAs) n(s) + r(s) nYs) =
t(s)+ rqs) n(s) r(s) k(s) t(s) =
r%s) n(s):



E. SPIRAL LEMMA 77

Since k(s) is decreasing,r(s) is increasing; thereforer® > 0. It follows
that j! s)j = r%s) and ! {s) points in the direction of n(s).

SincenY(s) = k(s) t (s), the direction of ! {s) cannot be constant on
a nontrivial interval; in other words, the curve s 7! ! (s) contains no line
segments.

In particular, j! (s1) ! (So)j < length(! jisy:s.7)
for any sp <s;. Therefore,

i1 (s1) ! (S0)j < length(! jpsyisyy) = .
A1 o
= j19s)j ds=
So
A1
= r%s) ds=

r(si) r(so):

In other words, the distance between the centers of s, and s, is strictly
less than the di erence between their radii, hence the resul O

The curve s 7! ! (s) is called theevolute of ; it traces the centers of
curvature of the curve. The evolute of can be written as

()= ()+ &y n(b);
in the proof, we showed that(%)O n is its velocity vector.

6.12. Exercise. Let! be the evolute of a smooth plane curve. Suppose
has positive signed curvaturek and k°6 0 at all points. Find the Frenet
frame and curvature of! in terms of k and Frenet frame (t ; n) of

The following theorem states formally that if you drive on the plane
and turn the steering wheel to the left all the time, then you wiilnot be
able to come back to the place you started.

6.13. Theorem. Assume is a smooth plane curve with positive strictly
monotone signed curvature. Then is simple.

The same statement holds true without assuming positivity d curva-
ture; the proof requires only minor modi cations.

Proof. Note that (s) lies on the osculating circle s of ats. If s; 6 sp,
then by 6.11, s, does not intersect s,. Therefore, (s1) 6 (So), hence
the result. O

6.14. Advanced exercise. Show that a 3-dimensional analog of the
theorem does not hold. That is, there are self-intersecting mooth space
curves with strictly monotone curvature.
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6.15. Exercise. Assume is a smooth plane curve with positive strictly
monotone signed curvature.

(a) Show that no line can be tangent to at two distinct points.

(b) Show that no circle can be tangent to at three distinct points.

m Part (a) does not hold if we allow the curvature to

be negative; an example is shown on the picture.
6.16. Advanced exercise. Show that a smooth spherical curve with
nonvanishing torsion has no self-intersections.



Chapter 7

Supporting curves

When two plane curves touch each other without crossing, it $ possible
to control the signed curvature of one of them in terms of the gned
curvature of the other. This will be proved and used to study the global
behavior of plane curves.

A Cooriented tangent curves

Suppose ; and ; are smooth plane curves. Recall that the curves ;
and , are tangent at the time parameterst; andt, if 1(t1) = 2(t2) and
they share the tangent line at these time parameters. In thiscase, the
point p= 1(t1) = 2(t2) is called apoint of tangency of the curves.

In this case, the velocity vectors 9(t;) and 9(t,) are parallel. If

\

A\ \ 4
cooriented controriented

//' N VLI

1

O(ty) and (t2) have the same direction, we say that the curves are
cooriented, if their directions are opposite, the curves are calleccoun-
teroriented.

If we reverse the parametrization of one of the curves, thenaoriented
curves become counteroriented and vice versa; so we can algaassume
the curves are cooriented at any given point of tangency.

79
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B Supporting curves

Let ; and » be two smooth plane curves
that share a point

p= 1(t1) = 2(t2);

we assume thatp is not an endpoint for 1
nor 5. Suppose that there is" > 0 such
that the arc  2j;, ,++ lies in a closed
plane regionR with the arc  1ji;, ¢ ,++) in its boundary, then we say that

1 locally supports » at the time parameterst; and t,. Furthermore,
if the curves on the picture are oriented according to the arows, then ;
supports » from the right at p (as well as , supports ; from the left
at p).

Suppose ; is a simple curve that cuts the plane into two closed regions,
one lies on the left and the other on the right from ;. We say that 1
globally supports , at point p = »(t2) if > runs in one of these
closed regions, and lies on ;.

Further, suppose , is a simple closed plane curve. By Jordan's theo-
rem (0.12), , cuts from the plane two closed regions, one is bounded and
the other is unbounded. We say that a pointp lies inside (respectively,
outside) , if plies in the bounded region (respectively, unbounded) re-
gion. In this case, we say that ; supports , from the inside (from
the outside) if 1 supports , and lies inside , (respectively outside

2).

If 1 and , share a pointp = (t1) = 2(t2) and are not tangent
at t; and t,, then at time t, the curve , crosses ; moving from one of
its sides to the other. It follows that ; cannot locally support , at the
time parameterst; and t,. Whence we get the following.

7.1. De nition-Observation. Let ; and , be two smooth plane
curves. Suppose ; locally supports , at time parameterst; andt,. Then
1 is tangent to , at t; and t,.
In such a case, if the curves are cooriented, and the regioR in the
de nition of supporting curves lies on the right (left) from the arc of 1,
then we say that ; supports , from the left (respectively right).

We say that a smooth plane curve has avertex at s if the signed
curvature function is critical at s; that is, if kq(s) = 0. If in addition to
that, is simple, we could say that the pointp= (s) is a vertex of .

7.2. Exercise. Assume the osculating circle ¢ of a smooth plane curve
at s locally supports at p= (s). Show thatp is a vertex of .
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C Supporting test

The following proposition resembles the second derivativéest.

7.3. Proposition. Let ; and ; be two smooth plane curves.
Suppose 1 locally supports , from the left (right) at the time param-
eterst; and t,. Then

ki(t1) > kao(t2) (respectively ki(t1) 6 ka(t2));

wherek; and k, denote the signed curvature of 1 and », respectively.
A partial converse also holds. Namely, if ; and , tangent and coori-
ented at the time parameterst; and t,, and

ki(t1) > ko(t2) (respectively ki(ti) <ka(t2));

then ; locally supports , from the left (right) at the time parameters t;
and t,.

Proof. Without loss of generality, we can assume thatt; = t, = 0,
the shared point 1(0) = »(0) is the origin, and the velocity vectors
2(0), 2(0) point in the direction of x-axis. Then small arcs 1j; =
and 2j; .+ can be described as a graply = f1(x) andy = f»(x) for
smooth functions f; and f, such that f;(0) =0 and f 0) = 0. Note that
f 200) = k¢(0), and f $0) = k»(0) (see 3.6)
Clearly, ; supports , from the left (right) if

f1(x) > fo(x) (respectively fi(x) 6 fo(X))

for all su ciently small values of x. Applying the second derivative test
the the function f1 f,, we get the result.
The partial converse can be proved along the same lines. O

7.4. Advanced exercise. Suppose that two smooth unit-speed simple
plane curves ¢ and ; are tangent and cooriented at the poinfp= ((0) =
= 1(0). AssumeKkq(s) 6 ki(s) for any s. Show that ¢ locally supports
1 from the right at p.
Give an example of two simple curves, and ; satisfying the above
condition such that ¢ is closed, but does not support, at p globally.

According to 3.14, for any closed smooth curve that runs in a uit disc,
the average of its absolute curvature is at least 1; in partialar, there is
a point where the absolute curvature is at least 1. The folloving exercise
says that this statement also holds for loops.

7.5. Exercise. Assume a smooth plane loop runs in a unit disc. Show
that there is a point on  with absolute curvature at least 1.
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7.6. Exercise. Assume a closed smooth plane curve runs between two
parallel lines at distance 2 from each other. Show that theresia point on
with absolute curvature at least 1.
Try to prove the same for a smooth plane loop.

7.7. Exercise. Assume a closed smooth plane curve runs inside a
triangle 4 with inradius 1; that is, a unit circle is tangent to all three
sides of4 . Show that has curvature at leastl at some point.

The three exercises above are baby cases of 7.16, but try to dha
direct solution.

7.8. Exercise. LetF be aplane gure bounded by 2
two circle arcs ; and  of signed curvature 1 that
run from x to y. Suppose ;1 is shorter than .
Assume a smooth arc runs in F and has both
endpoints on ;. Show that the absolute curvature
of is at least 1 at some parameter value.

D Convex curves

Recall that a plane curve isconvexif it bounds a convex region.

7.9. Proposition.  Suppose a simple closed smooth plane curvebounds
a gure F. Then F is convex if and only if the signed curvature of does
not change the sign.

7.10. Lens lemma. Let be a smooth simple plane curve that runs
from x to y. Assume runs strictly on the right side (left side) of the
oriented line xy; only its endpoints x and y lie on the line. Then has a
point with positive (respectively negative) signed curvatte.

The lemma fails for curves with self-
intersections. For example, the curve on the
picture always turns right, so it has negative cur-
vature everywhere, but it lies on the right side

y X of the line xy.

Proof. Choose pointsp and g on the W

line xy so that the points p; x;y; g ap-

pear in that order. We can assume

that p and q lie su ciently far from x

and y, so the half-disc with diameter _9 P

pg contains . y X
Consider the smallest disc segment with chordp; g that contains

Its arc  supports at some pointw = (to).
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Let us parametrize from pto g. Note that and are tangent and
cooriented atw. If not, then the arc of from w to y would be trapped
in the curvilinear triangle xwp bounded by the line segment[p;x] and

the arcs of , . But this is impossible sincey does not belong to this
triangle.
It follows that  supports at tp w

from the right. By 7.3,

k(w) >k > 0:
(w) 0 q o

<
Pl

Remark. Instead of taking the mini-
mal disc segment, one can take a point
w on that maximizes the distance to
the line xy. The same argument shows
that the curvature at w is nonnega-
tive, which is slightly weaker than the y X
required positive curvature.

Proof of 7.9; only-if part. If F is convex, then every tangent line
of supports . If a point moves along , the gure F has to stay on
one side from its tangent line; that is, we can assume that edctangent
line supports on one side, say on the right. Since a line has vanishing
curvature, the supporting test (7.3) implies that k > 0 at each point.

If part. Denote by K the convex hull of F. If F
is not convex, then F is a proper subset ofK .
Therefore, the boundary @ Kcontains a line seg-
ment that is not a part of @F In other words,
there is a line that supports at two points, -
say x and y. These points divide in two arcs

1 and », both distinct from the line segment
X yl.

One of the arcs ; or » is parametrized from x to y and the other
from y to x. Passing to a smaller arc if necessary we can ensure that only
its endpoints lie on the line. Applying the lens lemma, we getthat the
arcs 1 and » contain points with signed curvatures of opposite signs. [

7.11. Exercise. Suppose is a smooth simple closed plane curve of
diameter larger than 2. Show that has a point with absolute curvature
less than 1.

7.12. Exercise. Let be a simple
smooth plane arc with endpointsp and g.

Suppose that has nonnegative signed m
q p
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curvature and jp ¢ is the maximal dis-
tance between points on . Show that the
arc and its chord [p; g bound a convex gure of the plane.

7.13. Exercise. Show that any simple smooth plane curve with cur-
vature at least 1 has diameter at most 2.
Try to prove that lies in a unit disc.

E Moon in a puddle

The following theorem is a slight generalization of the thesem proved by
Vladimir lonin and German Pestov [45]. For convex curves, ths result
was known earlier [10, Y24].

7.14. Theorem. Assume is a simple smooth plane loop
with absolute curvature bounded by 1. Then it surrounds a
unit disc.

This theorem gives a simple but nontrivial example of
the so-calledlocal to global theorems based on some
local data (in this case, the curvature of a curve) we conclud a global
property (in this case, the existence of a unit disc surrounéd by the
curve).
A straightforward approach would be to start
with a disc in the region bounded by the curve
and blow it up to maximize its radius. However,
as one may see from the spinner-like example on
the picture it does not always lead to a solution
a closed plane curve of curvature at most 1
may surround a disc of radius smaller than 1 that
cannot be enlarged continuously.

7.15. Key lemma.  Assume is a simple smooth plane loop. Then
at one point of (distinct from its base), its osculating circle globally
supports from the inside.

First, let us show that the theorem follows from the lemma.

Proof of 7.14 modulo 7.15.  Since has absolute curvature at most 1,
each osculating circle has radius at least 1. According to ta key lemma,
one of the osculating circles globally supports from the inside. In
particular, lies inside , whence the result. O

Proof of 7.15. Denote by F the closed region surrounded by . We can
assume thatF lies on the left from . Arguing by contradiction, assume
that the osculating circle at each pointp2 does not lie inF.
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Given a point p 2 let us consider the maximal circle that lies com-
pletely in F and tangent to at p. This circle, say , will be called the
incircle of F at p; its curvature k has to be larger thank(p) . Indeed,
since supports from the left, by 7.3 we havek > Kk(p) ; in the case
of equality, is the osculating circle atp. The latter is impossible by our
assumption.

It follows that  has to touch at another point. Otherwise, we can
increase slightly while keeping it inside F.

Indeed, sincek >k (p) , by 7.3 we can choose a neighborhood of
p such that after a slight increase of , the intersection U\ is still in F.
On the other hand, if does not touch at another point, then after
some (maybe smaller) increase of the complement nU is still in F.
That is, a slightly increased is still in F a contradiction.

Choose a pointp; on that is distinct from its base point. Let ; be
the incircle at p;. Denote by ; an arc of from p; to a rst point ¢ on

1. Denote by *; and 1 two arcs of ; from p; to ¢ such that the cyclic
concatenation of ; and 1 surrounds ;.

Let p2 be the midpoint of ;. Denote by »
the incircle at p,.

The circle , cannot intersect ;. Otherwise,
if , intersects”; at some points, then ; hasto
have two more common points with 1, sayx and
y one for each arc of ; from p, to s. Therefore,

1 = 5 since these two circles have three common
points: s, x, and y. On the other hand, by con-
struction, p, 2 , andp, 2 ; a contradiction.

Recall that , has to touch at another point. From above, it follows
that , can only touch ;. Therefore we can choose an arc; 1 that
runs from p, to a rst point ¢ on . Sincep; is the midpoint of 1, we
have that

Two ovals pretend to
be circles.

E length , < I length i:

Repeating this construction recursively, we get an in nite sequence of
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arcs 1 o :::; by E, we also get that
length ! 0 as n!1l

Therefore, the intersection 1\ >\ ::: contains a single point; denote it
by p1 .

Let ; be the incircle at p; ; it has to touch at another point, say
. - The same argument as above shows thaty 2 , for any n. It
follows that @ = p; a contradiction. O

7.16. Exercise. Assume a closed smooth curve lies in a gure F
bounded by a simple closed plane curve. Suppdies the maximal radius
of discs that lie in F. Show that the absolute curvature of is at least %
at some parameter value.

F Four-vertex theorem

Recall that a vertex of a smooth curve is de ned as a
critical point of its signed curvature; in particular, any
local minimum (or maximum) of the signed curvature is a
vertex. For example, every point of a circle is a vertex.

7.17. Oheorem. Any smooth simple closed plane curve @
has at least four vertices.

Evidently, any closed smooth curve has at least two vertices where
the minimum and the maximum of the curvature are attained. On the
picture the vertices are marked; the rst curve has one selfintersection
and exactly two vertices; the second curve has exactly four ertices and
no self-intersections.

The four-vertex theorem was rst proved by Syamadas Mukhopal-
hyaya [68] for convex curves. One of our favorite proofs wasigen by
Robert Osserman [71]. Our proof of the following stronger sitement is
based on the key lemma in the previous section. For more on thsubject,
see [76] and the references therein.

7.18. Theorem. Any smooth simple closed
plane curve is globally supported by its osculat-
ing circle at least at 4 distinct points; two from
the inside and two from the outside.

Proof of 7.17 modulo 7.18. It is su cient to
show that if an osculating circle at a point p
supports locally, then p is a vertex.
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If not, then a small arc around p has monotone curvature. Applying
the spiral lemma (6.11) we get that the osculating circles atthis arc are
nested. In particular, the curve crosses at p. Therefore does not
support locally at p. O

Proof of 7.18. According to the key lemma (7.15), there is a pointp 2
such that its osculating circle supports from the inside. The curve
can be considered as a loop with the base gt Therefore, the key lemma
implies the existence of another pointq2  with the same property.

It shows gives a pair osculating circles that support from the inside;
it remains to nd another pair.

In order to get the osculating circles supporting from the outside,
one can repeat the proof of the key lemma taking instead of iriccle the
circle (or line) of maximal signed curvature that supports the curve from
the outside, assuming that is oriented so that the region on the left from
it is bounded. O

Alternative end of proof. If one applies to an inversion with respect
to a circle whose center lies inside , then the obtained curve ; also has
two osculating circles that support 3 from the inside. According to 6.10,
these osculating circles are inverses of the osculating cles of . Note
that the region lying inside is mapped to the region outside ;, and the
other way around. Therefore, these two circles (or lines) coespond to
the osculating circles supporting from the outside. O

7.19. Exercise. Assume that a smooth simple closed
plane curve is contained in a square with side 2 and
surrounds a square with diagonal 2. Show that contains
a point with curvature 1.

7.20. Exercise. Suppose a smocBhs_impIe plane loop bounds a region of
area a. Show that it has curvature’ =a at some point.

7.21. Advanced exercise. Suppose is a simple
closed smooth plane curve, and is a circle. Assume
crosses at the points p1;:::;p2 n, and these points

appear in the same cycle order on and on . Show
that has at least2 n vertices.

Construct an example of a simple closed smooth plane curve with
only 4 vertices that crosses a given circle at arbitrarily many pints.

7.22. Advanced exercise. Let be a simple smooth plane curve with
absolute curvature bounded by 1. Show that surrounds two disjoint open
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unit discs if and only if its diameter is at least 4; that is, jp ¢ > 4 for
some pointsp; g2

The following exercise is a version of the four-vertex theam for space
curves without parallel tangents; they exist by 3.8.

7.23. Advanced exercise. Let be a closed smooth space curve that
has no pair of points with parallel tangent lines. Assume theurvature of

does not vanish at any point. Show that has at least four points with
zero torsion.



Part Il: Surfaces




Chapter 8

De nitions

A Topological surfaces

We will be most interested in smooth surfaces de ned in the fdowing
section. The following general de nition will be used only afew times.

A connected subset in the Euclidean spaceR?® is called atopo-
logical surface(more precisely anembedded topological surface
without boundary) if any point of p2 admits a neighborhoodW
in  that can be parametrized by an open subset in the Euclidean @ne;
that is, there is a homeomorphismU ! W from an open setU  R?; see
Section 0B.

B Smooth surfaces

Recall that a function f of two variablesx andy is calledsmoothif all its
partial derivatives %f are de ned and are continuous in the domain
of de nition of f.

A connected set R® is called asmooth surfacé if it can be
described locally as a graph of a smooth function in an appropate coor-
dinate system.

More precisely, for any pointp 2  one can choose a coordinate system
(x;y;z) and a neighborhoodU 3 p such that the intersection W = U\
is a graphz = f (x;y) of a smooth functionf de ned in an open domain
of the (x;y)-plane.

Examples. The simplest example of a smooth surface is théx; y)-plane
= (x;y;2) 2R3 :z=0 . The plane is a surface since it can be

1We use it as a shortcut for the more precise term smooth regular embedded
surface.

90



C. SURFACES WITH BOUNDARY 91

described as the graph of the functionf (x;y) =0.
All other planes are smooth surfaces as well since one can ase
a coordinate system so that it becomes the(x;y)-plane. We may also
present a plane as a graph of a linear functiorf (x;y) = a x+ by + c for
some constantsa, b, and ¢ (assuming the plane is not perpendicular to
the (x;y)-plane, in which case a di erent coordinate system is needed
A more interesting example is the unit sphere

= (xy;z)2R¥:x*+y?+2722=1

This set is not a graph, but it is locally a graph it can be cove red by
the following 6 graphs:

O
z=f (xy)= 1 x2 y?
y=9 (x,2) = 1 x2 zZ%
O
x=h (y;2)= 1 y2 z%

where each functionf,, f , g, g , hs, and h is dened in an open
unit disc. Any point p 2 S lies in one of these graphs therefor&? is a
smooth surface.

C Surfaces with boundary

A connected subset in a surface that is bounded by one or moreigcewise
smooth curves is called asurface with boundary; such curves form
the boundary line of the surface.

When we saysurfacewe usually mean asmooth surface without
boundary. If needed, one may use the termnsurface with possibly
nonempty boundary.

D Proper, closed, and open surfaces

If the surface is formed by a closed set inR3, then it is called proper.
For example, for any smooth functionf de ned on the whole plane, its
graphz = f (x;y) is a proper surface. The spher&’ gives another example
of a proper surface.

On the other hand, the open disc

(xy;2)2R® : x2+y?<1;z=0

is not a proper surface; this set is neither open nor closed iR3.
A compact surface without boundary is called closed (this term is
closely related to the closed curve, but has nothing to do wih closed set).
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A proper noncompact surface without boundary is calledop en(again,
the term open curve is relevant, but open set is not).

For example, the paraboloidz = x2+ y? is an open surface; the sphere
S is a closed surface. Note thaiany proper surface without boundary is
either closed or open

The following claim is a three-dimensional analog of the plae sepa-
ration theorem (1.12). It might look obvious, but the proof i s nontrivial;
it uses the so-calledAlexander's duality [41]. We omit its proof; it
would take us far away from the main subject.

8.1. Claim. The complement of any proper topological surface without
boundary (or, equivalently any open or closed topological suate) has ex-
actly two connected components.

E Implicitly de ned surfaces

8.2. Proposition. Let f: R®! R be a smooth function. Suppos® is
a regular value off ; that is, r ,f 6 0 at any point p such thatf (p) = 0.
Then any connected component of the level seff (x;y;z) = 0 is a smooth
surface.

Proof. Fix p2 . Sincer ,f 6 0 we havefy(p) 6 0, fy(p) 6 0,
or f,(p) 6 0. We may assume thatf,(p) 6 0; otherwise, permute the
coordinatesx;y; z.

The implicit function theorem (0.26) implies that a neighborhood of
pin s the graph z = h(x;y) of a smooth function h de ned on an
open domain in R?. It remains to apply the de nition of smooth surface
(Section 8B). O

8.3. Exercise. For which constants” is the level setx? + y?> z? ="
a smooth surface?

F Local parametrizations

Let U be an open domain inR?, ands: U ! R3 be a smooth map. We
say that s is regular if its Jacobian matrix has maximal rank; in this

case, it means that the derivativess, and s, are linearly independent at
any (u;v) 2 U; equivalently s, s, 6 0, where denotes the vector
product.

8.4. Proposition. If s:U ! R®is a smooth regular embedding of an
open connected set)  R?, then its image = s(U) is a smooth surface.
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Proof of 8.4. Let s(u;Vv) = ( x(u;Vv);y(u;Vv);z(u;v)). Sinces is regular,

its Jacobian matrix 0 1
Xu Xy

Jacs = %yu y\,§
ZU ZV

has rank two at any point (u;v) 2 U.

Choose a pointp 2 ; by shifting the (x;y;z) and (u;v) coordinate
systems, we may assume thap = (0;0;0) = s(0;0). Permuting the
coordinatesx; y; z if necessary, we may assume that the matrix ¢ V) is
invertible at the origin. Note that this is the Jacobian matr ix of the map
(U;v) 70 (x(u;v); y(u; v)).

The inverse function theorem (0.25) implies that there is a snooth
regular map w: (x;y) 7! (u;v) dened on an open setW 3 0 in the
(x;y)-plane such that w(0;0) = (0;0) and s w(x;y) = (X vy;f (X;¥))
wheref = z w. That s, the subsets w(W) is the graph of f .

Again, by the inverse function theorem,w(W) is an open subset ofJ.
Sinces is an embedding, our graph is open in ; that is, there is an open
setV R®suchthats w(W)= V\ is a graph of smooth function.

Sincep is arbitrary, we get that  is a smooth surface. O

8.5. Exercise. Construct a smooth regular injective maps: R> ! R®
such that its image is not a surface.

If we have s and as in the proposition, then we say thats is a
smooth parametrization of the surface .

Not all smooth surfaces can be described by such a parametdsion;
for example, the sphereS? cannot. However,any smooth surface admits
a local parametrization at any point p 2 ; that is, p admits an open
neighborhood W with a smooth regular parametrization s. In this
case, any point inW can be described by two parameters, usually denoted
by u and v, which are calledlocal coordinatesat p. The mapsiis called
achart of

If W is a graphz = h(x;y) of a smooth function h, then the map

s: (u;v) 7' (u;v;h(u;v))

is a chart. Indeed, s has an inverse(u;v;h(u;v)) 7! (u;v) which is
continuous; that is, s is an embedding. Further, s, = (1;0;hy,), and
sy = (0;1;hy). Whence the partial derivatives s, and s, are linearly
independent; that is, s is a regular map.

8.6. Corollary. A connected set R? is a smooth surface if and only
if a neighborhood of any point in  can be covered by a chart.
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A function g:/ ! R dened on a smooth surface is said tgbe
smbothif for any chart s: U ! , the compositiong s is smooiH; tha
is, all partial derjvatives zZ—5-(g ) are de ned and continysls ja'the
domain of de nition.

8.7. Exercise.| Let R® be a smooth surface. 0 at a function
I\ R is smooth if and only if for any point p ere is a smooth
unctiadn h: N/!' R de ned in a neighborhood R° of p such that the
quality g(g) # h(qg) holds forq2 \ N.
Congstruct a smooth surface and a smaoth functiong: ! R that
cahnot be extended to a smooth functioff: R®! R.

8.8, Exefcise. Consider theAotfowing map

. 2u . 2v . 2 .
s(u,v) 1+ u2+v2’ 1+ u2+v2’ 1+u2+v2)'

shovi\that$ is a cifdrt of the unit sphere centered a{0; O; 1); describe the
image s\ /
,"4\\ Let (t) =(x(t);y(t)) be a plane curve. Recall
/./,//"i"""\\\ that the surface of revolution of the curve

;'\‘4’ gﬁ'.'\,‘@_\\ around the x-axis can be described as the image of
1”[[“/ S0 the map
M

(t;s) 7! (x(t);y(t) coss;y(t) sins):

e parameterst and s are called latitude and
longitutte_respectively; for xed t or s the ob-
tained_curves~are calledparallels or meridians
allels are formed by-circles in the plae perpendicu-
jon. Thecurve s called the generatrix of the

respectively. The
lar to the akis of\ro
syrface.

is a simple closed smooth plane curve that
s. Show that the surface of revolution around
is a smooth\surface.

8.9. Exercise. ASSUMNE
does not intefsect thex-a
he x-axis with generatrix
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for positive constantsa, b, and ¢c. By 8.2, is a smooth surface. Indeed,
2
let h(x;y;z) = 272 + L+ ETZ then

rhxy;z)=(& X% & ¥ & 2):

Therefore,r h 6 0 if h =1; thatis, 1is a regular value ofh. It remains
to observe that is connected.

The surface can be de ned as the image of the mapS? ! RS,
de ned as the restriction of the following map to the unit sphere S*:

(Xy;2) 7' (@ xby;c2):

Amapf: ! R3(orf: ! R?)issmooth if each of its coordinate
functions is smooth. Further, a smooth mapf: ! R3 is called a
smooth parametrized surfacefitis an embedding, and for any chart
s:U! , the compositionf sis regular; that is, the two vectors gj(f S)
and @@\;f s) are linearly independent. In this case, the image = f()
is a smooth surface. The latter follows since for any chars: U ! the
compositionf s: U ! is a chart of

The map f is called adiffeomorphism from to ; the surfaces

and are said to bediffeomorphic if there is a di eomorphism
f. . The following exercise implies thatbeing di eomorphic is an
equivalence relation for surfaces.

8.10. Exercise. Show that the inverse of a di eomorphism is a di eo-
morphism.

8.11. Advanced exercise.  Show the following.

(a) Complements ofn-point sets in the plane are di eomorphic to each
other.

(b) Open convex subsets of the plane bounded by smooth closadves
are di eomorphic to each other.

(c) Any pair of open convex subsets of the plane are di eomorpgh to
each other.

(d) Open star-shaped subsets of the plane are di eomorphic toaeh
other.



Chapter 9

First-order structure

A Tangent plane

9.1. De nition. Let be a smooth surface. A vectomw is tangentto
at p if and only if there is a curve that runs in  and hasw as a
velocity vector at p; that is, p= (t) andw = t) for somet.

9.2. Proposition and de nition. Let be a smooth surface ang 2
2 . Then the set of tangent vectors of at p forms a plane; this plane
is called thetangent planeof atp.

Moreover, if s: U ! is a local chart and p = s(uo; Vo), then the
tangent plane of at p is spanned by vectorss, (up; Vo) and s, (uUp; Vo).

The tangent plane to  at p is usually denoted by T, or T, . This
plane might be considered as a linear subspace Bf or as a parallel plane
passing thru p; the latter is sometimes called theaffine tangent plane
The a ne tangent plane can be interpreted as the best approximation at p
of the surface by a plane. More precisely, it hasfirst-order contact
with  at p; thatis, (q) = o(jp ¢), whereq2 , and (q) denotes the
distance fromqto Tp.

An assignment of a tangent vectorv, to each point p of the surface

is called atangent vector field if v, depends smoothly ofp. More
precisely, for any charts we have

Vsuyv) = a(u;v) sy + b(u;v) sy

for smooth functions a and b de ned in the domain s.

Proof. Fix a chart s at p. Assume is a smooth curve that starts at p.
We can assume that is covered by the chart; in particular, there are

96
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smooth functionst 7! u(t) andt 7! v(t) such that

(t) = s(u(t); v(t)):
Applying the chain rule, we get

0= s, u+ s, V5
that is, Cis a linear combination ofs, and s,.

The smooth functionst 7! u(t) andt 7! v(t) can be chosen arbitrarily.
Therefore any linear combination ofs, and s, is a tangent vector atp. O

9.3. Exercise. Letf :R®! R be a smooth function withO as a regular
value, and be a surface described as a connected component of the level
setf (x;y;z) = 0. Show that the tangent planeT, is perpendicular to
the gradientr ,f at any point p 2

9.4, Exercise. Let be a smooth surface ang 2 . Choose(X;y;z)-
coordinates. Show that a neighborhood of in  is a graphz = f (X;y)
of a smooth function f de ned on an open subset in the(x;y)-plane if
and only if the tangent planeT, is not vertical; that is, if T, is not
perpendicular to the (x; y)-plane.

9.5. Exercise. Show that if a smooth surface meets a plane at a
single point p, then is tangent to  at p.

B Directional derivative

In this section, we extend the de nition of directional deri vative to smooth
functions de ned on smooth surfaces. First, let us recall tre standard
de nition for the plane.

Given a point p 2 R?, a vectorw 2 R? and a function f : R | R,
consider the function h(t) = f (p+ t w). Then the directional derivative
of f at p alongw is de ned as

Dwf (p) := h%0):

Recall that a function f : ! R is said to be smooth if for any chart
s:U! , the compositionf s is smooth.
9.6. Proposition-De nition. Let f be a smooth function de ned on

a smooth surface . Suppose is a smooth curve in that starts at p
with velocity vector w 2 Tp; thatis, (0) = p, and %0) = w. Then
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the derivative (f )X0) depends only onf, p, and w; it is called the
directional derivative of f alongw at p and is denoted by

Dwf, Dwf(p); or Duf(p)

we may omit p and if it is clear from the context.
Moreover, if (u;v) 7! s(u;v) is a local chart andw = as, + bs, at
p, then
Duyf =a(f s)y+b(f 9):

Our de nition agrees with the standard de nition of the dire ctional
derivative if  is a plane. Indeed, in this case, (t) = p+ w tis a curve in
that starts at p with velocity vector w. For a general surface, the point
p+ w t might not lie on the surface, and the valuef (p+ w t) might be
unde ned. In this case, the standard de nition does not work.

Proof. Without loss of generality, we may assume thatp = s(0; 0) and
the curve is covered by the charts; if not we can chop . In this case,

(t) = s(u(t); v(1))

for smooth functions u; v de ned in a neighborhood of0 such that u(0) =
=v(0)=0.
Applying the chain rule, we get that

%0) = u%0) su + v0) sy

at (0;0). Sincew = 90) and the vectorssy, s, are linearly independent,
we get that a= u%0) and b= v¥0).
Applying the chain rule again, we get that

E f HYo)y=a@ s)u+b(f s):
at (0;0).

Notice that the left-hand side in E does not depend on the choice of
the chart s, and the right-hand side depends only onp, w, f, and s. It

follows that (f  )%0) depends only onp, w, and f .
The last statement follows from E. O

9.7. Advanced exercise. Let x and y be vector elds on a smooth
surface . Suppose thatx, andy are linearly independent at some point
p2 . Construct two functions u and v in a neighborhood ofp such that

Dyu> 0O; Dyu=0; Dyv=0; Dyv> O:

Conclude that there is a chart of at p such thatx andy are tangent
to its coordinate lines.
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C Tangent vectors as functionals

In this section, we introduce a more conceptual way to de ne aingent
vectors. We will not use this approach in the sequel, but it isbetter to
know about it.

A tangent vector w 2 T, to a smooth surface de nes a linear func-
tional! D,, that swallows a smooth function' on and spits its direc-
tional derivative D,,' . The functional D obeys the product rule:

E Dw( )=(Dw") (P+" " (p) (Dw ):

It is not hard to show that the tangent vector w is completely de-
termined by the functional D,,. Moreover, tangent vectors atp can be
de ned as linear functionals on the space of smooth functions that atisfy
the product rule E.

This de nition grabs the key algebraic property of tangent vectors. It
might be a less intuitive way to think about tangent vectors, but it is often
convenient to use in the proofs. For example, 9.6 becomes autology.

D Dierential of map

Recall that a smooth map from a domain on the plane to space isened
in 0G. Let ¢ be a smooth surface inR®. Amap s: o! R3is called
smooth if, for any chart w: U ! 0, the compositions w de nes a
smooth mapU ! R3.

Any smooth map s from a surface o to R® can be described by
its coordinate functions s(p) = ( x(p);y(p); z(p)). To take a directional
derivative of the map we should take the directional derivative of each of
its coordinate functions.

Dws:=(DwX;DwYy;Dw2):

Assumes maps one smooth surface o to another ;. Letpg2 ¢ and
p1 = s(po). Choose a curve o in o such that o(0) = po and §(0) = w.
Observe that 1 = s ¢ is a smooth curvein ;. Curve 1 liesin ; and
1(0) = py; hence its velocity vector 2(0) isin T, 1. By the de nition of
the directional derivative, we haveDys = 9(0). Therefore,Dys 2 T, 1
forany w 2 Tp,.
By 9.6, w 7! Dys denes alinear mapTp, o! Tp, 1;thatis,

D.ws=cDys and Dy+wS= Dys+ Dys

1Term functional is used for functions that take a function as an argument and
return a number.
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foranyc2 Randv;w 2 Ty,. The map dy,;s: Ty, o! Tp, 1 dened
by
dp,s: W 7! Dys

is called thedifferential of s at pp.

The di erential d,,s can be described by & 2-matrix M in orthonor-
mal bases ofTp, o and T, 1. Setjac, s = jdetM j; this value does not
depend on the choice of orthonormal bases iif,, o and Ty, 1.2

Letr: 4! 2 be another smooth map between smooth surfaces;
and », then

dpo (I’ 5) = dplr dpoS;

and therefo