THE ISOPERIMETRIC INEQUALITY AND CMC HYPERSURFACES
IN CARTAN-HADAMARD MANIFOLDS
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ABSTRACT. We show that the sharp Euclidean isoperimetric inequality holds for do-
mains in complete simply connected Riemannian n-manifolds of nonpositive sectional
curvature, 3 < n < 9, which establishes the Cartan-Hadamard conjecture in these
dimensions. The main step is a sharp inequality for constant-mean-curvature hyper-
surfaces, proved via integrals over pairs of boundary points, together with estimates
for Jacobi fields along geodesic chords of the boundary. The weights in these integrals
depend on the length of the chord and its angles with the boundary, and are cho-
sen dimension by dimension, with a Green function pole. The inequality persists for
boundaries of isoperimetric regions trapped in geodesic balls, whose mean curvature
is constant only on the free part and which may have singularities. The isoperimetric-
profile argument of Kleiner and Ghomi—Spruck completes the proof.

1. INTRODUCTION

A Cartan-Hadamard manifold M™ is a complete simply connected Riemannian n-
space of nonpositive sectional curvature. The Cartan-Hadamard conjecture [2,6, 17]
asserts that regions in M"™ satisfy the Euclidean isoperimetric inequality. We prove
this in the following dimensions. Let B™ be the unit ball in Euclidean space R, and
S"~! := OB" be the unit sphere.

Theorem 1.1. Let Q C M"™, 3 <n <9, be a bounded set, and I' := 9. Suppose that
the perimeter |T| is finite and the volume |Q2] > 0. Then

|I‘\|n ‘Snflln
|Q’n—1 - ‘Bn’n—l’

(1)
with equality only if  is isometric to a Fuclidean ball.

The Cartan-Hadamard conjecture had been proved earlier, via different methods,
only in dimensions n = 2, 3, 4, and 5 by Weil [28], Kleiner [20], Croke [10], and the
authors [8] respectively. Theorem 1.1 gives a unified proof of these results for n > 3
by refining the approach in [8]. The main step is again a sharp inequality for constant-
mean-curvature (CMC) hypersurfaces:
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Theorem 1.2. Let "1 ¢ M™, 3 <n <9, be a smooth compact embedded hypersurface
whose mean curvature H is a positive constant. Then

n—1 n—1
2 r > s™ .
@ = (") s
Equality holds only if T' bounds a Euclidean ball of radius (n —1)/H.

The above result may be regarded as the analogue of Alexandrov’s celebrated sphere
theorem in R™ [1]. Asin [8], the proof is based on combining two integral identities over
I' x I': a Minkowski—Green identity and a degree identity. Here the Minkowski—Green
identity uses weights which depend not only on the lengths of chords of I" but also on
their angles with I', and the degree identity employs more general weight functions as
well. Another major difference with [8] is that isoperimetric regions may be singular in
dimensions n > 8; however, we show that our identities persist.

In Section 2 we begin the study of the chords of I" and their Jacobi fields. Sections 3
and 4 prove two comparison estimates for these fields, which extend the estimate in [8].
First we establish an endpoint comparison which bounds the Jacobian of the exponential
map along a chord by the Hessians of the distance function at its endpoints. Then we
sharpen that result by taking into account the effect of curvature on the angles between
a chord and I'. Section 5 establishes the two integral identities, and Section 6 extends
them to the boundaries of isoperimetric regions trapped inside geodesic balls.

In Section 7 we combine the two identities through a calibration scheme and establish
our reduction result (Theorem 7.1): a calibration in dimension n, that is, a choice of
weights for which a certain pointwise inequality holds along every chord, yields both
(1) and (2) in that dimension. The CMC inequality (2) follows quickly by integration,
and its equality case gives the rigidity; the isoperimetric inequality (1) then follows
through the profile method of Kleiner [20] and Ghomi-Spruck [14], which reduces it to
the CMC inequality for the isoperimetric regions. Section 8 exhibits the calibrations for
3 <n <9, using the endpoint estimates, and completes the proofs.

The calibrations are quite simple in dimensions 3 and 5 but require longer compu-
tations in other dimensions, which are included in Appendix A and certified in the
accompanying Mathematica notebook [7]. We have verified that calibrations exist at
least up to dimension 13, but do not include those computations here due to their length.
In a sequel [9], we will show that our methods can be refined to obtain the generalized
form of the Cartan—Hadamard conjecture in dimensions n = 4 and 5: when the cur-
vature of M is bounded above by a negative constant, inequality (1) holds in terms of
balls in the corresponding hyperbolic space. This has been known only in dimensions
2 [4] and 3 [20]. See [13,15] for recent partial results which hold in all dimensions and
[14,21,26] for more references.

2. Basic CHORD DATa

Let T" be a closed embedded smooth (C*°) hypersurface in M. Then I' bounds a
unique domain {2 with compact closure, and we let v be the outward unit normal of T"
with respect to €2. Any two points of I' are joined by a unique geodesic, which we call
a chord. We begin by recording some basic facts about these chords.
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2.1. Incidence cosines. Fix distinct points p,q € T', let v: [0,7] — M be the unit
speed geodesic from p to ¢, and set

’I“(p, Q) = diSt(p, Q)a U = <7/(O)7 _Vp>7 v = <7/(T)7 VQ>7

where v, == v(p) and v, = v(q), so that —1 < w,v < 1. Thus u is the cosine of the
angle between the directed chord pg and the inward normal at p, and v is the cosine
of the angle between pg and the outward normal at ¢; we call v and v the incidence
cosines of the chord.

The distance function dist: M x M — R is smooth off the diagonal, since M is
Cartan-Hadamard, and we write r4 := dist(-, q), 7, := dist(p,-). By the first-variation
formula, Vrq(p) = —v/(0) and Vry(q) =+/(r), so

(3) u = (Vry(p), vp), v = (Vrp(q), vq)-
The tangential gradients are Vrry = Vry —uy, and Vrr, = Vr, — vy, and hence

(4) Vrrg> =1—u?  |Vrr|? =1-2%

2.2. Jacobi fields. Along v fix an orthonormal frame E1 (t), ..., E,_1(t) of ¥/(t)* which
is parallel in ¢; through it, every normal space ' (t)L is identified with R"~!. With R
the Riemann curvature tensor of M, let

Ky (t) = (R(E;(1),7 ()7 (), Ei(1)).

This (n — 1) x (n — 1) matrix is symmetric, and it is nonpositive, because for X =
S EE(t), we have (TK (1) = (R(X,7 )y, X) = secp (X A7) X2 < 0. We write
A > B for symmetric matrices if A — B is positive semidefinite. So K < 0.

A vector field Z along v with Z(t) L +/(¢) for all ¢ becomes, in the frame, a function
Z:[0,7] = R™ !, and the Jacobi equation Z” + R(Z,~')y' = 0 becomes Z" + KZ = 0.
The Jacobi fields normal to v which vanish at p are therefore Z(t) = A(t)Z'(0), with

(5) A"(t) + K(t)A(t) = 0, A(0) =0, A'(0) = I,,—1.

Let S, be the unit sphere in T,M and 6 € S,,. Varying the direction ¢ of the geodesic
exp,(t0) in a direction § € TyS, = 6+ produces the Jacobi field Z¢ with Z¢(0) = 0
and Z¢(0) = £, which in the frame is A()¢. Consequently the volume element of M in
geodesic polar coordinates about p is dV = det A(t) dt df, and we call

J(p,q) = det A(r(p, q))

the polar Jacobian: it is the Jacobian, at § = ~/(0), of the map 6 + exp,(rf) from S,
onto the geodesic sphere of radius r = 7(p,q) about p; in R™ it equals 7"~ 1. As the
curvature of M is nonpositive, Rauch’s comparison theorem gives

(6) [A@El > tlel, =l
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2.3. Derivative of the incidence cosines. When ¢ is displaced by a vector Y € T, M
orthogonal to the chord pg, the direction of the chord at p turns by A(r)~'Y, with Y
expressed in the frame E;(r), since A(r)~! is the derivative of the radial projection from
p; in R™ this is Y/r. Accordingly we set

- ~ n—1
(7) A=rAr)T, so that det A =" 7
and ||A| < 1 by (6), where || - || is the operator norm. The polar Jacobian is symmetric,

J(p,q) = J(q,p) [29, Lem. 5]; under reversal of the chord, A is replaced by A7 in the
parallel identifications. Put

vy = vy — uVre(p), Vg = vq — vVry(q), w = (AU, Uy).

Thus w is the inner product of the components Up, Vq of the normals transverse to
the chord, after v, is carried to ¢ by A. Since A is replaced by AT under reversal of
the chord, w(p,q) = w(q,p). Since [, = 1 —u?, |72 = 1 — v?, and |A]| < 1, the
Cauchy—Schwarz inequality gives

2., .2
(8) \w[ﬁh::\/(1—u2)(1—v2)§h0::1—u —;v.
Lemma 2.1. With p fized and q varying on I\ {p},
1, ~_
Vru = —;(Aup)—r, (Vru, Vrry) = %w.

With q fived and p varying, (Vrv, Vrry) = “w.

Proof. Let P,(q) = exp, L(q)/r. For an endpoint variation Y € T, M, the corresponding
angular Jacobi field gives dP,(Y) = A(r)"1Y*, where Y+ is the component of Y orthog-
onal to 7/(r). Since u = —(P,(q),vp), differentiation gives d,u(Y) = —(A(r)~Tp,,Y).
Restricting to T,I" proves the first formula; the second follows from (4), since Vrr, =
Vrp(q) — vvg and gﬁp 1 +/(r). The last assertion follows by reversing the chord, which
replaces A(r) by A(r)T. O

3. ENDPOINT COMPARISON I

The curvature of M affects the chords of I' through the polar Jacobian J, which
exceeds 7"~ by (6), and the Hessian of r at the end points p and ¢q. Here we compare
these two effects. On T, M and T, M let

g—dr, ®dr g—dr, ®dr
(9) Ep = Viry(p) — # Eq = VPrp(q) — #’
with ¢ the metric of M; these symmetric forms vanish identically in R™, where V?r, =
1(g — dry @ dry). Since Vry(p) = —9/(0) lies in the kernel of both terms of &,, the
form &, is determined by its restriction to +/ (0)*; we write &p for the matrix of that
restriction in the frame E;(0), which is the matrix of V2r,(p) on 4/(0)* minus I,,_1 /7,

and likewise &, for the matrix of & on +/(r)*. Hessian comparison gives £,,&, > 0. In
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the frame F;(t), the restriction of V2r, to +/(t)1 at y(t) is A'(t)A(t)~!, and the same
holds along the reversed chord; thus

(10) €= AMAM) ™ =,

and likewise for £,. The following estimate shows how &, and &, control the excess of
J over "1,

Proposition 3.1 (Endpoint comparison I). For every distinct pair of points p,q € T’
and all A,y > 0,

(11) Atrp &y + ptrp &, >

) )

In particular, trp &, + trp & > M(1 — #)

r

Proof. Work along the unit-speed geodesic v: [0,r7] — M from p to ¢, in the parallel
frame of Section 2.2, with curvature matrix K (¢) and Jacobi matrix A(¢); both sides of
the inequality will be expressed through the second derivatives of the distance at the
endpoints of 7. A Jacobi field Z perpendicular to v, viewed as a map Z: [0,7] — R"!,
satisfies Z” + KZ = 0. Denote by T the solution operator of this equation, that is, the

matrix for which
(Z0) - (1 ) (Z8)

Since the Wronskian Z{ 7 — (Z})1 Zs of two solutions Z1, Zs is constant,
(12) TnTiy =TT,  T\3Th =THTa,  TTen —T5 T =1

Moreover T2 = A(r) and Tpe = A'(r), and Ty is invertible since 4 has no conjugate
points. Given z,y € R" ™!, let Z == Zy,y be the transverse Jacobi field with Z(0) = «
and Z(r) = y. Solving the transfer relation with the help of (12) gives

~Z'(0)\ _ (z (TR Ty T )
( Z,(T) > — Q <y> ) Q — (_T12T T22T131 )

whose diagonal blocks are symmetric by the first two relations in (12); we call @ the
endpoint matriz of the chord, as it sends the endpoint values of a transverse Jacobi field
to its outward endpoint derivatives. An integration by parts along ~ yields

(13) —<x,Z’(0)>+<y,Z’(r)>:/OTCZ<Z,Z’> dt:/OT(|Z’\2—<KZ,Z>)dt.

By the second-variation formula for the distance between the endpoints, or directly from
(13), first with y = 0 and then with = 0, the diagonal blocks of @ are the restrictions
of V2r,(p) to 4/(0)* and of V?r,(q) to 7/(r)+. Hence, in terms of the matrices £,, &,
of the remainders (9),

(14) Ep =TT —r ', &, =TTy —r '
in particular £, = A’(r)A(r)~! — r~1I, which is (10). For arbitrary endpoint values,
T 1 T 2 2
/ |Z’]2dt2’/ za| = =2
0 " 1Jo r
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and —(KZ,Z) > 0 since K < 0. Therefore @ > Qo := % ( {, 7). Since T12 = A(r),
the matrix A of (7) is rT,". Using (14), the matrix inequality 7(Q — Qo) > 0 becomes
r€, (I—A)T
15 P _ > 0.
(15) <I —A r&y -

To extract the Jacobian defect from (15), put o :==tr &y, B :=tr&,, and N := I — A.
Let N =Y. 5 (¢l be a singular value decomposition of N, with s; > 0 and {&}, {¢;}
orthonormal bases of R"™!, so that N& = s;¢;. By (15), s? < r%(€,&,E)(E4¢, G)-
Hence, by the Cauchy-Schwarz inequality, the trace norm || - ||s,, i.e., the sum of the
singular values, satisfies

n—1 n—1 n—1
1= Allsy =Y si < | Dt €idy| Y (€4 Gi) = r/ab.
i=1 i=1 i=1

By (6), every singular value of A(r) = Ti2 is at least r. Hence the singular values s;(A)
lie in (0,1]. Moreover, det A = "1/ det A(r) = r"1/J. For 0 < s; < 1, we have
1-— H?;ll 8 < Z?;ll(l — s;). It follows that

n—1 n-1

<Y (1= si(A) = lls, = [Alls, < 1T = Alls, < /o,
1

r
J

(16) 1—

7

It remains to pass from tr £, tr €, to the traces over T,I', T,I'. Write v, = uVry+1,
7| = 1 —u?. Because &, vanishes in the radial direction, trp &, = a — (€0, Up). Since
Ep >0, (Epp, 1) < |2 tr &, = (1 — u?)a, and therefore trp &, > ua. The same
argument gives trp & > v?3. Combining these equations with (16), and the arithmetic—
geometric mean inequality, yields

2 n—1
Mrp & + ptrp & > A28 + pula > 2w/ Auaf > uv|m<1 T 7 ),
T

which is the first inequality in (11); the second is \/Ap > 2Au/ (A + ). O

4. ENDPOINT COMPARISON II

To establish our main results in dimensions 8 and 9 we need to sharpen the estimate
of the last section. Chords of I' carry three pieces of information about the curvature of
M: (i) how much the geodesic spheres about one endpoint have spread by the time they
reach the other, which is the polar Jacobian J; (ii) how much the geodesic sphere about
one endpoint curves at the other beyond the 1/r due to its radius, which is the Hessian
remainder £ there; and (iii) how much the direction of the chord at one endpoint turns
when the other endpoint is moved, which is measured by the map A of (7).

These three effects cannot vary independently. Proposition 3.1 described one relation:
the spreading in (i) is bounded above by the extra curvature in (ii). The map A in (iii)
is subject to the same constraint: its deviation from the identity is bounded above by
the extra curvature in (ii), as we show below. We generalize Proposition 3.1 to a single
estimate which bounds the spreading in (i) above by any nonnegative combination of
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the extra curvature in (ii) and the deviation of A in (iii), with a sharp constant. To
formulate the estimate, let

" wi= ([ ¢ ng)T)

which is positive semidefinite by (15). Let C = (VII/JT V‘g) be a positive semidefinite

symmetric 2(n — 1) X 2(n — 1) matrix, written in (n — 1) x (n — 1) blocks, and put
(18) NC) = min {2/ [UEVEE +2WE,6)} >0

Proposition 4.1 (Endpoint comparison II). For every positive semidefinite symmetric
matriz C,

n—1

(19) tr(CM) > /\(C)<1 - ”J )

Proposition 3.1 follows by taking W = 0, U = (I — p,)), and V = NI — p,5]),
since then tr(CM) = r(ptrp &, + Atrp &), as in the proof of Proposition 3.1, and
A(C) > 2|uv|/Ap.

To prove Proposition 4.1, we rescale the chord to unit length, so that r drops out
and both sides of (19) become functions of a single nonnegative curvature matrix K on
[0,1]. Put K(t) := —r2K(rt) > 0 and Y (¢) :== A(rt)/r for 0 <t < 1, so that
(20) Y'=KY, Y(0)=0 Y'(0)=1I,
and J == detY (1) = J/r"1 > 1. A transverse Jacobi field Z along ~ corresponds to

Z(t) = Z(rt), with 7 = rZ', so the endpoint matrix @ of Section 3 becomes r@ for
(20), and by (14)—(15)

(21) Mer—(_II _II>

First we consider the case where K consists of finitely many point masses:

k
(22) K:ZM&&T@” pi>0, [&l=1, 0<t1<---<tp <Ll
i1

Here ¢;, is the Dirac mass at ¢;, and §Z-§Z-T is the orthogonal projection onto the line
spanned by &; so (KX, X) = pi(X,&)%6;, near t;, that is, the plane spanned by o/
and a transverse vector X is curved at ¢; in proportion to (X,&;)?, and not at all when

X 1 &. Accordingly, solutions of Y” = KY are continuous and affine between the
nodes, and Y’ jumps at ¢; by p;&;i(&, Y (¢)), so only the &;-component of a Jacobi field
is affected. Let B be the k x 2(n — 1) matrix with rows B; := ((1 — ti)fz-T, tigiT), let

Gij = (min{ti, tj} — titj) (&,&5), D, = diag(p1, ..., pk),
and note that min{s,t} — st is the Green function of —d?/dt? on [0, 1] with Dirichlet

boundary conditions. Thus G is the Gram matrix, for the inner product [(V’, V') on
H}((0,1);R™1), of the functionals V — (&, V(t;)), which are linearly independent,
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so G is positive definite. We need the following linear algebra fact, which reduces the
required estimate for several point masses to bounds associated with individual masses:

Lemma 4.2. Let G be a positive definite k x k matriz, D a positive diagonal k x k
matriz, and B a k X m matriz with rows By, ..., Bi. Then there are 01, ...,0; > 0 with
>.;0i =1 such that

1 ) " BTB;

det(I+DG) - ‘ Gy

BY(D+G)'B > (1 -

Proof. Write ® := BT (D' 4+G)~'B and D = diag(pi, ..., px). We first expand det (I +
DQ@G) in principal minors:

det(I+DG) =1+ > ms,  ms= (Hpi) det G > 0,
S+D €S

where S runs over the nonempty subsets of {1,...,k} and Gg is the submatrix of G
with rows and columns in S. Next we expand det(I + DG) ® in the same way: for
every symmetric C, tr(C®) is the derivative at e = 0 of logdet (I + D(G + eBCBT)),
and computing this derivative once by Jacobi’s formula and once minor by minor gives

det(I+ DG)® = > mgsO5,  Og:=BEGS'Bg,
S+0

with Bg the rows of B in S. Thus ®/(1 — det(I + DG)™!) is a weighted average of
the matrices Og, and it suffices to show that each ©g dominates BZ-T B;/G;; for some
the 6; are then the total weights of the sets S assigned to i. In fact, for every i € .5,

Og5 > Oy;. Indeed, reorder i first and write Gg = < ) Bg = (B’)’ with g = Gy;;
then

BI'B; _ BI'B,
Og = zg Z+(B'—ZBi/g)T(G'—ZZT/g) 1(B’—zB7;/g) > it = Oy,
since G/ — 227 /g is positive definite. O

Lemma 4.3. If K is a finite sum of point masses given by (22), then (19) holds.
Proof. We first show that

(23) M=BT(D;'+G)™

B, J=det(I+D,G).

By (13), (e,rQe) is the energy fol (V> + (KV, V') dt of the Jacobi field with endpoint
values e = (x,y), and it is the least energy of a field V on [0, 1] with those endpoint
values: the difference of V and the Jacobi field lies in H}, the cross term in the energy
vanishes by an integration by parts and (20), and the energy of the difference is non-
negative since K > 0. For (22) the energy is fo \V'|2dt + 3, pi{&, V(t;))?. Write such
a field as (1 — t)z + ty + Vo(t) with Vo € H{; the cross term [(y — z, V) dt vanishes. If
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ni = (&, Vo(t:)), the least value of [|V{|? is 7 G™n, so the energy of the minimizing
field is

ly — x>+ %& {nTGfln + (Be+n)"'D,(Be + n)} =y —a|*+ " BT (D, +G) ' Be,

by the Woodbury identity D, — D,(G™! + D,)™'D, = (Dp_1 + G)~!. Subtracting
the Euclidean form ly — z|? gives the first identity, by (21). For the second, integrate
Y" = KY with Y(0) =0, Y'(0) = I:

Y(t) = 61+ pilt — 1) €Y (1),

1

Let N be the k x (n — 1) matrix with rows N; = ¢y (t;), and let P, P, and L be the
matrices with rows P; :== (1 — ¢;) Z-T, P; == t;¢T and entries Lj; = (tj —t;)+(&;, &), so

that L is strictly lower triangular. Evaluatiné 7the display at ¢t = 1 and at ¢t = t;, and
multiplying the latter by ij, gives
Y(1)=I+P'D,N, (I-LD,N =P.
Since det(/ + AB) = det(I + BA) and det(I — LD,) =1,
det Y (1) =det (I + (I — LD,)"'PPT'D,) = det (I + (PPT — L)D,) = det(I + GD,),

because (PPT — L)j; = (t;(1 — ;) — (t; — ti)+) (&, &) = Gji, as one checks separately
for t; > t; and t; < t;. As det(! + GD,) = det({ + D,G), this is the second identity.
By (23), Lemma 4.2 applies with D = D,; since G = t;(1 — t;), it gives

((1 - t)f? té.)
Tf=n)

)

M > (1 - jﬁl) Z@i eti’gieg@, ere =
for some #; > 0 with ), 6; = 1. Taking the trace against C gives
tr(CM) > (1— jfl) Z@'(Ceti,g“ €t;.6:)s
and the quadratic form of C at e; ¢ is
(24) (Cergserne) = —(UE,€) + ——(VE€) + 206, ) 2 A©)

by the arithmetic-geometric mean inequality. Hence tr(CM) > A(C)(1 — J~1), which is
(19). O

Proof of Proposition 4.1. By Lemma 4.3, (19) holds when K is a finite sum of point
masses. We approximate the given continuous K > 0 by such sums. Partition [0, 1]
into intervals I; of lengths h; < €, and choose s; € I;. On I;, approximate K dt by
rank-one point masses at distinct interior points of I;, one for each eigenvector of an

orthonormal eigenbasis of K (sj) with positive eigenvalue, with strength h; times that
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eigenvalue. Let K. denote the resulting atomic measure. Write the Jacobi equation as

the first-order system
d(yy _ 0 I\/Y
at\Yy’) \K(t) 0)\Y")’

For the continuous equation, the transfer matrix across I; is

I+ h; <I~((08j) é) + O(h3 + hjw(e)),

where w(e) = sup|;_ <, | K (s) — K(t)|| — 0. For the atomic equation, free propagation
through a segment of length ¢ has transfer matrix (6 KII ), while a point mass p&€7 has

transfer matrix < p £I£T (I)) . The ordered product of these matrices across I; has the same

first-order term and an O(h?) remainder, since the sum of the free lengths is h; and the

sum of the point-mass matrices is hjf( (55)-
All partial transfer products are uniformly bounded, since each factor is I + O(h;)
and > j hj = 1. A telescoping comparison therefore shows that the full transfer matrices

differ by
O(Z h? + w(e) Z hj) = O(e+w(e)).
J J

Hence the full transfer matrices converge. In particular J. — J. , and, since Y (1) is
invertible, the endpoint matrices Q. converge to . Thus M, — M, and (19) passes to
the limit. 0

Note 4.4. The constant A(C) cannot be improved for K > 0. For a single point mass
K = p&els;, (23) gives M = (1 — J_l)etﬁgegg, so tr(CM)/(1 — J71) = (Cere, ere),
whose infimum over ¢ and £ is A(C) by (24); smoothing the point mass, with (¢, &) near

the infimum, gives continuous K > 0 with this quotient arbitrarily close to A\(C).

5. THE TwoO MAIN IDENTITIES

Here we establish the Minkowski—Green identity, through which the mean curvature
of ' enters, and the degree identity, which encodes that I' bounds a domain. Their
Euclidean versions, which motivate the construction, are in [8, §2]; here we set them up
directly in Cartan-Hadamard manifolds, for more general weights.

5.1. Estimates near the diagonal. We first record how fast the chord data u, v, &,
Eq J/ r"~1 approach their limits as ¢ — p. These rates are what make the singular
integrands below locally integrable, and they are valid at the C%! regularity at which
the identities will later be needed. Throughout, B,(p) is the (closed) geodesic ball in
M of radius p about p, and | X| is the measure of a submanifold X C M in its own
dimension.

Lemma 5.1. Let I' be CY'. There are 79,C > 0, depending only on T and on the
geometry of M near it, such that for 0 < r = dist(p, q) < ro,

lul+ o] <Cr, &N+ &N <Cr, I =1 < Cr? JA—T|| < O,
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and |T'N B,(p)| < Cp™t for 0 < p < ro.

Proof. AsT is compact and C!, there is g > 0 with the following property: in normal
coordinates about any p € T' in which T,I' = R"~! x {0} and v, = e,,, the set ['N B, (p)
lies in the graph of a C1! function h: {|Jy| < ro} C R"! = R,

q=(y,h(y), Rh(0)=0, VA0)=0, |h)|<Clyl*  [Vh(y)|<Clyl,

with C independent of p. In these coordinates the chord v from p to such a ¢ is the
segment (t) = tq/r, 0 < t < r, with r = |¢|, so v/ = ¢/r and (¥/(0),1,,) = h(y)/r =
O(r). The normal v is Lipschitz, I' being C11, so |y, — 1| < Cr, and the metric
coefficients at ¢ are d;; + O(r?); hence (v'(r),v4) = (v(0),v,) + O(r), and (3) gives
|u| + |v| < Cr. Next, | K(t)|| < C along every chord with r < rg, by compactness of I,
and (5) can be written as

A(t) = th, - /O (t — 5)K (s)A(s) ds,

from which A(t) = tI, 1 + O(t3) and A'(t) = I,,_1 + O(t?). Therefore, by (10),
J  det A(r)

Tnfl Tnfl

Eg=A A —r 1 = O(r), =1+ 0(r?),

and A = rA(r)~T = I+ 0(r?); the bound on &, follows in the same way along the chord
from ¢ to p. Finally, I' N B,(p) is contained in the graph of h over {|y| < p}, and since
|Vh| < Cp there, that graph has area at most Cp" . O

Consequently, for every bounded function ¢ on [—1,1], the singular quantities that
occur below satisfy

vl fuv] [vp(u) + up(v)]
J J J
and the area bound gives fFﬁBe(p) =% = 0" 17 for 0 < a < n — 1. Thus each of

= o[, 0() = 0™,

these quantities is integrable on I', and every integral over I' X I' below in which one of
them appears converges absolutely.

5.2. The Minkowski—Green identity. The identities of this section will be applied,
in Sections 6 and 7, to hypersurfaces which are in general only of class C!'!, so from now
on I is allowed to be C1!. Its normal v is then Lipschitz, so by Rademacher’s theorem
the mean curvature H = divp v of I', the sum of its principal curvatures with respect
to v, exists almost everywhere and is essentially bounded; pointwise identities involving
H are understood almost everywhere.

For a function f defined near I', we write Vf and V2f for its ambient gradient and
Hessian, Vrf = (Vf)T for the tangential component of Vf along I', and Ar for the
Laplace—Beltrami operator of I'; so that

(25) Arf = trp V2f — H(V f,v),
where trp V2f = Af — V2f(v,v) is the trace of V2f over TT.
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The weights we consider are functions ¥: (0,00) x [—1,1] — R of the length of a
directed chord and of its terminal incidence cosine, of the form

(26) b (r,v) = r¥"e(r,v), c(r,v) = a(r) — b(r)v?

where a,b € C!([0,00)), a — b > 0, and b > 0; we set Cy = a(0). The pole at r = 0 is
what produces nonzero integrals whose values do not depend on I'; the pole-free weights
Y(r) = r¥, k > 1, were considered by Banchoff-Pohl [3, §5]. For fixed q € T, define the
function 1, and the tangent vector field X, on I'\ {¢} by

Ya(p) =V (rpq),v(p.q)),  Xq(p) =0 (r(p,q),v(p,q)) Vrre(p),

where v(p, ¢) is the incidence cosine of the chord pq at ¢, as in (3). Thus X, is the radial
part of Vri),. Define

(27) Al"i/}q =divr X, on I\ {¢};

when b = 0, we choose ) = 9(r); then X, = V), and Zpd)q is Art), restricted to
I'\ {¢}. We use the radial part of V1, rather than all of it because A1, contains, in
addition, the term divp (9, Vrv), and with it |[Vrv|? and Arv, which are not among
the quantities that the comparison estimates of Sections 3 and 4 control; the divergence
of X, will involve only r, u, v, w, H, and the Hessian remainder &,, together with the
prescribed weight and its derivatives.

To compute Ay, write (9) as V2rq(p) = (g — drq ® drq) + €, and take the trace
over an orthonormal basis of T,I'; by (4),

2
trp V2r, = %(n -1- |Vprq|2) +trp&p = H# + trp &p.

As (Vrg,vp) = u, (25) yields Arry = (n — 2 +u?)/r + trp €, — Hu, while Lemma 2.1
yields (Vro, Vrrg) = (u/r)w. Inserting these in

divr X, = 02¢|Vrry? 4+ 0,0,0(Vrv, Vrry) + 0:pArr,,
where 1 and its derivatives are evaluated at (r,v), we get

n— 2+ u?
T

(28) Artyy = 02(1 — u?) + %&ﬂvww + &w( +trp &y — Hu)

After multiplication by 7", and by (26), this reads

(29)

" Aty = 1 0pc(r,v) (1 —u?) + (n— 1)u® —rHu)e(r,v) +u dye(r, v)w +re(r, v) trp &,
and the formula for prp is the same with p,q and u,v interchanged, as w(p q)

w(q,p). Each term on the right of (29) is O(r): u,v = O(r) and trp &, = O( ) b
Lemma 5.1, H is bounded, and a,b are C'. Hence

(30) |Ari,| < O,
and, as |I'N B:(q)| < Ce"! by Lemma 5.1, prq e LY(I).



THE ISOPERIMETRIC INEQUALITY AND CMC HYPERSURFACES 13

Proposition 5.2 (Minkowski-Green identity). Let I' be C1' and 1 satisfy (26). For
every fized q € T,

(31) [ B =—cyls .

r
Proof. Assume first that T' is smooth. For small ¢ > 0 the set U, := I' \ B-(¢q) has C!
boundary, with outward conormal 7. == —Vrr,/|Vrry|. On U, we have v = O(¢), and

ais C!, so (26) gives
(Xg5me) = =0r1(e,v)|Vrrg| = = (Cy 2" + 0(83_”))|Vp7‘q|.

Here |Vrr,| = 1+ O(g?), and the graph representation of I' near ¢ from the proof of
Lemma 5.1 gives |0U;| = [S"?|e""2(1 4+ O(£?)). Hence

/ (Xgo1e) = —CylS™2| + 0(1).
oU.

The divergence theorem on U, gives st Arypy = f. ou. (Xg M), and letting e — 0, which

is permitted since &pwq € LY(T'), proves (31).

Now let T’ be Cb!, and put X = X,y for a fixed ¢ € I'. This is a locally Lipschitz
tangent field on I'\ {¢}, because v(-, ¢) is smooth away from g and Vpry = Vr,—(Vry,v)v
is Lipschitz. In a local Cb! parametrization of I', the metric coefficients gij are Lipschitz
and

~ ) 1 ' ;
Arpg =divp X = \/mal(\/detg)( ),

with y/det g X? locally Lipschitz; as the distributional derivative of a Lipschitz function
is its almost-everywhere derivative [12, §4.2.3], &pwq is LS on I'\ {q}. Wherever v
is differentiable, the computation of divp X that gives (25) for smooth I' goes through
unchanged, so (25), and with it (28) and (30), hold almost everywhere on I'\ {¢}. Lastly,
for a Lipschitz field X on the C'! domains U,, the divergence theorem st divr X =
J U (X, n-) remains valid [12, §4.3], and the preceding flux computation used nothing
beyond Lemma 5.1, which holds at C'! regularity. So the identity holds for I g

As we pointed out in [8, §2.2], the name of the identity here refers to Minkowski’s
formula [ H(x — q,v) = (n — 1)|T| [19,23], which the same computation produces in
R™ for the pole-free weight ¢ (r) = r?/2, and to the point-mass singularity of v, which
is that of a Green function.

5.3. The degree identity. Fix p € I" and let

-1
exp, " ()
P, =2 7

W i)
be radial projection from p; thus P,(q) = 7/(0) and v = (Py(q), —vp). Let S, be the
open hemisphere centered at —1;,, so that 6 € S, exactly when the geodesic ray exp, (t0),
t > 0, initially enters ). The points of I' on this ray form Pp_l(ﬁ), and at a transverse

intersection ¢ the sign of v(p, q) = (¥/(r),v) tells whether the ray is leaving Q (v > 0)
or entering it (v < 0). By the area formula, applied to I" and to {Jac(P,) = 0}, the

€S,
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intersections are transverse and finite for almost every #; and as the ray alternately exits
and enters ),

Z sgnv(p, Q) = 1S; (9)7

qepp_l(e)

the indicator function of S, . This is a special case of the formula for the winding
number of I about a point, cf. [18, (3.20)], with the base point on I'. The differential
of P, at q is A(r)~! composed with the orthogonal projection T,I' — +'(r)*, whose
determinant is (v4,7/(r)) = v; hence Jac(P,) = v/J on I'\ {p}, cf. [18, Cor. 2.13]. Let
¢: [-1,1] = R be a bounded Borel function. As u = (P,(q), —vp) is a function of P,(q)
alone, the area formula applied to ¢(u) gives

fowG= [ o) X st = [ oo m) =18k

S
qeP,; ' (0) P

where
1
Io= [ o)1 - &9 a,
0

the integration over I' being in ¢ for fixed p, and the last step being the slicing of the
hemisphere by t = (#, —v,,). When I' is only C!!, the area formula is applied on I'\ B:(p),
where P, is Lipschitz, and ¢ — 0 is taken using the integrability of |v|/J (Lemma 5.1).

Proposition 5.3 (Degree identity). Let I' be C*'. For every bounded Borel function ¢
on [—1,1],

(32) /FXF W = 214|S"72||T).

Proof. Since the right side of the preceding identity is independent of p, integration over
p € I gives [., d(w)v/J = I4|S" ?||T'|. Exchanging p and ¢ exchanges u and v and
leaves J unchanged, since J(p,q) = J(g,p); so the same holds with u¢(v) in place of
¢(u)v, and adding the two identities gives (32). O

For ¢(t) = t"2 the right side of (32) is 227"|S"~1||T'|, the form of the degree identity
used in [8]; the freedom in ¢ here will be needed in dimensions 4 and 6 through 9.

6. SINGULAR ISOPERIMETRIC REGIONS

An isoperimetric region in a geodesic ball B C M is a set which minimizes perimeter
among the subsets of B for a given volume 0 < V < |B|. Perimeter is measured in M,
including the part of the boundary on 0B. For n > 8, the boundary of an isoperimetric
region may have a singular set of codimension at least 7. Here we show that the identities
of Section 5 hold across such a set.

Proposition 6.1. Let I" be the boundary of an isoperimetric region in a geodesic ball,
and S be its singular set. Then, for every ¥ as in (26) and every Lipschitz function ¢
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on [—1,1] with ¢(0) = 0, the identities of Propositions 5.2 and 5.3 hold for T': for every
gel'\s,

/prq = —Cy|S" 2, and / W = 21,|S"?||T,
I I'xID

and both integrands are absolutely integrable on I' x T'.

By [14, Lem. 7.2(i)—(ii)], using the standard regularity theory [16,24,27], we know
that S is compact, disjoint from 9B, and of dimension at most n — 8, so H"2(S) = 0,
where H* denotes k-dimensional Hausdorff measure; and T\ S, the regular part of
I', is locally CM!, with bounded mean curvature H. We retain the notation Vr, Ar,
divr, and trp for the differential operators on the regular part; in particular X, and
Kmbq = divp X, are defined on I' \ (S U {¢}) by (27). Integrals over I' are with respect
to perimeter measure, which agrees with area on the regular part and gives S measure
zero; its support is I', so the regular part is dense in I' [22]. Throughout this section,
I', S, ¢, and ¢ are as in Proposition 6.1, and Q* is the isoperimetric region.

Lemma 6.2. There are r9,C > 0 such that |I' N B,(z)| < Cp"! for x € T and
0 < p < ro; in particular supger 1 r(p, 9)> ™ < oo.

Proof. There is a regular free-boundary patch: otherwise the perimeter measure would
vanish in the connected interior of B, forcing 2* to be either empty or all of B up to
a null set, contrary to 0 < V' < |B|. Choose such a patch with compact closure away
from S and dB. A smooth deformation supported there changes volume at a nonzero
rate. The inverse function theorem therefore allows a volume change § to be restored
at perimeter cost at most C'|d|, for |§| small.

If x lies sufficiently near S, a small ball B,(x) is disjoint from the chosen patch and
from OB. For almost every p, deleting Q* N B,(x) removes its interior perimeter and
adds at most the area of 9B, (z); this is the usual restriction formula for sets of finite
perimeter [22]. The removed volume is at most C'p™. Restoring it in the fixed patch
and using minimality gives

TN B,(x)] < Cp" 1+ Cp™.

Approximation of the radius gives the same bound for every small p. Away from a
neighborhood of S, compactness and local C&! graphs supply a uniform bound. This
proves the estimate.

On a dyadic annulus of radius p about g, the integral of =" is at most Cp?>~"p
Cp. Summing these bounds proves the kernel bound near ¢, uniformly in ¢; the remain-
ing integral is bounded by Tg_"|F|. O

n—1 _

Lemma 6.3. There is a sequence 1n; of restrictions to I' of smooth ambient functions
such that 0 < n; < 1, n; vanishes near S, n; — 1 on T\ 'S, and [ |Vrn;| — 0 as j — oc.

Proof. If S # @, cover it by finitely many balls B,,(x;), with z; € S, max; p; — 0, and
S, PP % — 0. This is possible because H" 2(S) = 0 and S is compact. For each ball
choose a smooth function which is zero on the ball, one outside the ball of twice the



16 SHIBING CHEN, MOHAMMAD GHOMI, AND PENG WANG

radius, and has gradient bounded by C'/p;. The product of these functions gives 7;, and
Lemma 6.2 implies

/ Vel < C S pr T 0 Bopy () < O3 =2 — 0.

r i i

For a fixed regular point these functions are eventually one in a neighborhood of the
point. If § = @, take n; = 1. |

The same cutoffs justify integration of divergences across S. For any bounded, locally
Lipschitz tangent field Z on I' \ S with divy Z € L}(T"), we have

(33) /T]j diVF J = — /<VF77]', Z> — 0,
r r
and dominated convergence therefore gives fr divp Z = 0.

Lemma 6.4. We have

u? u® +v
sup —dp < o0 and — < .
ger\sJr T rxr T

Proof. Fix ¢ € '\ S and ¢ > 0, and consider the regularized radial field

V()2
q,€ " (,r.g _‘_62)(%71)/2

Since rg /2 is smooth on M, this field is the tangential projection of a smooth ambient
field. Its divergence depends only on ambient derivatives and the bounded mean curva-
ture H, and is therefore bounded for fixed . The weak divergence formula holds also
on the CH! collar, as in the proof of Proposition 5.2. Integrating against the cutoffs of
Lemma 6.3 gives [ divr Yy = 0, since the cutoff error is at most ||Yyc |l [r [Vr7;] — 0.
The identities A[‘(T‘Z/Q) =n—1+rtrp & — H(p)ru and |V1"(’I“3/2)|2 =721 — u?) give
g2 + r2u? rtre &, H(p)ru

—1) (1) R2 T (B2 D2 (24 2y D)2

Hessian comparison makes the first two terms nonnegative. Integrating and discarding
the terms not needed below, we obtain

T2u2 H 2 n <C
(n - 1) (7"2 +€2)(n+1 /2 = || ||L°O ™) =~ L,

where Lemma 6.2 makes C independent of ¢ and e. Monotone convergence as € | 0
proves the first assertion. Tonelli’s theorem permits integration in ¢; reversing the
endpoints interchanges v and v and proves the second. O

divp Y, . = (n

Proof of Proposition 6.1. The argument consists of three parts.

Part 1: absolute integrability. For small r the functions a,b,a’,b’ are bounded,
|0pc(r,v)| < Clv|, and |w| < 1; moreover ||&,|] < Cr, by the compactness of I' alone.
Multiplying (28) by r"~! and using (26) gives

r”flﬁpwq =1 0pc(r,v)(1—u?)+ ((n—1)u?—rH (p)u) c(r,v)+u Opc(r, v)w+re(r, v) trp Ep,
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and hence

(34) Ay ()| < C ( n

u2+v2>

Tn—l

For r bounded away from zero, (29) shows that prq is uniformly bounded. Thus

Lemmas 6.2 and 6.4 give the absolute integrability of ﬁp@bq on I' x I'; the same holds
with the endpoints reversed. For the degree terms, J > 7"~! and ¢(0) = 0 give

vp(u)] _ . uv] _ Lip(¢) u® +v?

T S Llp(¢> 7”‘”_1 S 2 T'n_l ’
and the reversed term has the same bound; so both are absolutely integrable, by
Lemma 6.4.

Part 2: the Minkowski—Green identity. Fix ¢ € T'\ S. We integrate the divergence of

a regularization of X, across S by (33), and then remove the regularization. For ¢ > 0
set

(N e o) Vi(r/2)
e (M) T (24 )
extended by zero at ¢q. A local Cb! graph at ¢ gives u,v = Oqy(r) and bounded Vrwv,
so Xy is locally Lipschitz on I' \ S. Its weak divergence has no atom at ¢ and, by the
product rule, equals

. 2\ > c(r,v)(1— )
divp X, e = <r2 " 62) Arypg+ (n—1)e (72 4 AT
which is bounded on I"\ S for fixed ¢,e. Thus (33) gives
r2 (n=1)/2 _ 9 c(r,v)(1 — u?)
@ o= () Awereone [ 4 S

We let € | 0 in the two terms separately. In the first, the integrand is dominated by
|Ap¢q|, which is integrable on T': near ¢ by (34), as u,v = Ogy(r) there and 727" is
integrable by Lemma 6.2, and away from ¢ because it is bounded. So the first term
tends to fr &qu by dominated convergence. For the second term, the area estimate in

Lemma 6.2 gives

2 1 )
wp 2 | G <o
0<e<ro

the ball 7 < € contributes at most a constant, each annulus 27¢ < r < 2/tle < 1y
contributes at most C27%/, and the remaining region is bounded as well. Now use
normal coordinates centered at ¢ and dilate by e'. On bounded sets, the rescaled
local Ch! graph converges to T,I', its area element converges to Euclidean area, and
c(r,v)(1—u?) = Cy; the factor "1 from the area element cancels the factor £~ from
the kernel, the annular estimates above control the rescaled tails, and the contribution

from r > rq is O(?). Hence, using polar coordinates on T,T,

s™ 2

. .2 c(r,v)(1—u?) B nea [ _ _ n—2
hﬁ)l(n 1)e /p(r2—|—52)("+1)/2 = (n—1)Cy|S" 7| . 0T ds = Cy|S" ™7,

£
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where the last equality follows by integrating the derivative of s" (1 + 52)_(”_1)/ 2,
whose values at 0 and oo are 0 and 1. Letting e | 0 in (35) thus gives g ﬁm/)q =
—Cy|S™ 2| for every q € T'\ S, which is the first identity; by Part 1 it may be integrated
in q.

Part 3: the degree identity. Fix a regular pole p. Radial projection from p is Lipschitz
on S, because dist(p,S) > 0, and its image has spherical (n — 1)-measure zero. Its
critical values on the regular part likewise have measure zero, by the area formula on
a countable collection of regular coordinate patches. Discard these directions and the
tangent directions at p. Every remaining ray meets I' transversely in finitely many
points: an infinite sequence would accumulate in the compact boundary, either at a
regular point, contrary to transversality, at a singular point, or at p along a tangent
direction, and the latter two possibilities were excluded. Thus the signed crossing count
of Section 5.3 applies, with no intersection on S, and the Jacobian of the radial projection
is v/J; hence

[ ot =181,

Integrating in p and reversing the endpoints, which the absolute integrability of Part 1
permits, proves the second identity. O

7. THE CALIBRATION THEOREM

By Propositions 5.2 and 5.3, the Minkowski—Green and degree identities hold in every
Cartan—Hadamard manifold, with masses which depend only on the weights 1, ¢ and
on |I'|. We now combine them, seeking 1), ¢ and a constant k for which the combined
integrand is nonnegative, and vanishes on the chords of the unit sphere S"~! C R", the
extremal case of Theorem 1.2. The reduction theorem below states that such data yield
Theorems 1.1 and 1.2.

By scaling, it suffices to prove Theorem 1.2 for H = n — 1, and to show that then
IT| > [S™1|; so we assume H = n — 1 for the following calculation. Let ¢ be as in (26),
¢ be a Lipschitz function on [—1, 1], and x > 0 be a constant, and set

n—1

J

(36) F o=yt (n + Erwq + prp) + ! (v¢(u) + u¢(v)).

By Propositions 5.2 and 5.3,

F 2[S"2|(Cy, — Iy)
(37) / —— =&[D|(T|-0), (= 5" W(Cy —1o)
rxrc

K

where the integrand is absolutely integrable by (30) and the remarks following Lemma 5.1.
If F > 0, then IT| > ¢. Applying this to the unit sphere I' = S*~! C R", which has

H =n—1, gives £ < |S"!|, with equality exactly when F vanishes on the chords of
S"~ 1. So we seek 1, ¢, and s for which F>0in every Cartan—Hadamard n-manifold,

and F = 0 on the chords of S™~1: then

(38) 2[S"2|(Cy — 1) = K|S" 1,

and the resulting bound |I'| > |S"~!] is sharp.
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We call (¢, ¢, k) a calibration in dimension n if ¢ satisfies (26), ¢ is Lipschitz on [—1, 1]
with ¢(0) = 0, x > 0, the mass condition (38) holds, and the associated integrand F'
defined by (36) satisfies, in every Cartan-Hadamard n-manifold and for all pairs of
distinct points equipped with unit vectors,

(39) F>0, with ﬁ:o:u:v:g,er”—l.

For fixed M and (¢, ¢, k), the integrand F is a continuous function on the set of pairs
(Vp,vq) € TM x TM with p # ¢ and |vp| = |vy| = 1. Indeed, substituting (29) and its
endpoint-reversed version into (36), with H = n — 1, expresses F entirely in terms of
these vectors and the ambient geometry.

Theorem 7.1. If there is a calibration (¢, ¢, k) in dimension n > 3, then the conclu-
sions of Theorems 1.1 and 1.2 hold in dimension n.

Throughout this section we fix a calibration (¢, ¢, <) in dimension n > 3 and let F
be its associated integrand. The CMC part of the theorem is proved in Section 7.1,
by integrating (36) over I' x I' via (37) and analyzing the equality case, in which F
vanishes on every chord, which forces the enclosed domain €2 to be flat, and I" to be a
sphere. The isoperimetric part is proved in Section 7.2 for isoperimetric regions with
CH! boundary, which is the case when n < 7, and in Section 7.3 in general, where the
boundary may have singularities.

7.1. The CMC inequality. By (38), £ = [S"!| in (37), which thus reads

1 F
(40) Tl — 18" = — —
KT Josr 7

;> 0.

Thus || > [S"!|, and rescaling yields (2) for an arbitrary positive constant H. Equa-
tion (40) represents the area deficit as an integral of a nonnegative function of the chord
data; this representation will yield the rigidity statement below.

Now suppose that H = n — 1 and |I'| = |S"!|; we show that (2 is isometric to B".
Equality in (40) gives F = 0 almost everywhere on I' x I'; since F is continuous and
nonnegative off the diagonal, it vanishes for all p # ¢, so by (39)

r
2 )
The argument has three steps, which follow closely the corresponding ones in [8, §4.4].

(41) u=v= J ="l

7.1.1. Convezity. Let ¢ be a complete geodesic with a chosen orientation, and let p,q
be distinct points of £ N I', with ¢ later than p along ¢. For the segment v of ¢ from p
to ¢, (3) and (41) give
r(p, q) r(p, q)

— 2’ <0, (Y, vg) =v(p,q) = T’ > 0.

So at every point of £ N I' the geodesic crosses I' transversally, and of any two such
points it enters {2 at the earlier and leaves at the later. Three points p; < ps < p3 of
¢NT are therefore impossible: py would be an exit according to the pair (pi,p2) and
an entrance according to (p2,p3). Hence ¢ meets I' at most twice. If ¢ meets 2, then

(Y, vp) = —ulp,q) =
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¢~1(Q) is a nonempty bounded open subset of R, as €2 is open and bounded, and the
endpoints of each of its component intervals lie in ¢ N ['; two components would need
three such points. So £ N ) is a single interval, and €2 is geodesically convex.

7.1.2. Flatness. Take distinct p,q € T', the chord v from p to ¢, and its Jacobi ma-
trix A(t). Each eigenvalue of A(r)T A(r) is at least r? by (6), while their product is
det (A(r)TA(r)) = J? = r2("=1) by (41); so every eigenvalue equals 72, and A(r)TA(r) =
r21. For £ # 0 put Z(t) == A(t)€, which does not vanish for ¢ > 0, and there

d? 2'*\2)> - (2,2")* (2,KZ)
—|Z| = : - = > 0.
! 7P Z =
Thus |Z| is a convex function on [0,7] with |Z(0)] = 0 and |Z(r)| = r|¢|, whence

|Z(t)| < t|¢]; combined with the opposite inequality from (6), this gives |A(t)¢| = t[£].
So |Z] is linear, its second derivative vanishes, and both nonnegative terms above vanish;
in particular KZ = 0. As ¢ is arbitrary and A(¢) is invertible for t > 0, K(t) = 0:
every plane tangent to v has zero sectional curvature. Now fix g € Q and a unit
vector & € Ty, M. The largest segment of the geodesic through (z¢, &) lying in € has its
endpoints on I', hence is a chord, so the planes tangent to it have zero sectional curvature.
Because (2 is geodesically convex, it is star-shaped about xg, and the standard Jacobi
field argument [11, p. 157] shows that exp;o1 maps €2 isometrically onto a subset of
Ty M ~ R" with the Euclidean metric.

7.1.3. Roundness. The isometry of the previous step carries geodesics to geodesics, so, 2
being geodesically convex, it identifies £ with a compact convex domain in R” bounded
by I'; and it preserves mean curvature, so I' becomes a closed embedded hypersurface
of R™ with H = n — 1. By Alexandrov’s theorem [1] such a hypersurface is a sphere,
here of radius 1, and 2 is a unit ball. This proves the CMC part of Theorem 7.1.

7.2. The isoperimetric inequality for 3 < n < 7. The isoperimetric-profile ar-
gument [20], [14, Thm. 7.1] reduces the isoperimetric inequality to a mean-curvature
estimate for isoperimetric regions in a geodesic ball B. The boundaries of these regions
have constant mean curvature away from 0B, so Section 7.1 does not apply to them
directly. They are C*!' when 3 < n < 7, which we assume in this subsection, and may
have a singular set of codimension at least 7 when n > 8, which is treated in Section 7.3.
For a domain 2 C B with boundary I', we call ' N 9B the contact set and I\ OB the
free part. Since F is a function of the chord and of the two oriented tangent hyperplanes
only, the hypothesis (39) applies to the pairs of points of such a boundary, although its
mean curvature is not n — 1. We need the following extension of Section 7.1.

Proposition 7.2. Let B C M be a geodesic ball, and 2 C B be a domain whose
boundary T is a compact embedded C** hypersurface, smooth on the free part. Suppose
that, for some constant Hy > 0, the mean curvature H of T satisfies H = Hy on the
free part and H < Hy almost everywhere on the contact set. Then

(42) Hy=H 0| > (n—1)"7H|s" 7.
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Proof. After rescaling the metric, we may assume that Hy = n—1, and follow Section 7.1.
Lemma 5.1 and Propositions 5.2 and 5.3 hold for C''! hypersurfaces, and (39) applies
to I', as noted above. The only new feature here is that H # n — 1 on the contact set,
whereas F was built with H =n — 1. Let F be given by (36), which was obtained from
(28) with H = n — 1. Since the only dependence of (28) on H is through the term
—0r Hu, we have, almost everywhere on I' x T',

vp(u) + ug(v)

(43) K+ Arpy + Are, + 5

0 ) (= 1 — H(p))u+ 0,6(r,uw) (n — 1 — H{q))v.

rn—l

Integrating over I' x I', using Proposition 5.2 and the degree identity (32) on the left,
yields

i -1 = [

rxr "7

1

- /M (am(r, v)(n—1—H(p))u+ 0p(r,u)(n—1— H(q))v),

where the integrals are absolutely convergent by Lemma 5.1. The first term on the
right is nonnegative by (39). We claim that the second is nonnegative as well. Note
that n — 1 — H > 0 almost everywhere on I', and n — 1 — H = 0 on the free part, while
Orp = r*7"c > 0 since ¢ > a — b > 0. Furthermore, we always have v(p,q) = u(q,p).
Thus it suffices to show that u(p,q) > 0 whenever p € T' N 9B. Since I' is C! and lies in
B, it is tangent to OB at p, so v, is the outward normal of B at p. Geodesic balls in a
Cartan—Hadamard manifold are convex. Hence the geodesic v from p to ¢ lies in B, so
(v(0), 1) <0, and u = —(7/(0),1,,) > 0 by (3). Hence |I'| > |S""!|, and undoing the
normalization gives (42). O

In Theorem 1.1, Q is any bounded measurable set, its volume || is its n-dimensional
Hausdorff measure, and its perimeter |I'| is the (n — 1)-dimensional Hausdorff measure
of the reduced boundary 9*Q [22], which is the area of I' when I is a C! hypersurface.
Both sides of (1) are unchanged when §2 is modified on a set of measure zero, and the
equality statement is understood accordingly: equality holds only if such a modification
of Q is a domain isometric to a Euclidean ball.

Proof of the isoperimetric part of Theorem 7.1 forn <7. Let B C M be a geodesic
ball with center o, and let 0 < V' < |B|. By [14, Lem. 7.2] there is an isoperimet-
ric region 2* C B of volume V, a set of least perimeter among the subsets of B with
that volume, and, because dim M < 7, its boundary I' := 99Q* is C!!, is smooth with
constant mean curvature Hy on the free part I'\ 0B, and has H < Hj almost everywhere
on the contact set I' N dB. (The mean curvature in [14] is the average of the principal
curvatures, ours is their sum.) We first check that Hy > 0. Put f := dist(o,-)%/2;
Hessian comparison gives V2f > g, so by (25)

Arf:tI'FVQf—H<Vf7V>Z(T’L—l)—H<Vf7V>
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almost everywhere on I'. On the contact set Vf = Rv, with R the radius of B, so
(Ho— H){V f,v) is nonnegative there, and it vanishes on the free part. Integrating over
the closed hypersurface I,

0= [ Anf = (=T~ Ho [ (Vi) = (o= DIT|~ Ho [ Af.
I I Q*

and since Af > n this forces Hy > (n — 1)|[T'|/ [, Af > 0. Proposition 7.2 therefore
applies:
HE 00 = (n —1)"Ys" ),

Write Zp (V') for the isoperimetric profile of B, so that Zg(V') = |0Q2*|, and Ho (V') for
the mean curvature of the free part of the boundary of an isoperimetric region of volume
V. As shown in the proof of [14, Thm. 7.1] and the references there, Zp is continuous
and increasing, vanishes as V' | 0, and satisfies Z;3(V) = Hy(V') for almost every V,
with our normalization of H. Consequently, for almost every V', Proposition 7.2 gives

(") = e T T = e (T ze) Y
n n— n—1\1/(n—1 n— n—
Zﬁ((n_l) 1’S 1’) /( ):n\S 1’1/( 1).

Because Ig/ (n=1) i increasing, it dominates the integral of its derivative, Zg(V )™/ (=1 >
V(@YY > pjsnl YD Y, which, as [S"Y| = n|B", is

ne1{ V \(r=1/n
Zo(V) 2 18" (1)
the Euclidean isoperimetric inequality within B. Every bounded set lies in some geodesic
ball, so (1) follows.

Suppose finally that equality holds in (1) for a bounded set 2. Then  has least
perimeter among bounded sets of its volume, so it is an isoperimetric region in every
geodesic ball that contains it and, as n < 8, [14, Lem. 7.2] yields a representative
of € whose boundary, again denoted I', is a smooth compact embedded hypersurface.
Equality in (1) also makes € a minimizer of the isoperimetric deficit |9(-)] — [S™*|(] -
]/\B”\)(n_l)/n among bounded sets, whose first variation gives H = (n — 1)|T'|/(n|Q]);
together with |T|" = n™|B"| |Q2|*~1 this yields H" || = (n—1)"7LT|"/(n" Q") =
(n — 1)""118"~1|. Rescaling the metric so that H = n — 1 and applying the rigidity
argument of Section 7.1, we conclude that 2 is isometric to a Euclidean ball. O

)

7.3. The isoperimetric inequality for n > 8. In dimensions n > 8 the isoperimetric
regions in geodesic balls may have a singular set of codimension at least 7, across which
the identities extend by Proposition 6.1. Here we show that the argument of Section 7.2
extends as well, which completes the proof of the isoperimetric part of Theorem 7.1,
and hence of the whole theorem, in every dimension. We first establish the extension of
Proposition 7.2.

Proposition 7.3. Let I' be the boundary of an isoperimetric region in a geodesic ball,
and Hy be the mean curvature of its free part. Then Hy > 0 and

D) = (n = 1) 8.
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Proof. Let Q* be the isoperimetric region with boundary I', and let S be its singular
set. By [14, Lem. 7.2(i)—(ii)], the regular free part I\ (SUJB) is smooth with constant
mean curvature Hy, and I' is Cb! near 0B with H < Hj almost everywhere on the
contact set. Let o be the center of B and set f := dist(o,-)2/2. The tangential gradient
of f and Arf = trp V2f — H(Vf,v) are bounded. Thus (33) gives Jr Arf = 0. Since
V2f > g, Hy — H vanishes on the free part, and (Vf,v) > 0 on the contact set, the
argument of Section 7.2 gives

0> (n—1)T| - HO/F<Vf,u> ==\~ Ho | Af

The last equality is the finite-perimeter Gauss—Green formula [22]. Since Af > n, the
volume integral is positive and finite, so Hy > 0.

Rescale the metric to arrange Hy = n — 1. The pointwise hypothesis of Theorem 7.1
applies to the rescaled Cartan-Hadamard manifold as well. The identity (43) holds
almost everywhere on I' x T, with the same function F. The bound (34) holds with
n — 1 in place of H, so F /r"~1 is absolutely integrable on I' x I'; the other terms are,
by Proposition 6.1, and their integrals are given by it. Consequently,

ri(ry - 18" = [

rxr 7"

1

i /m (0rt6(r,0)(n =1 = Hp))u+ 0,6(r, u) (n — 1 = H(g))v).

The first term is nonnegative by hypothesis. In the second, n — 1 — H is nonnegative
and supported on the contact set. At a contact point the outward normal of I" agrees
with that of B, so convexity gives u(p,q) > 0 if p is a contact point, and v(p,q) > 0
if ¢ is a contact point. Since 0,.¢ > 0, the second term is nonnegative as well. Hence
IT| > |S"~!|, and rescaling proves the assertion. O

Proof of the isoperimetric part of Theorem 7.1. Let Zp be the isoperimetric profile of a
geodesic ball B. The profile argument of Section 7.2 applies with Proposition 7.3 in
place of Proposition 7.2, and the two properties of Zp it uses hold without smoothness
of the minimizers. Radial contraction about the center of B is ¢t-Lipschitz for 0 < ¢ < 1,
by Jacobi comparison, so it decreases perimeter. The volumes of the contracted images
vary continuously from zero to the original volume. Contracting a minimizer of larger
volume therefore shows that Zp is nondecreasing. Small geodesic balls give Zg(0) = 0.
At a differentiability point of the profile, a volume-changing variation supported in a
regular free-boundary patch touches the profile from above in both volume directions.
Its perimeter derivative divided by its volume derivative is Hy, so (V) = Ho(V);
compare [14, proof of Thm. 7.1].
Proposition 7.3 consequently gives, almost everywhere,
“10Y/ n _
(Ig/(n 1)) _ ml‘é/(" 1)H0 > 7”L|Sn_1|1/(n_1)~

Since Ig/ =1 i nondecreasing, its increase is at least the integral of its almost-
everywhere derivative. Integrating from zero as in Section 7.2 yields Zg(V)" >



24 SHIBING CHEN, MOHAMMAD GHOMI, AND PENG WANG

n"~18"~1V"~1. Every bounded set is contained in a sufficiently large geodesic ball.
Thus (1) follows in dimension n.

Suppose now that equality occurs for a bounded set 2. Choose a geodesic ball
whose interior contains Q. As in the equality argument of Section 7.2, Q2 is a perimeter
minimizer of its volume and a minimizer of the isoperimetric deficit. Take the repre-
sentative for which I := 0 is the support of its perimeter measure, and let S be its
singular set. First variations supported in regular free-boundary patches therefore give
H = (n—1)|T"|/(n|2|) on the regular part. Equality in the isoperimetric inequality gives
H" Y| = (n — 1)""1S"~1|. After rescaling, H =n — 1 and |I'| = |S"~!|.

Proposition 6.1 shows that the integral of the nonnegative function F /r"~1 s zero.
Continuity on regular pairs implies F' = 0 on every such pair, and (39) yieldsu =v =1r/2
and J = "1 there. We show that this excludes S. Fix one ¢ € I'\ S. For every regular
p # ¢, v(p,q) = r(p,q)/2 gives

_ 1 _ 2 _
—(expg  (p).vg) = 5 lexp (1) 7, Jexpg(p) +ug| = 1.
By density of I'\ S in T, the last equality holds for every p € T', including p = ¢q. Hence
exp, (I') C {€ € T,M : |§ + vg| = 1}.

Since exp, is a global smooth diffeomorphism, the characteristic function of exp;l(Q)
has distributional derivative supported on this Euclidean sphere. It is therefore constant
almost everywhere on the enclosed ball and on its connected exterior. Boundedness of €2
forces the exterior constant to be zero, and positive volume forces the interior constant
to be one. Thus, up to a null set,

expgl(Q) ={&ecTyM : &+, <1}

The boundary I' is consequently the image of the whole sphere under exp,, so S = &.
Consequently T' is smooth. The equalities for its chords hold everywhere, and the con-
vexity, flatness, and roundness argument in Section 7.1 applies without a restriction on
dimension. It identifies €2, up to a null set, with a Euclidean unit ball in the normalized
metric. Undoing the scaling proves the equality assertion. O

8. PROOFS OF THEOREMS 1.1 AND 1.2

By our calibration result, Theorem 7.1, our main results, Theorems 1.1 and 1.2, follow
from the next proposition, whose proof occupies the rest of this section.

Proposition 8.1. There is a calibration (1, ¢, k) in each dimension 3 <n <9.

The proof is divided into three groups of dimensions. The data and scalar verifications
are given in Section 8.1 for n = 3,5 and in Appendix A for n = 4,6,7,8,9. We combine
the scalar inequalities with the endpoint comparisons of Sections 3 and 4 to establish
(39). Comparison I suffices for 3 <n < 7 (Sections 8.1 and 8.2), whereas comparison II
is used for n = 8,9 (Section 8.3).
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8.1. Dimensions 3 and 5. We first record a decomposition valid in every dimension.
By (29), with H = n — 1, and since d,¢c = —2bv, the associated integrand satisfies
) (wo(u) + ug(v)),

rnfl

J

(44) F=F+ r(c(r,v) trp & + c(r,u) trp &) — (1 -
where
F = Ly — 4buvw + vo(u) + up(v),
(45) Lo(r,u,v) = rr™ '+ 7(9c(r,u) (1 — v®) + Ore(r,v) (1 — u?))
+(n — 1) (v(v — r)e(r,u) + u(u — 7)c(r,v)).
In particular, F = F in R™. Now we choose the calibrations
Y(r) =2logr, ¢ =0, k=2 (n=3),

U(r) = 2logr — =, o(t) = 8* R=5  (n=5).

The mass condition (38) follows from Cy =2, I =0 for n =3, and Cy, =4, Iy = 2/3
for n = 5. For n = 3, positivity is given by F = 2((r —u —v)? + (u — v)?). For n =5,
putting o := v + v and 7 :=u — v gives
F=(r—0)*6r+2rc+ 0%+ 8) +72(2r2 + 8 — 1%).

Since |7] < 2, in both dimensions F' > 0, with equality exactly when v = v = r/2.
It remains to verify (39). Assume H = n — 1, let F' be as in (36), and put 0 =
1—7r""1/J€[0,1). For n =3, (44), with ¢ = 2 and ¢ = 0, gives F' > F > 0. Equality
forces u = v = r/2 and both traces to vanish; then uv > 0, and Proposition 3.1 together
with (6) gives J = r2. For n = 5, since ¢ = 2(r? + 2), (44) gives

F=F+2r(r® +2)(trp &y +trp &) — Suv(u? +v?)0.

If wv <0, then F > F > 0; equality would force F' = 0, hence u = v = /2 and thus
uv > 0, a contradiction. Hence F > 0 in this case. Suppose uv > 0. Proposition 3.1
gives trp &, +trp & > 2420, and therefore, with 8 := 2(u?+0?) —r? -2, F > F—4uvff.
If 5 <0, this is at least F'. Equality forces F' = 0, hence u = v = r/2; then = —2, so
6 =0 and J = r*. The exact formula above then forces both traces to vanish. Finally,
if 5> 0, then 72 < 2, since u? +v2 < 2. As 0 < 1,

4r(r? +2)\2  r2(16 + 10r2 —r)
3r2 + 10 ) 3r2 + 10
Thus these choices define calibrations in dimensions 3 and 5.

> 0.

ﬁ>F—4w5=oﬂ+®#+wml+mma—

8.2. Dimensions 4, 6, and 7. For these dimensions we use the lower bound
L := Ly — 4b|uv|hg, Fo =L+ vp(u) + up(v).

Since b > 0, the estimate |w| < ho in (8) gives F' > Fy. For the choices below, Fy is
polynomial on each radial branch and angular sign sector. Put ¢, = ¢(r,u), ¢q = c(r,v),
and

(46) G:=1L+

duvepey
Cp+¢q
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Take the calibrations given in Sections A.3, A.4, and A.5. For these, Appendix A verifies
(38), Fp > 0 with equality exactly when u = v = r/2, and G > 0 whenever u,v > 0;
moreover ¢ > 0 and ¢ =0 on [—1,0]. It remains to verify (39). Assume H =n — 1. By
(44) and F > Fp,

n—1

(47) F>L+ r(cqtrp &y + cptrp &) + TT (vo(u) + ug(v)).

If vo(u) + up(v) < 0, then F > Fy + r(cgtrp &y + cptrp &) > 0. Equality forces
u = v =1/2 and both traces to vanish; since uv > 0, Proposition 3.1 and (6) then give
J = "L If vep(u) + up(v) > 0, then u,v > 0, and Proposition 3.1 gives

n—1

TJ )Gzo.

duve,c rn—l ~ pnl
r(cqtrp Ep + cptrp &) > . +qu’1 (1 -7 ), F> 7 Fo + (1 —

Since G > 0, equality forces J = r"~! and Fy = 0; hence v = v = r/2, and (47) then
forces both traces to vanish. Thus these choices define calibrations in dimensions 4, 6,
and 7.

8.3. Dimensions 8 and 9. Here we retain the sharper bound |w| < h. Since b > 0
and h < hg, we have
(48) F>F > Fy, Fy := Lo — 4bluv|h + vé(u) + up(v).

Thus Fi depends only on r,u,v. Both inequalities are equalities when b = 0 and on
unit-sphere chords, where w = h = hg = 1 — t?. A sufficient condition for the pointwise
requirement in R" is

(49) Fy >0, Flzo:m:v:g,
for r >0 and —1 < u,v < 1. For u,v > 0 let

_ 2
(50) Ji = L+ dbuvho + xuv, JQ:=L+x(1—(ugv)),

where x := 2min{c,, ¢;} for n = 8 and x = 4c¢pcq/(cp + ¢q) for n = 9; in both cases
X < 2,/¢p¢q. Take a,b, ¢,k as in Sections A.6 and A.7. As verified there, (38) and (49)
hold, a > 2b, ¢ > 0 with ¢ = 0 on [-1,0], and J1,J2 > 0 for r > 0 and u,v > 0. It
remains to verify (39). Assume H =n — 1 and let F be as in (36). By (44), with Lg as
in (45),

n—1

(51) F = Ly — dbuvw + r(c(r,v) trp & + c(r, u) trp &) + 7’7 (vo(u) + ug(v)),

where now w = (gﬁp,ﬁq% with |w| < h by (8). We show that F > 0, with equality
only if u =v =17r/2, J =" and trp Ep = trp &y = 0. If u,v are not both positive,
then vo(u) + up(v) < 0, and (51) with |w| < h, 0 < 7" 1/J < 1, and &,,& > 0
gives F > Fy > 0, with strict inequality since u = v = r/2 is impossible here. Suppose
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u,v > 0. Regard 7, 7, as vectors in R"~! through the parallel frame, put wo = (7, 7,),
so that |wg| < h, and apply Proposition 4.1 with
Co (cq(l —prl)  2buvmppl )
- /\./1_') .

2buv vy, (I — v,

Since |7p|? = 1 — u? and |7y|? = 1 — v?, the quadratic form of C at (s, s’) is ¢ (|s]? —

(Upy $)2) + (|87 — (g, 8')2) + dbuv(vy, s) (g, s'), and C > 0 if and only if c,cq >

4b%(1 — u?)(1 — v?). The difference of the two sides is increasing in a, and at a = 2b

equals b?(2u? 4 2v% — 3u?v?) > 0; so C > 0. By (17) and trp &, = tr &y — (Eplp, ),
tr(CM) = r(cq trp & + ¢p trp &) + 4buv(wo — w).

Hence (51) and (19) give

n—1

F = Lo — 4buvwg + tr(CM) + d 7

(vo(u) + up(v))
n—1 n—1

> TR+ (1= 5= (Lo — dbuvw + A(0)),

where we used —4buvwy > —4buvh in the term multiplied by r"~!/J. To bound L —
4buvwy + A(C), fix a unit vector £ and let &,,&, be the norms of the components of
Uy, Uy orthogonal to &, so that (UE, &) = c,(u? + 512,), (VEE) = cp(v? + 53), (We, ) =
2buv (T, €) (7, €), and wo — (B, €) (7, €) < &€y < h < ho. Simce \/(u? + &) (v +2) >
uv + £p€q, the quantity in (18) minus 4buvwy is at least
2/CpCquv + (24/CpCq — 4buv)&péy > min {xuv, x(uv + ho) — 4buvho},

for any 0 < x < 2,/6,¢4, by minimizing the affine function of £,¢, € [0, ho]. As uv+hg =
1 — (u—v)%/2 and Ly — 4buvhg = L, we conclude, with x as in (50),

n—1 n—1

7 Fi + (1 — TJ )min{jhjz}-

Since J1, J2 > 0, F > 0, and equality forces J = r"~! and Fy = 0, hence u = v = r/2;
then (51) with |w| < h gives F > Fy + r(cqtrr & + cptrp &), and both traces vanish.
Thus these choices define calibrations in dimensions 8 and 9, which completes the proof
of Proposition 8.1, and hence, by Theorem 7.1, of Theorems 1.1 and 1.2.

~ T

(52) F>

APPENDIX A. EXPLICIT CALIBRATIONS

Here we list the calibrations used in the proof of Proposition 8.1 for n € {4,6,7,8,9}.
For every calibration, F' must vanish on the chords of S"~!. Indeed, (37) and (38) give
Jgn-15gn-1 F/r"=! = 0, while (39) gives F' > 0. On these chords, r = 2t, u = v = t,

and w = 1 — t2. With ¢(t) := ¢(2t,t), this vanishing condition is equivalent to

(53) o(t) = (n — 1)tet) — (1 —tHT(t) — 2" 2kt" 2,  0<t<1.

So a,b determine ¢ and all the dependence of F on 1, since only 9,1 = 72>~ "c enters
the construction. Once k is chosen, (53) determines ¢ on (0,1]. The remaining choice
is its extension to [—1,0). The mass condition (38) then follows automatically. Indeed,
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multiplying (53) by (1 — t2)("=3)/2 and rearranging gives ((1 — t2)(*~D/2¢(t)) = —(1 —
tQ)("_3)/2(gz5(t) + 2"25t"2). Since ¢(0) = Cy and (1 — t2)=D2Et) — 0 as t 11,
integration gives

R’sn—1|

2|Sn—2|’

1
Cy— Iy = 2”—%/0 721 — 22 g =

which is (38). Thus constructing a calibration reduces to choosing a, b, ¢,  satisfying
(53) and (39). The weight 1 is then obtained from (26), and the mass condition requires
no separate verification.

A.1. Exact polynomial verification. Some of the inequalities below reduce to poly-
nomial inequalities on compact boxes. A polynomial whose Bernstein coefficients on
a box are all nonnegative is nonnegative on that box; the boxes, obtained by recur-
sive subdivision when needed, together with their coefficient lists, form a certificate of
positivity, which can be checked directly [5,25]. The accompanying Mathematica note-
book [7] reconstructs the polynomials directly from the weights displayed below and
verifies all 75 certificates in dimensions 4,6,7,8,9 in exact rational arithmetic. It also
records the coordinate charts, denominator clearings, and coefficient data used in the
certificates. No numerical tolerance is involved.

A.2. Two comparison lemmas. For the calibration computations below, put ¢, =
c(r,u) and ¢; = c(r,v), and let G(r,u,v) be as in (46), now for u,v > 0. The first
lemma reduces the weighted inequality to equal angles; the second extends the short-
chord inequalities to all chord lengths.

Lemma A.1. Let n > 3 and fiz r > 0. Suppose that a > b >0 and (n —1)b—rb >0,
where all coefficients are evaluated at r. If § € R satisfies

(n—2)a—rd rb  nb—rb (n —1)2b%r2 2h2
- +b— — — — — >0,
2 2 8 16((n—1)b—rt) a—0>

then, for 0 <wu,v <1,

u+v u+v
2 7 2

G(r,u,v) > G <r, ) +6(u—v)2

Proof. Put 0 = u+ v and 7 = v — v. The identity
duvepey
Cp + Cq

= uv <2a ~b(u? 4 0?) — b2 (u? — v2)2 )

2a — b(u? 4 v?)

and expansion of L give

G(r,u,v) = G(r,0/2,0/2) = 7° <(”‘2)2‘ Lo

4 7 T g  2a — b(u? +v?)

N (n—Db—rt 5 (n—1br  nb—rb , bruvo? )
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Completing the square in o bounds its two terms below by —(n —1)2b%r2/(16((n—1)b—
rb')). Also nb—rb’ >0, 72 < 1, uvo? < 4, and 2a — b(u? +v?) > 2(a —b). These bounds
and the hypothesis prove the assertion, including 7 = 0. O

Lemma A.2. Letn > 3, and extend a,b € C1([0,2]) by their tangent lines at 2. Suppose
that

a(2) > b(2) >0, d'(2) >b(2) >0, k2" =a(2) —b(2)+d(2) -V (2),
2d'(2) + (n — 1)a(2) > 3(n — 1)b(2) +6nb/(2), K(n —2)2""* > 24/ (2).
Put == (n—1)(k(n —2)2"* - 2d'(2)) > 0. Then, forr > 2 and |ul,|v| <1,
Fo(r,u,v) > Fo(2,u,v) 4+ n(r —2)%
For 0 <wu,v <1, one also has
G(r,u,v) > G(2,u,v) + n(r —2)°.

Proof. The continuation preserves b > 0, a—b > 0, and 0 < 9,¢(r,u) = a’(2) —b'(2)u? <
a’(2) for |u| < 1. Since the degree term is independent of r, it suffices to estimate L.
Radial derivatives at 2 are taken from the affine branch. The second hypothesis gives
L,(2,1,1) = 0. On each angular sign sector, differentiate L,(2,u,v) and use

2, .2
Oy []uv| <1_u v )H < 1.
2
Together with a’(2) > b'(2) > 0, these give
OuLr(2,u,v) < —2d/(2) — (n — 1)a(2) + 3(n — 1)b(2) + 6nb'(2) < 0.

The same holds in v. Continuity across the coordinate axes then implies L, (2, u,v) >
L,(2,1,1) =0 on [~1,1]%. Since the continued weights are affine,

Ly =k(n—1)(n—2)r"3 = 2(n — 1) (v 9,c(2,u) +udyc(2,v)) > 2n (r >2).

1 — v+ (n— Do(v —2)| <3(n—1),

Integrating twice proves the assertion for Fy. Finally, 4zy/(x + y) is increasing in each
positive argument, and c(r,u), c(r,v) are nondecreasing in r. Its contribution to G is
therefore nondecreasing for u,v > 0, proving the second assertion. 0

A.3. Dimension 4. Take x = 17/16,

7 45 119
a(r)=14+=r2 - 23 4 —pt - — % b
8 64 15 128 | 1440 0<r<o
92 23 153 5 69 5 17 4 - =7
b(r)=———r+—r“— —r° + —1r7,
225 16 50 32 36
441r + 292 139r + 8
alr) 20 0 M= g0 0 T2
and 184 23 11047 1486 102

where ¢4 = max{t,0}. The long branches are the tangent-line continuations at r = 2,
so a,b € C1([0,00)). Direct substitution of the data above into (53), with n = 4, verifies
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it exactly, so (38) follows. The certificates, together with positivity of the values and
slopes of the long branches, give
t
b(r) >0, a(r)—=0b(r) >0 (r>0), (éi)>0 (0<t<1),
where the quotient at 0 means its polynomial extension. Hence ¢(r,t) > 0 for |t| < 1,
while ¢ > 0 and ¢ =0 on [—1,0]. For 0 <7 <2 and 0 < u,v < 1, the certificates give

1 1
FQ(T,U,U) > g(T —u-—= U)2 + @(u - ’U)Z,

so the positive short-chord sector has precisely the spherical equality set. They also
give, for nonnegative u, v,
1

Fo(ryu,—v), Fo(r,—u,—v) > ﬁmax{r/2,u,v}2,
so the mixed and nonpositive short-chord sectors are strictly positive. For the weighted
inequality, the notebook verifies the hypotheses of Lemma A.1 with 6 = 1/2 and gives
G(r,t,t) > % max{r/2,t}?, for 0 < r <2, 0 <t < 1. Consequently,

41 1
G(r,u,v) > 295 max{r/2, (u+v)/2}? + i(u — )2 > 0.

For r > 2, the displayed endpoint data satisfy Lemma A.2. The stationarity relation
holds exactly, the difference between the two sides of its third hypothesis is 179/40, and
n = 27/10. Thus the short-chord inequalities extend to all » > 2, with strict positivity
of Fy for r > 2 and of G on the nonnegative angle sector. This proves (49) and the
positivity of G for n = 4.

A.4. Dimension 6. Take xk =5/4,
) ) 81 5 243
2 3 A_2.5 6

=14+ Sp2_ = o Rl
alr) =T+ =" Tag” ~ 5" T 1a16”
0<r <2

b()_g_§ +§2_53+94

YT n Ty T e

331 251 13
alr) = = 350 N=5-1 722

12 2093 1107 400 1089
£) = —t, — 1062 + 2043 _p0rd — S g6 L ST
o() 19" + T g T T g T g

The long branches are the tangent-line continuations at r = 2, so a,b € C'([0,0)).
Direct substitution, with n = 6, verifies (53), so (38) follows. The certificates, together
with positivity of the values and slopes of the long branches, give

b(r) >0, a(r) =b(r)>0 (r>0), qbit)>0 (0<t<1).

At t = 0 the last quotient means its polynomial extension. Hence ¢(r,t) > 0 for |t| < 1,
while ¢ > 0 and ¢ =0 on [—1,0]. For 0 <7 <2 and 0 < u,v < 1, the certificates give

) 121
S —u— P (w0,

F >
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so the positive short-chord sector has precisely the spherical equality set. The sign-
sector charts and their certificates are recorded in the notebook; they show that the
mixed and nonpositive short-chord sectors are strictly positive.

For the weighted inequality, the notebook verifies the hypotheses of Lemma A.1 with
0 =1 and gives G(r,t,t) > ﬁ max{r/2,t}? for 0 < r <2, 0 <t < 1. Consequently,

> + + (u— )
G(r,u,v) 76603 max{r/2, (u+v)/2} (u—v)*>0

For r > 2, apply Lemma A.2. The endpoint data satisfy the stationarity relation exactly;
the difference between the two sides of its third hypothesis is 529/38, and n = 2390/57.
Thus Fj is strictly positive for » > 2 in every sign sector, and G > 0 for r > 2, u,v > 0.
At r = 2 the only zero of Fy is u = v = 1, already determined by the short-chord
argument. This proves (49) and the positivity of G for n = 6.

A.5. Dimension 7. Take x = 165/128 and

3, 43 r? 42 54 5«
a(r) + u + 1287 (r) , o(t) =ty + 2t++ 2t+

Here a,b are single polynomials, so no long-chord continuation is needed, and a —
b > 0. Direct substitution into (53), with n = 7, verifies (38). We record only the
main reductions below; the explicit expansions and positivity checks are given in the
accompanying Mathematica notebook [7]. For w,v > 0, put 0 = u+v and 7 = u — v.
Direct expansion gives

128Fy = (1 — 0)2Uy + 72V,

where the explicit polynomials Up, Vj recorded in the notebook satisfy Uy > 0 and

Vo > 270. Thus Fy > 0, with equality precisely when » = ¢ and 7 = 0. In the mixed

and nonpositive sign sectors, the decompositions recorded there give Fy > 0. Hence (49)

holds. For the weighted inequality, 6b — rb’ = 3 + 72 > 0, and the elementary bounds
2 _ (r* 4 2)? o2yt

a—b " r2+3 = 3

inserted in Lemma A.1 give

u+v u+v 25 25 5 7Ty 9
> I —v)2.
G(r,u,v)_G<'r, 5 g >+<16—|—32r +2567")(u v)

It remains to consider equal angles. For t = 0, G(r,0,0) = x7% +2ra’(r) > 0. For t > 0,
put s = r/t; then

128G (r,t,t) = t2(Py(s) + t2Pi(s) + t' Pa(s)),
where
Po(s) = 384(s — 2)%,  Py(s) = 8(s — 2)(43s> — 585 — 285 + 40),
Py(s) = 35%qu(s), qa(s) = 555 — 17253 + 8652 + 1285 — 64.

The notebook verifies that Py(s) + t?Pi(s) +t*Pa(s) > 0 for all s > 0 and 0 < t < 1:
elementary estimates handle 0 < s < 3/5 and s > 2, while on [3/5, 2) positivity reduces
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to @4 > 0 and 4PyP, — P? = 64(s — 2)%dg(s) > 0, with dg and its certificate recorded
there. Thus G > 0 forn = 7.

A.6. Dimension 8. Take x = 1369/1000,
T 483 5 20667 , 572 5 281

S
a(r) +8r 1480 T 11600 625" T 500"

1706 1449 | 10959 , 443 5 322 , Osrs2
b(r) = - r —7r ,

3625 370 ' 1000 50 ' 125

11491073 5 45037947 19040983
a(r) = r+ )

214600 268250 134125 b9
br) — 19623, BTTTST 38508 =%
~ 1000 T 9250 725

which are the quadratic Taylor continuations at 2, and
b(t) = 3412 L 2898 , n 642231 5 96352 , 715863 5 53224 5 18928 7
3625 185 1 7250t 925 't 7250t 185t 125 F
Thus a,b € C?([0,00)). Direct substitution into (53), with n = 8, verifies it, so (38)
follows, and I, = 1 — 13697/6400. The certificates give

b>0, a—2b>0, a—b>7 (0<r<2),
¢(t)
t

The notebook also records positive-coefficient expansions of the long branches, which
extend b > 0 and a > 2b to [0,00). Thus ¢(r,t) > 0 for |[t| < 1, and ¢ > 0 with ¢ = 0 on
[—1,0]. Throughout this subsection and the next, u,v > 0 unless stated otherwise, and
we write

So =2 — u? — v? = 2hy, A= u? — 02, D= (r—u—v)*+(u—v)?

so that h = %\/5’3 — A% and |A| < Sp. Since VT <1—-¢/2-¢3/8for0< (<1
(the square of the right side exceeds 1 — ¢ by ¢3/8 4 ¢*/64),

A? A*

h<hy— —— —=

° 748, 1653

where both corrections tend to zero as Sy — 0. Hence, by (48) and (52), with ¢ =

1072, clearing the denominators as detailed in the accompanying notebook reduces the
required estimates to polynomial inequalities on compact boxes. The certificates give

(54) Fy>eD, T >e(r?+u?+0?), FH>e (0<r<5 0<uov<l).

> 0, o(t) <100 (0<t<1).

(S() > 0),

The first inequality extends continuously to u = v = 1. In particular F; vanishes only
on unit-sphere chords, and J7, Jo > 0 for u,v > 0.

For the mixed sector write u =z > 0, v = —y < 0. Then h < hg gives Fy(r,z, —y) >
Fy(r, =, —y), and the accompanying notebook certifies Fy(r, z, —y) > e(r? + 22 +y?) on
0 <r <5, z,y € [0,1]; reversal of the endpoints covers the other mixed sector. For
u = —x, v = —y the degree term vanishes, and the same tests give Fy(r,—z, —y) >
e(r? + 2% + y?). Hence Fy > 0 for 0 < 7 < 5 off the unit-sphere chords.
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It remains to treat » > 5, where the long branches apply. The long-branch coefficient
expansions recorded in the notebook show a'(r) > 0 and (a — b)'(r) > 0 for r > 5,
hence 0,¢(r,t) > 0 for |t| < 1, so the radial derivative terms of L are nonnegative, as
are the terms (n — 1)(v%c, + u?c,). Since 0 < ¢ < a, the remaining terms of Ly are
at least kr’ — 14ra. Moreover 4juv|h < 1 and 4uvhg < 1, by 2t|/v/1 -2 < 1 and
u? 4+ v% > 2uv, while [vé(u) + ug(v)| < 200. Therefore Fy, J1, and Jo are all bounded
below by kr” — 14ra — b — 200. Writing a = Aor? + Ayr + Ag and b = Bor? + Bir + By
on the long branch, where A, By < 0 and the other coefficients are positive, division
by r7 gives, for r > 5,

T _ N
KT l4ra — b 200>

Az Ao By, By 200 3
_ 14(— —) fffff P2
T " 5 T5) % 5 5 100

Together with (54), this proves (49) for Fy, and Ji, J2 > 0 for n = 8.

A.7. Dimension 9. Take

143r% 4+ 2797 + 43277 + 432

r?(13r? + 16) 1261
alr) 132 ’ - "

b(r) = 24 ’ 864

4
o(t) = §ti (21 + 387 — 26t}).
Here a, b are single polynomials. The accompanying exact-arithmetic notebook verifies
a > 2b > 0 for r > 0; moreover o’ and (a —b)’ have positive coefficients, so d.c(r,t) > 0
for [t| <1, r > 0. Direct substitution into (53), with n = 9, verifies it, so (38) follows,
and explicitly I, = 629/1890. Also ¢ > 0, and ¢(t)/t < 44/3 on [0,1]: with ¢ = ¢, the
derivative of q(21 + 38¢q — 26¢?) is 21 + 76q — 78¢% > 19, so its maximum is attained at
g =1. With Sy, A, D as in Section A.6, the first-order bound /1 — { <1 — (/2 gives
AQ
h<hy—— So > 0).
<ho— e (So > 0)

With e := 1074, this bound and the harmonic-mean choice in (50), after the denominator
clearings recorded in the accompanying notebook, reduce the required estimates to
polynomial inequalities on compact boxes. The certificates give

F| > eD, jlzs[D+(u+v)2], Jo > € (0<r<5 0<u,v<l),

with continuous extension to ©w = v = 1 in the first inequality. For the mixed sector,
the accompanying notebook certifies Fy(r,z, —y) > e[(r —z)? + 2?] for 0 <y <z < 1
and 0 < r <5, which is positive for » > 0. For & < y, the terms of L linear in r add to
8r(y — z)(a + bxy) > 0, the radial derivative terms are nonnegative, and with ¢ = zy,
S = 2% +4? > 2¢, and ¢(z) < (44/3)z, the remaining terms satisfy

S 44 4
_ 2 _ R > —b)—-—)g>—-q>
8a.S — 16bq 4bq<1 2) yo(x) > (16(a b) 3 )q Z 342 0,

so that Fy(r,x, —y) > kr® > 0. For u = —x, v = —y the degree term vanishes and the
radial terms are nonnegative, so the same estimate applies. Reversal covers the other
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mixed sector. Hence F; > 0 for 0 < r < 5 off the unit-sphere chords. For the tail
estimate, note that

V() + ud(v) > —% (—1 < wuv<1).

The term is nonnegative when u,v > 0 and vanishes when u,v < 0; in a mixed sector
its negative part is at most (44/3)|uv| < 44/3. For r > 5, the elementary bounds of
Section A.6, now with 16ra in place of 14ra and 44/3 in place of 200, bound Fy, Ji,
and J2 below by sr® — 16ra — b —44/3. All coefficients of a, b are positive, so replacing
each negative power of r by its value at 5 gives
8
kr® —16ra—b—44/3 3
— > 5).
7/‘8 > 10 (T - )
This proves (49) for Fy, and J1, J2 > 0 for n = 9.
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